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PREFACE. 


Mt  principal  object  in  the  preparation  of  this  work  has  been  to  give 
the  results  of  certain  speculations  which  have  occupied  mj  attention,  and 
which  seem  to  constitute  very  important  additions  to  the  science  of  Alge- 
bra. Thus,  at  page  489,  etc.,  the  roots  of  an  equation  are  developed  into 
a  series,  and  thence  it  is  shown  that  an  equation  of  the  nth  degree  must 
have  n  roots.  At  pages  457,  etc.,  and  464,  etc.,  the  solutions  of  Binomial 
Equations  and  the  Irreducible  case  of  Onbic  Equations  are  completed  by 
pure  AlgebrcL  And  at  page  512,  etc.,  a  new  and  general  method  is  c^ven 
for  the  development  of  the  roots  of  equations,  which  seems  to  be  much 
more  simple  than  any  heretofore  proposed. 

I  have  endeavored  to  give  a  full  view  of  the  present  state  of  the  Science, 
and  to  adapt  my  work  to  the  wants  of  teachers  and  pupils,  not  only  in  our 
€k>llege8  and  Academies,  but  in  schools  of  a  primary  character. 

Great  pains  have  been  taken  to  present  the  principles  and  processes  of 
the  Science  in  so  dear  a  manner  that  the  student  may  readily  understand 
them,  and  be  fuUy  satisfied  as  to  their  correctness. 

Should  it  be  thought  that  too  great  labor  has  been  bestowed  on  certain 
parts  of  the  work,  my  apology  is,  my  anxiety  to  satisfy  in  the  ftillest 
manner  the  supposed  wants  of  the  student  with  reference  to  the  parts 
thus  treated. 

With  these  prefatory  remarks,  I  commend  my  work  to  teachers  and 

others,  hoping  that  it  may  be  satisfiGUstory,  and  that  it  may  contribute  to 

the  advancement  of  sound  Science. 

THE  AUTHOR. 
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ELEMENTARY 


HIGHER     ALGEBRA. 


SECTION  I. 
BEFIHITIONS   AND  NOTATION. 

(l.)  Algebba  is  that  branch  of  mathematics  in  which  cal- 
culations are  made  by  using  any  arbitrary  characters  to  stand 
for  the  quantities  or  things  considered.  The  characters  used 
are  generally  letters  of  the  English  or  Greek  alphabets,  and 
the  operations  to  be  performed  on  the  quantities  are  indicated 
by  signs. 

(«.)  Hie  method  of  representing  quantities  may  be  explain- 
ed as  follows,  viz.,  Let  any  assumed  portion  of  a  quantity  (or 
a  quantity  of  the  same  kind)  be  denoted  by  unity  (or  1),  then 
if  the  quantity  contains  the  assumed  unit  twice,  the  quantity 
will  be  expressed  by  2,  or  if  the  quantity  contains  the  xmit 
three  times,  3  will  express  the  quantity,  and  so  on  to  any 
extent ;  and  if  for  generality  we  use  a  to  denote  the  number 
of  times  which  the  quantity  contains  the  unit,  then  a  will 
stand  for  the  quantity.  Similarly,  if  h  denotes  the  number  of 
times  that  another  quantity  contains  the  same  unit,  then  h 
will  stand  for  the  other  quantity,  and  so  on.  All  those  quan- 
tities that  can  be  expressed  in  terms  of  the  same  unit  of  quan- 
tity are  of  the  same  hind,  while  quantities  that  can  not  be 
expressed  in  terms  of  the  same  unit  of  quantity  are  of  differ- 
ent hinds. 

(S.)  K  tiie  quantity  contains  the  (assumed)  unit  an  exact 
number  of  times,  the  representation  of  the  quantity  is  into- 

•  i 
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gral.  If  the  quantity  does  not  contain  the  unit  an  exact  nnm- 
ber  of  times,  then  if  we  suppose  the  unit  to  consist  of  c  equal 
parts,  and  that  the  quantity  contains  one  of  these  parts  an 
exact  number  of  times  denoted  by  5,  then  if  one  of  these 
parts  is  denoted  by  unity,  b  will  stand  for  the  quantity ;  but 
since  the  first  unit  contains  the  second  (unit)  o  times,  we  must 
divide  J  by  <?,  in  order  to  express  the  quantity  in  terms  of  the 
first  unit,  as  we  clearly  ought  always  to  do.  According  to 
this  mode  of  representation,  we  shall  have  what  is  called  a 
fractional  expression  of  the  quantity — wholly  fractional  if  5, 
called  the  numerator^  is  less  than  ^,  which  is  called  the  d^ 
nominator — ^this  being  a  proper  fraction.  If,  however,  b  is 
not  less  than  c,  the  fraction  is  said  to  be  imfjproper^  since  it  is 
(clearly)  partly  integral. 

(4.)  When  a  finite  quantity  is  represented  by  a  whole  num- 
ber, or  by  a  fraction  whose  numerator  and  denominator  are 
finite  whole  numbers,  it  is  said  to  be  rational ;  but  if  the 
q  aantity  can  not  be  expressed  in  one  of  these  ways  in  terms 
of  the  assumed  unit,  it  is  said  to  be  irrational. 

(5,)  Quantities  whose  representations  in  terms  of  the  unit 
are  known,  are  denoted  by  some  of  the  first  letters,  a,  5,  <?,  d^ 
etc.,  of  the  alphabet ;  while  quantities  whose  representations 
in  terms  of  the  unit  (called  unknown  quantities)  are  not 
known,  are  denoted  by  some  of  the  last  letters,  a?,  y,  0,  etc. 

(6.)  The  sign  =  {equal  to),  when  written  between  any  ex- 
pressions for  (numbers  or)  quantities,  denotes  that  they  are 
equal  to  each  other ;  and  the  expressions  thus  written  are 
csJled  a/n  equation. 

(7.)  The  perpendicular  cross,  +  {plxut  or  more),  denotes 
addition ;  and  the  horizontal  line,  —  {minus  or  less),  denotes 
subtraction. 

Thus,  5  +  3  denotes  that  8  is  to  be  added  to  5,  or  that 
5  +  3  =  8,  and  a  +  b,or  a  plus  J,  means  that  b  is  to  be  added 
to  a. 

Also,  9  —  4,  or  9  minus  4,  signifies  that  4,  the  number 
following  the  sign,  must  be  subtracted  ivom  9,  which  pre- 
cedes it ;  and  a  —  c  means  that  c  must  be  subtracted  from  a. 

It  is  to  be  observed  that  any  quantity  which  has  the  sign 
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+  before  it,  is  called  b,  positive  or  affirmatme  qiuintity ;  and 
that  any  quantity  which  has  no  sign  before  it,  is  understood 
to  mean  the  same  as  if  it  had  the  sign  +  before  it,  unless  the 
contrary  is  expressly  stated.  Also,  any  quantity  preceded 
by  the  sign  — ,  is  called  a  minvs  or  negative  quantity,  or 
(which  is  the  same)  it  is  a  quantity  to  be  subtracted ;  noticing 
that  the  sign  of  subtraction  is  never  omitted,  unless  the  omis- 
sion is  mentioned. 

Again,  it  is  evident  that  in  subtraction  we  must  suppose 
the  quantity  to  be  subtracted  not  to  be  greater  than  the 
quantity  from  which  it  is  to  be  subtracted. 

Hence,  if  we  meet  with  any  isolated  negative  quantity, 
as  —  a,  in  any  calculation,  we  may  suppose  that  there  is 
some  positive  quantity,  either  expressed  or  understood,  which 
is  not  less  than  the  negative  quantity,  from  which  the  nega- 
tive quantity  is  to  be  subtracted ;  consequently,  if  we  use 
—  fit  in  our  reasonings  in  the  same  way  that  we  should  do 
in  J  —  a  (supposing  that  a  is  not  greater  than  J),  and  obtain 
a  positive  result,  no  absurdity  follows  from  considering  —  a 
as  a  real  quantity ;  but  if  a  negative  result  is  obtained,  such 
that  it  does  not  admit  of  a  rational  interpretation,  it  shows 
that  —  a  is  not  a  real  quantity,  and  that  the  question  is  ab- 
surd, because  it  requires  us  to  use  —  a  as  a  real  quantity, 
when  it  is  not  one. 

(8.)  The  oblique  cross,  x  {i7ito)y  denotes  multiplication ;  the 
sign  -T-  or  :  {divided  hy  or  simply  Jy),  when  placed  between 
two  quantities,  denotes  that  the  quantity  which  precedes  it 
is  to  be  divided  by  that  which  follows  it.  Tims,  6x4  means 
that  6  is  to  be  multiplied  by  4,  or  that  6  x  4  =  24 ;  also, 
axh  means  that  the  quantity  represented  by  a  is  to  be  mul- 
tiplied by  the  quantity  represented  by  h  /  or,  more  correctly, 
that  the  quantity  a  is  to  be  taken  as  often  as  h  contains  the 
unit  of  quantity ;  for,  by  the  nature  of  multiplication,  if  a 
denotes  quantity,  h  must  denote  the  number  of  times  that  a 
is  to  be  taken,  the  same  as  if  h  were  an  abstract  number; 
we  call  a  the  multiplicand  and  h  the  multiplier. 

It  may  be  observed  that  multiplication  is  often  expressed 
by  a  dot  or  period  placed  between  the  multiplicand  and 
multiplier,  and  frequently  without  any  sign  placed  between 
them,  particularly  when  the  quantities  to  be  multiplied  are 
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denoted  by  single  letters  of  the  alphabet.  Thus,  a  .hjobj 
each  signify  that  a  is  to  be  multiplied  by  J,  and  of  course 
expresses  the  same  thing  as  a  x  &. 

Again,  the  expressions  a-r-h,  a  :h^  mean  that  a  is  to  be 
diyided  by  b  ;  we  also  signify  that  a  is  to  be  divided  by  ft, 

by  the  expression  ^,  so  that  a  -r-  ft,  a  :  ft,  and  -,  each  mean 
6  ft 

the  same  thing ;  viz.,  that  a  is  to  be  divided  by  ft. 

We  observe,  further,  that  the  quantity  obtained  by  multi- 
plying any  quantities  together  is  called  the  product  of  the 
quantities,  and  that  the  quantities  which  are  multiplied 
together  are  called  factors  of  the  product.  K  the  factors  are 
letters,  then  they  are  said  to  be  literal  fobctors ;  but  if  they 
are  numbers,  the  factors  are  said  to  be  numerical.  Each 
literal  factor  is  said  to  be  of  one  dimension,  and  each  numer- 
ical factor  of  no  dimension ;  so  that  a  product  which  involves 
only  one  literal  factor  is  said  to  be  of  one  dimension,  a  pro- 
duct which  has  two  literal  factors  is  said  to  be  of  two  dimen- 
sions, and  so  on.  K,  however,  the  product  has  no  literal 
factor,  it  is  said  to  be  of  no  dimensions. 

Finally,  it  may  be  observed,  that  any  number  of  letters, 
when  written  side  by  side,  after  the  manner  of  letters  in  a 
word,  without  any  sign  between  them,  always  denote  that 
the  quantities  represented  by  the  letters  are  to  be  multiplied 
by  each  other,  and  since  the  product  is  independent  of  the 
order  of  the  factors,  it  is  best  to  write  them  alphabetically, 
as  ahcxy^  which  signifies  that  the  quantities  denoted  by 
a,  ft,  0,  x^  y,  are  to  be  multiplied  together. 

(9.)  Any  quantity  is  called  the  first  power  of  itself,  or  is 
said  to  be  of  the  first  power ;  the  product  obtained  from  the 
multiplication  of  any  quantity  by  itself  is  called  the  second 
power,  or  square  of  the  quantity ;  and  again,  if  we  multiply 
the  square  by  the  quantity,  we  obtain  a  product  which  is 
called  the  third  power,  or  cube  of  the  quantity,  and  so  on. 
Thus  a,  oa,  aaa^  aacLa,  are  called  the  first,  second,  third,  and 
fourth  powers  of  a,  and  we  denote  them  by  a^  ^S  **>  *S  *^® 
small  figures  being  called  exponents  or  indieesj  which  are 
used  merely  for  brevity.  Hence  if  a  quantity  has  no  expo- 
nent expressed,  it  (the  exponent)  is  always  understood  to  be 
one,  and  it  is  plain  that  a  is  the  same  thing  as  a^,  for  tlie  ex- 
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ponent  1  does  not  in  the  least  affect  the  value  of  the  quan- 
tity, since  it  means  the  same  thing  as  a  x  1,  or  a. 

(lO.)  Kany  quantity  is  resolved  into  two  equ(il  factors,  then 
either  factor  is  called  the  second  or  square  root  of  the  quan- 
tity ;  if  any  quantity  is  resolved  into  three  equal  factors, 
either  factor  is  called  the  third  or  cube  root  of  the  quantity, 
and  BO  on.  Hence  the  second  or  square  root  of  a  quantity  is 
that  quantity  whose  second  power  or  square  produces  the 
(original)  quantity ;  and  the  third  or  cube  root  of  a  quautity 
is  that  whose  third  power  or  cube  produces  the  (original) 
quantity,  and  so  on. 

To  express  roots,  we  make  use  of  the  character  y' ,  called 
the  radical  or  ^urd  sign^  written  before  the  quantity  whose 
root  is  to  be  taken,  with  the  small  figure  2  (as  an  index) 
above  the  sign  for  the  square  root,  and  with  the  small  figure 
8  (as  an  index)  above  the  sign  for  the  third  root,  and  so  on. 
It  is  customary  to  omit  writing  2  above  the  sign  when  the 
square  root  is  to  be  taken;  thus,  ^,  VS,  iP^,  denote  sev- 
erally, that  the  square,  cube,  and  fourtii  roots  of  a  are  to  be 
taken ;  and  Va  is  written  to  show  tiiat  the  square  root  of  a 
is  to  be  taken  (instead  of  expressing  it  by  Va),  according  to 
the  usual  practice. 

Boots  are  also  expressed  by  the  use  of  vulgar  fractions  as 
indices  (or  exponents)  of  the  quantities  whose  roots  are  to  be 
taken,  the  numerators  of  the  fractions  being  always  one,  and 
their  denominators  the  numbers  which  denote  the  roots  that 
are  to  be  taken ;  thus,  the  index  |  denotes  the  square  root, 

\  the  cube  root,  and  so  on.    Hence,  a',  a^,  a^^  severally 
denote  the  second,  third,  and  fourth  roots  of  a. 

(11.)  The  reciprocal  of  any  quantity  is  unity  divided  by  the 

quantity ;  thus,  i  is  the  reciprocal  of  2,  |  that  of  8,  and  -  is 

the  reciprocal  of  a. 

11111      1     ** 
It  may  be  observed  that  for  -,   —5,  ~y,  --,  — ,   — ,  etc., 

we  often  write  a"*,  a""*,  a""*,  a""*,  flf""',  <2P~^,  etc. 

(la.)  Any  quantity  that  is  expressed  by  letters  (with  figures 
when  necessary)  and  signs,  is  called  an  algebraic  quantity. 
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(13.)  When  an  algebraic  quantity  is  not  connected  with 
any  other  by  either  of  the  signs,  +,  — ,  it  is  called  a  mona- 
mial  or  a  term. 

(14.)  A  compound  quantity  is  that  which  has  two  or  more 
terms,  as  a  +  J,  ac  +  hd  —  efy  etc.  A  compound  quantity 
which  has  but  two  terms  is  called  a  binomial,  as  aj  +  y, 
a  —  h;  the  last  is  sometimes  called  a  residual^  since  the  con- 
necting sign  is  —  .  A  compound  quantity  that  consists  of 
three  terms  is  called  a  trinomial^  one  of  four  terms  is  a  quadrir 
nomial^  and  one  of  more  than  four  terms  is  called  a  polyno- 
mial. Some  authors  call  any  algebraic  quantity  that  consists 
of  more  than  one  term  a  polynomial,  or  a  multinomial. 

(15.)  In  order  to  show  that  any  operation  is  to  be  performed 

on  a  polynomial,  we  connect  its  terms  by  a  right  line  drawn 

across  the  top  of  it,  which  right  line  is  called  a  vinculum  or 

s 

har  ;  thus,  ab  —  cd  +  oyy^  shows  that  the  polynomial  is  to  be 

squared ;  a  x  jp  4-  y  —  ^  shows  that  a  is  to  be  multiplied  by 

i 

the  polynomial  p  +  q  —  r ;    again,   m  +  n''VW  -\'  xy    x 

J 

a  —h  -^  c   shows  that  the  square  root  oim  +  n  —  vv)  +  xy\& 

to  be  taken,  and  that  the  cube  root  of  a  -^  J  +  c  is  also  to  be 
taken,  and  the  sign  of  multiplication  shows  that  the  product 
of  these  two  roots  is  to  be  found.  It  may  be  remarked  that, 
instead  of  using  the  bar,  we  sometimes  put  the  polynomial 
within  a  parenthesis  or  braces ;  thus,  {a  +  h)  expresses  the 
same  thing  as  a  -f  &/  again,  the  same  thing  is  denoted  by 
{a  +  l]  or  by  [oJ  -f  J]  ;  the  character  (  )  being  called  a  pa- 
renthesis, and  the  characters  {  },  [  ],  braces.  It  may  be 
noted  further  that  the  bar  is  sometimes  placed  vertically; 
m 


m 

thus,  + 

n 


P^P 


-f  ,  mean  the  same  thing  as  m  +  n  x  jp. 


n 


(16.)  The  coefficient  of  a  quantity  is  a  number  or  letter 
which  shows  how  often  the  quantity  is  to  be  taken,  and  is  pre- 
fixed to  the  quantity,  between  it  and  its  sign.  If  no  coefficient 
is  expressed,  it  is  understood  to  be.  1,  or  unity.  Thus,  in  6aJ, 
5  is  the  coefficient:  and  in  —  |  Va^  +  J^  |  is  the  coefficient 
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of  —  tV-fJ*.    In  cusBy  we  may,  if  we  please,  consider  a  as 
the  coefficient  of  ajy,  and  of  a&  1  is  the  coefficient. 

(17.)  Quantities  that  do  not  differ  from  each  other,  or  those 
which  do  not  differ  from  each  other  except  in  their  coeffi- 
cients and  rigns,  are  said  to  be  similar  or  like  quantities. 
Thus,  6<zJ,  Qab^  Saby  —  4ab  are  like  quantities;  also,  5  Va?+  V 
—  9  Va*+  J*  are  like  quantities.  Unlike  or  dissimilar  quan- 
tities are  those  which  differ  fr9m  each  other  in  other  respects 
than  their  signs  and  coefficients.  Thus,  ab^  ajy,  civ  Vc?  +  h\ 
Va^  +  J',  are  dissimilar  or  unlike  quantities. 

(18.)  Quantities  that  are  all  plus  or  all  minus  are  said  to 
have  like  signs ;  but  if  some  have  the  sign  plus,  and  others 
the  sign  minus,  they  are  said  to  have  unlike  signs. 

(194)  We  shall  here  add  some  signs  that  are  occasionally 
used.  The  sign  ^ ,  when  placed  between  two  quantities,  is 
used  to  express  their  difference,  when  it  is  not  known  which  is 
the  greater ;  thus,  a^^h  signifies  the  difference  of  a  and  h 
when  it  is  not  known  which  of  the  two  quantities  denoted  by 
a  and  J  is  the  greater. 

Tlie  sign  >  or  <,  when  placed  between  two  quantities,  is 
used  to  show  that  the  quantity  toward  which  the  opening  is 
turned  is  larger  than  the  other  quantity ;  thus,  «  >  J  is  read, 
a  is  greater  than  h ;  and  c  <  <?  is  read,  c  is  less  than  d;  in 
accordance  with  the  meaning  of  the  sign. 

The  sign  00  is  used  to  signify  that  the  quantity  which 
precedes  it  is  infinite,  or  that  it  is  of  unlimited  value  ;  thus, 
a  00  is  read,  a  is  infinite. 

The  sign  .  • .  is  used  for  the  word  thereforey  or  oonseqtcently ; 
and  the  sign  • .  •  is  used  for  the  word  hecaiMe.  Sometimes  we 
use  the  sign  : :  for  =,  especially  in  the  doctrine  of  pro- 
portion. 

(»0.)  To  what  has  been  done,  it  may  not  be  improper  to 
add  tlie  following,  viz. : 

A  definition  is  the  explanation  of  the  meaning  of  any  term 
or  word. 

A  proposition  is  something  proposed  for  consideration,  and 
is  either  self-evident,  to  be  proved,  or  done. 
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When  the  propoBition  is  to  be  proved,  it  is  called  a  Theo* 
rem,  and  the  proof  is  called  a  Demonstration. 

If  the  proposition  requires  something  to  be  done,  it  is  called 
a  Problem,  and  the  process  of  doing  the  thing  required  is 
called  the  Solution  of  the  Problem. 

A  self-evident  proposition  is  called  an  Axiom. 

A  self-evident  problem  is  called  a  Postulate. 

A  proposition  that  is  premised  to  aid  in  the  demonstration 
of  a  Theorem,  or  the  solution  of  a  Problem,  is  called  a 
Lemma. 

A  Corollary  or  Consectory  is  an  obvious  inference  drawn 
from  one  or  more  preceding  propositions. 

A  Scholium  is  a  remark  made  on  one  or  more  preceding 
propositions,  for  the  purpose  of  explaining  their  connection, 
use,  etc. 

(91«)  POSTULATES. 

I.  The  same  or  equivalent  operations  may  be  performed 
on  equals. 

n.  Any  quantity  may  be  considered  as  composed  of  any 
number  of  parts,  which  are  equal  or  unequal,  according  to 
the  nature  of  the  case,  provided  they  are  taken  sufficiently 
small. 

(39«)  AXIOMS. 

I.  Any  quantity  is  greater  than  any  one  of  its  parts,  and 
is  equal  to  the  sum  of  all  its  parts.  The  parts  may  be  inter- 
changed, and  that  in  any  manner,  withoilt  altering  the  value 
of  the  quantity. 

n.  If  the  same  or  equivalent  operations  are  performed  on 
equals,  the  results  are  equal.  Thus,  equals  added  to  equals, 
or  subtracted  from  equals,  give  equals.  Also,  equals  multi- 
plied or  divided  by  equals,  give  equal  products,  or  equal 
quotients.    Equal  powers  or  roots  of  equals  give  equals. 

m.  Equals  added  to  or  subtracted  from  uinequals,  give 
unequals. 

lY.  Things  equal  to  the  same  or  equal  things,  are  equal 
to  each  other, 

V.  Two  or  more  algebraic  expressions  for  the  same  or 
equal  things,  are  equal  or  equivalent  to  each  other. 

I  YL  Equal  quantities,  when  added  with  opposite  signs, 
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that  is^  one  having  the  sign  (plnB)  +  and  the  other  the  sign 
— ,  destroy  each  other,  and  give  nothing,  or  zero  (0),  for 
the  resnlt. 

Vii.  If  the  difference  between  two  qnantities  is  less  than 
any  assignable  quantity,  the  qnantities  are  to  be  considered 
as  equal  to  each  other ;  the  qnantities  being,  of  course,  of 
the  same  kind. 


SECTION   II. 
ADDITION. 


(l.)  Addition  consists  in  uniting  quantities  of  the  same 
kind,  according  to  their  signs,  into  one  sum  or  whole^  and  in 
finding  a  proper  expression  for  the  result. 

The  rule  of  addition  may  be  separated  into  three  cases. 

CASE    I. 
(9.)  When  the  quantities  are  similar  and  have  like  signs. 

BXTLE. 

Add  the  coefficients  of  the  severed  quantities  together^  wnd 
to  the  sum  (mnex  the  common  literal  quantity^  and  prefa 
the  common  sign.  For  convenience^  the  qiumtities  moy  he 
jplaced  in  a  vertical  column,  so  that  their  coefficients  shall 
stand  under  each  other,  after  themamm.er  of  placing  figures 
for  addition  in  Arithm>etic.  Thm  the  coeffi/iients  may  be  add- 
ed in  th^  same  way  that  numbers  a/re  added  in  Arithmetic. 

Thus,  the  sum  of  a,  3a,  11a,  20a,  19a,  2a,  is  found  by 
placing  the  quantities  under  each  other,  which  gives 

a 

8a 

11a 

20a 

19a 

2a 

whole  sum  =  560^ 
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which  is  evidently  correct,  since  a  is  plainly  to  be  taken  as 
often  as  there  are  units  in  the  sum  of  the  coefficients ;  ob- 
serving that  the  coefficient  of  a  is  1. 

In  like  manner,  to  find  the  sum  of  —  2a,—  6a,—  6a,—  7a, 
we  have 

—  2a 

—  5a 

—  6a 

—  7a 

sum=  —  20a, 

for  evidently  we  must  take  —  a  as  often  as  there  are  units  in 
the  sum  of  the  coefficients. 


EXAMPLES. 

1.  2. 


ab  —  7a?y 

ah  —  9a?y 

Zab  —  29aj»y 

tab  —  Slaj'y 

9ab  —  42a?*y 


3. 

5Va' 

+  J^+3^ 

7  Va»  +  i»  +  y» 

11  Va* 

+  ^•  +  2^ 

19  Va^ 

+  V  +  y' 

Va« 

+  ^  +  y» 

19aJ  -  ll%a?y  48  V^  + J*  +  y» 


3 


4. 

6\^7r?n\pf  —   2m^ 

Vn^rTT^p^  —    77/1^ 

21  ^vfaVpt  —  29m* 

It  is  to  be  noted  that  when  no  sign  is  expressed  before  a 
quantity,  we  are  always  to  understand  that  its  sign  is  sup- 
posed to  be  +  ;  also,  when  a  quantity  has  no  coefficient  pre- 
fixed, it  is  always  understood  to  be  1. 

CASE   II. 
(a.)  When  the  quantities  are  similar,  but  have  unlike  signs. 
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BULB. 

By  Case  7.  find  tJie  sum  of  the  coefficients  of  the  positive 
quantities^  and  the  sum  of  the  coefficients  of  the  negative  quamr 
titi^;  then  to  the  difference  of  these  sums  prefix  the  sign  of 
the  greater  sum^  and  annex  the  common  literal  quantity. 

Thus,  to  find  the  sum  of  9a^  —  7a,  11a,  —  6(2,  we  get 

9a 

-7a 

11a 

—  Qa 


sum  =7a/ 

for  the  sum  of  the  positive  quantities  =  20a,  and  that  of  the 
negative  quantities  =  —  13a,  and  13a  taken  from  20a  gives 
7a.  It  is  evident  that  our  result  is  correct,  for  a  is  to  be 
taken  as  often  as  there  are  units  in  the  diflTerence  of  the  sums 
of  the  coefficients  of  the  positive  and  negative  quantities,  and 
it  must  clearly  have  the  sign  of  tlie  greater  sum. 

EXAMPLES. 

1.                         2.                      3.  4. 

—  hcd            6t^a?  — y*            SbVxjf  16mW 

—  %cd  -12(a?*    -y=)^  -2&»V  15mM 

—  lllcd  -20(aj»    —f)^  -ZhVxy  -  22m^;i* 
IShcd  —  45fa^  — j^  +9hVxy  —  IOtt^M 

2bcd          17  Var»  —  y"  -  9Ji» V  -69mW 


sum  =  -    6hcd      -  54  i^  -  y*  0 

CASE    III. 
(4.)  "When  the  quantities  are  not  all  similar. 

BULE. 

By  Cases  L  aiid  IL  add  all  the  like  quantities  of  amy  one 
sort,  and  to  this  result  set  dovm  the  qtuintities  which  remain^ 
one  after  the  other  j  with  its  proper  sign. 
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It  18  evident  (bj  Ax.  L)  that  it  is  of  no  consequence  in 
what  order  the  quantities  are  placed  with  regard  to  each 
other,  either  in  uniting  the  similar  quantities  of  anj  one  sort 
into  one,  or  in  annexing  the  remaining  quantities. 

To  add  6a*aj  +  O^y  —  ISs'w' +  m -- n,  14a'aj  +  20^*^  4- 
3;2?t/^  +  r  — 3, 11%— 6J»y  +  w7  — S^  +  T^V,  c*--e?+  Vp  — 
^,  we  place  the  like  quantities  of  any  one  sort  under  each 
other,  and  we  get 

14ta*x  +  20¥y  +  Si^V+r  —  3 
11% 

whose  sum  = 

19a'a  +  34iV—  3a?t;*+c*— c?*+m  — n+r— 8+W7— 3^+ 1^ 

-^. 

EXAMPLES. 

1. 

8a)»+  7flJ*+  9»*+  2 
liar"  +  13a?  +  4aj*-  8 
20a!»—    6a!»—    8af  +    8 

41a!»  +  26a!»  -  lliB*  +   3 
-16a)»-   48'+     aj   +25 

2. 

Va^  +  y*—    Va?  —  y'+     pq  —  v) 
eVa^  +  y'—    Va^  —  f—  pq  +  d 
13  V^T^  +  5  *^^^^  +  14p2'  +  7<?  +  9<j  +  llw 

2  Vas'  +  y*  +  2  Va^-y'  +    Opj-  +  V?  +  201?^  +  (ft»)* 

(9.)  If  the  coefficients  are  literal,  then  their  Bum  may  be 
foond  as  above;  and  the  sum  thns  found,  being  written 
within  a  parenliiesis,  which  precedes  the  common  literal 
quanti^,  will  represent  the  sought  sum. 

Thus,  aa5*  +  Jy*  +  cs*  +  may,  nf  —  V>^  +  jjaf*  —  nay,  8a?  — 
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Pit  +  J^  —  ^ymay  +  «?,  Sax*  +  limy  —  14/s*  +  277iajy  — i^, 
when  properly  written  and  added,  give 

OB^  +        J^  +      «5*  +    wwpy 

5«B*  +  limy  — 14/^*  +  277KBy  —pq 

14/*)3^  —  (2m  4-  ^)a?y  +  ^^^  —Pi 
as  reqaired  ;  for  evidently  o^  is  to  be  taken  as  often  as  there 
are  units  in  the  sum  of  a^  /*,  8,  6e ;  and  y^  is  to  be  used  as 
often  as  there  are  units  in  the  sum  of  J,  —  Z,  —  2?,  +  11m*, 
and  so  of  the  rest. 

EXAMPLES. 

1. 

5a  Vxy  —  qq  V'aj'  — y*    +     a*  Vmp  +  t 
WVxy  +  fV^F^    +     3»  f  m]>  —  ^ 

ahosxht  —  9f{??   +f)^'-lWVmp  +  ^  +  Q? 

afx^y^  +  a?y'(aj*  —  jrO^+     ^  Vmp  —  s*  +  r* 


Im  Vaj*  — y*  4-  Trmaf'jt  +  p 

mnp  ^aj*  — ^  —         yAnVy*  +  asst; 
aJ(?  iP^aj*  — ^  +      ctnCv?^]t  +  ^^''^ 


SECTION    III. 

SUBTBACTIOH. 


(!•)  Subtraction  consists  in  taking  one  quantity,  called  the 
mbtraJtend^  from  another  quantity  of  the  same  kiind,  called 
the  minuendj  and  in  finding  a  suitable  expression  for  the 
result,  which  is  termed  the  diff^erence  or  remmnder* 
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Thu8,  if  a  stands  for  tlie  sum  of  all  the  positive  terms  of 
the  minuend,  and  —  h  for  the  sum  of  all  the  negative  termS) 
then  a  —  h  will  stand  for  the  minuend ;  also,  if  c  denotes  the 
sum  of  all  the  positive  terms  of  the  subtrahend,  and  —  d  de- 
notes the  sum  of  all  its  negative  terms,  then  c  —  d  will  rep- 
resent the  subtrahend,  and  a  —  J  —  (c  —  d)  will  indicate  the 
subtraction  oic  —  d  from  a  —  h. 

We  observe  since  c  is  greater  than  c  —  d\yjd^  that  if  we 
subtract  c  from  a  —  J,  the  remainder  will  be  too  small  by  d  / 
therefore,  by  adding  d^  we  shall  have  the  true  remainder. 
Now,  c  subtracted  from  a  —  J,  gives  a  —  h  —  cior  the  remain- 
der, and  adding  d  to  this  remainder,  we  get  a  —  J  —  o  +  <i 
for  the  true  remainder,  after  subtracting  c  —  d  from  a  —  J. 

It  is  easy  to  see  that  in  subtracting  c  —  d  from  a  —  J,  we 
have  changed  the  signs  of  o  —  c?,  and  added  the  result  to 
a  —  h;  for  c  —  d^  by  changing  its  signs,  becomes  —  c  +  rf, 
which,  added  to  d^  —  5,  gives  a-— J  —  c-f^,  as  above. 

Indeed,  since  Subtraction  is  the  reverse  of  Addition,  we 
may  evidently  regard  the  minuend  as  being  equal  to  the  sum 
of  the  subtrahend  and  remainder.  Hence,  if  we  change  the 
signs  of  all  the  terms  of  the  subtrahend,  and  add  it  to  the 
minuend,  we  shall  have  for  the  result,  the  remainder  +  the 
subtrahend  —  the  subtrahend  =  the  remainder ;  since  by 
Axiom  VI.  the  subtrahend  —  the  subtrahend  =  0  (or  naught). 

(9.)  From  what  has  been  said,  we  deduce  the  following  rule 
for  Subtraction : 

BULE. 

Change  the  8i{fn  of  each  term  of  the  stihtrahend;  that  is^ 
change  ea^h  +  into  — ,  and  each  —  into  -f  ;  or^  which  is 
better  in  jyractice^  conceive  the  signs  to  he  changed;  and  then 
add  tJie  subtrahend^  with  its  signs  supposed  to  be  changed^  to 
the  minuend^  by  the  rules  given  in  Addition. 

The  resulting  sum  will  be  the  remainder  or  diflference  re- 
quired. 

EXAMPLES. 

1.  2. 

From    1abc+    Qcd—   ef  9  V^^=Y  +  24  V?Tp 

Take      6abc-   2cd  +  4tef         - 11  Vx  -  y*  +  13  V'TT^ 

Ans.  =  2aJ(?  +  lied  -  5ef  20  V^~^  +  11  V¥Tp 
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3. 

—  160*  +  42a'  —  iSa€  +  d 

—  36a*  +  52a*  —  19a<j  +  d-i-m 
4c. 

Si^a*  +  h^  -  16  ^fof^^  +  49JV  +  50j?y  -  ll^/y  +  78mn 

5. 
4:0a?*  +  30a^  +  20ar»  +  lOa?  +  9 
36a^  -  30aj»  +  20a5*  -  11a?  -  3 

6. 

aaJ^  +  5fl^  +  ca?'  +  ^+eaj  +i 
^  —  j?a^  4-fec'--  W  -^-mx  —  n 

(8,)  From  what  has  been  done,  it  is  manifest  that  we  may 
write  the  polynomial  dhe  —  def  +  glik  —  Imn^  in  the  form 
clhc  —  def—  {hnn  —  j'Ai),  or  in  the  form  —  {def  +  Zmn  —  ahc 
—  ghh).  In  like  manner  other  polynomials  may  be  written 
in  different  forms,  observing  that  the  sign  —  before  the  pa- 
renthesis is  used  to  signify  that  the  quantity^  within  the 
parenthesis  is  to  be  subtracted,  or  that  its  signs  are  to  be 
changed. 

It  is  to  be  noted  that  we  have  nsed  the  word  polynomial 
to  denote  any  quantity  that  consists  of  more  than  one  term. 


EEMARKS  OK  ADDITION  AND  SUBTRACTION, 

(1.)  It  is  easy  to  see,  from  what  has  been  done  in  Addi- 
tion, that  the  sum  of  any  number  of  quantities  in  Algebra 
is  not  of  necessity  greater  than  either  of  the  quantities  added, 
and  equal  to  their  absolute  sum,  as  in  Arithmetic. 

The  reason  is  plain ;  for  in  Arithmetic  the  quantities  added 
are  all  supposed  to  be  positive,  whereas  in  Algebra  some  of 
the  quantities  added  may  be  positive  and  others  negative,  so 
that,  in  forming  the  sum,  the  quantities  ai*e  to  be  united 
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accordiDg  to  their  nnmerical  yalues  as  affected  by  the  signs 
+  and  — ;  in  other  terms,  the  numerical  values  are  not 
taken  absolutely,  but  relatively,  so  that  the  sum  is  the  differ- 
ence between  £he  sum  of  all  the  positive  terms  and  all  the 
negative  terms,  which  difference  is  to  be  affected  by  the 
sign  of  the  greater  sum. 

Thus,  if  we  add  a^  J,  and  —  c,  we  shall  have  a  +  h  —  o  {or 
the  (dgebraio  sum  of  the  quantities.  If  a  =  5,  i  =  7,  c  =  9, 
a-^b  —  c  becomes  6  +  7  —  9  =  8,  whereas  the  arithmetical 
sum  of  5,  7,  and  9  =  21,  (5  +  7  +  9  =  21). 

Again,  if  a  and  b  have  the  same  numerical  values  as  be- 
fore, and  we  suppose  that  o  =  30,  then  a  +  6  —  <?=5  +  7  — 
80  =  — 18,  a  negative  result,  but  the  arithmetical  sum  of 
6,  7,  and  80,=  6  -f  7  +  30  =  42. 

Hence,  when  quantities  are  added  on  the  supposition  that 
they  are  all  positive,  we  say  that  the  result  is  an  arithmetical 
sum^  or  taken  in  an  arithmetical  sense;  but  if  the  quantities 
added  are  all  negative,  or  some  positive  and  others  negative, 
the  result  is  called  an  alg^adc  sum^  or  to  be  taken  according 
to  the  signs  of  the  terms ;  that  is,  in  an  algebraic  sense. 

(2.)  It  is  also  evident  that  the  word  Subtraction  has  a 
more  extensive  meaning  in  Algebra  than  in  Arithmetic. 

For  in  Arithmetic  the  minuend  and  subtrahend  are  both 
supposed  to  be  positive,  and  the  subtrahend  to  be  less  than 
the  minuend,  so  that  the  difference  or  remainder  will  of 
course  be  less  than  the  minuend.  But  in  Algebra,  the  min- 
uend being  positive,  and  the  subtrahend  negative,  the  differ- 
ence or  remainder  must  of  necessity  be  greater  than  the 
minuend.  It  is  also  clear  that,  if  the  minuend  is  positive, 
and  the  subtrahend  positive,  and  greater  than  the  minuend, 
the  remainder  will  be  negative,  and  so  on. 

It  is  plain  that  the  difference  between  Subtraction  in 
Arithmetic  and  Algebra  arises  from  the  consideration  that 
in  Arithmetic  the  quantities  are  taken  absolutely,  whereas 
in  Algebra  their  numerical  values  are  taken  relatively ;  that 
is  to  say,  as  affected  by  the  signs  +  and  — . 

Hence,  when  the  minuend  and  subtrahend  are  both  posi- 
tive, and  the  subtrahend  less  than  the  minuend,  we  say  that 
Subtraction  is  arithmetical;  but  if  these  conditions  do  not 
hold,  the  Subtraction  is  called  algebraic. 
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Thns,  if  a  is  the  minuend  and  I  the  subtrahend,  then  a  —  ft 
is  the  arithmetical  difference  when  h  is  not  greater  than  a; 
but  if  J  is  greater  than  a,  then  the  difference  is  algebraic. 
If  a  =  7,  and  J  =  5,  then  a  —  h  becomes  7  —  5  =  2=  the 
arithmetical  difference ;  but  if  a  =  9,  and  h  =  13,  then  a  —  h 
becomes  9  —  13  =  —  4  =  the  algebraic  difference. 

(3.)  Again,  if  a  is  the  minuend,  then  a  —  (—  J)  =  a  +  &  = 
the  algebraic  remainder;  which  shows  that  to  suitract  a 
negative  quantity  is  the  same  as  to  add  an  equal  positive 
quantity;  for  if  we  add  the  positive  quantity  b  to  a,  we  get 
a  +  ft,  as  above. 

(4.)  Finally,  to  show  that  any  compound  quantity  is  to  be 
subtracted  from  any  other  quantity,  we  often  write  the  quan- 
tity to  be  subtracted  after  the  quantity  from  which  it  is  to 
be  subtracted,  putting  the  quantity  to  be  subtracted  in  a 
parenthesis,  and  the  sign  —  before  the  parenthesis  and  after 
the  quantity  from  which  the  compound  quantity  is  to  be 
subtracted.  Also,  if  the  quantity  from  which  the  compound 
quantity  is  to  be  taken  is  itself  a  compound  quantity,  it  will 
often  be  necessary  to  write  it  in  a  parenthesis. 

Thus,  to  show  that  ft  —  c  is  to  be  taken  from  a,  we  write 
a  —  (ft  —  o) ;  and  to  show  that  h  +  G  —  d  is  to  be  taken  from 
m  —  n  +  y,  we  may  write  {m  —  n-\-q)  —  {h-\-c  —  d)j  which 
may  also  be  written  in  the  form  —  (ft  +  c  —  c?  —  m  +  n—  y). 


SECTION   IV. 
MTJLTIPLICATIOir. 

(l.)  "When  any  quantity  is  added  to  itself  any  number  of 
times,  it  is  said  to  be  multiplied.  Tlie  quantity  added  is 
called  the  multiplicand^  and  the  number  of  times  it  is  taken- 
in  the  sum  is  named  the  multiplier.  The  sum  obtained  by 
the  addition  of  the  quantity  to  itself  is  termed  the  product. 

Tlins,  7  +  7  +  7  +  7-f-7  =  7x  5  =  35  is  called  the  pro- 
duct of  7  by  5,  7  being  the  multiplicand,  and  5  the  mul- 
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tiplier.  In  the  same  way,  if  we  have  a-\-  a  +  a  +  ^  etc.,  to 
h  terms,  we  get  by  addition  a  +  a  -f-  a  +  ,  etc.,  to  h  terms  = 
^  =  a&  =  the  product ;  a  being  the  multiplicand,  and  h  the 
multiplier. 

(a.)  We  have  assumed  that  ha^^^ah  ;  but  since  it  is  very 
easily  proved  to  be  true,  when  a  and  h  are  whole  numbers, 
it  may  not  be  improper  in  this  place  to  give  the  proof. 

Assuming  a  +  a  +  a  +  ,  etc.,  to  h  terms ;  if  we  take  a 
unit  from  the  first  a  and  add  it  to  a  unit  of  the  second  a,  and 
add  the  sum  to  a  unit  of  the  third  a,  and  so  on  to  h  terms, 
we  shall  have  h  units,  or  h  ;  and  in  the  same  way,  if  we  take 
a  unit  from  the  remainder  of  the  first  a,  and  add  it  to  a  unit 
of  the  remainder  of  the  second  a,  and  so  on  to  S  terms,  we 
shall  have  h  units,  or  I  /  and  proceeding  in  like  manner  suc- 
cessively, from  any  one  set  of  remainders  to  the  next  follow- 
ing remainders,  we  shall  have  h  units,  or  &,  as  often  as  a^ 
contains  units,  or,  which  is  the  same  thing,  we  shall  have 
J  -f  J  +  i  +  ,  etc.,  to  a  terms  ;  consequently,  we  have 
a  +  a-\-  a-\-  ^  etc.,  to  h  terms  =  J  +  J  +  6  +  ,  etc.,  to  a 
terms.  Thus,  if  we  use  8  for  a  and  3  for  J,  we  shall  have 
8+8+8=7+7+7+3=6+6+6+3+3=5+5+ 
5  +  3  +  3  +  3,  and  so  on  to  8  +  8  +  8  =  3  +  3  +  3  +  3  + 
3  +  3  +  3  +  3. 

By  addition,  a  +  a  +  a  +  ,  etc.,  tft  h  tmns  =  Ja,  and 
J  +  5  +  S  +  ,  etc.,  to  a  terms  =  oJ,  and  of  course  ba  =  aJ, 
as  was  to  be  proved.  Consequently,  in  finding  the  product 
of  any  two  integral  numbers,  either  may  be  taken  for  the 
multiplicand,  and  the  other  for  the  multiplier,  and  the^  same 
product  will  result. 

(8.)  From  what  has  been  done,  it  is  easy  to  show  that  the 
product  of  any  three  integers  is  independent  of  the  order  in 
which  they  are  taken  for  multiplication.  For  let  a^  h^  o 
represent  the  integers ;  then  the  product  of  a  by  J  will  be 
expressed  (as  above)  by  a5  =  Ja,  and  if  we  multiply  these 
equals  by  o  we  get  (by  Ax.  11.)  abo  =  hoc. 

In  like  manner,  since  h€=^cby  and  ac  =  ea,  we  get  hoa  = 
cbaj  and  ad  =  cab;  observing,  according  to  custom,  to  write 
the  multiplier  after  the  multiplicand. 

Again,  since  aJ  =  a  +  a  +  a+,  etc.,  to  b  terms,  if  we  mul« 
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tiply  tiiese  equate  by  (?,  we  get  (by  Ax.  11.)  abo  =iac  -h  ao  + 
etc  +  ,  etc.,  to  h  terms ;  or,  since  ac  =  <»,  we  get  abc  =  ca  + 
€a  +  ca  +  J  etc.,  to  b  terms  =  cah;  and  in  the  same  way  we 
have  hoc  =  cJa,  hca  =  aboy  and  oJa  =  ad. 

Hence  (by  Ax.  IV.)  we  deduce  abc  =  bac  =  caJ  =  acJ  = 
Sa  =  Jca  ;  consequently  the  product  is  independent  of  the 
order  in  which  the  numbers  are  taken  in  the  multipli- 
cation. 

(4.)  Again,  if  we  multiply  the  equal  products  abc  =  boo  = 
c(ib  =  acb  =  cba  =  bca  by  the  integer  d^  (by  Ax.  II.),  we  get 
the  equal  products  abod  =  baod  =  oabd  =  acM  =  cbad  =  bead. 
Since  aJ>c  =^ab  -\-  ab  '\'  ^  etc.,  to  c  terms,  if  we  multiply  these 
equals  by  d^  we  get  (by  Ax.  II.)  abed  =  abd  +  abd  +  ,  etc., 
to  c  terms ;  or,  since  abd  =  dab^  we  hate  aJcjrf  =  dab  + 1^  + , 
etc.,  to  c  terms  =  dabc  /  and,  in  the  same  way,  each  of  the 
products,  bacdy  cabd^  etc.,  may  be  changed  to  the  products 
dba^ij  dcabj  etc. ;  and  in  the  same  way  these  products  may 
be  changed  so  that  the  last  letter  in  each  shall  become  the 
first,  and  so  on. 

It  is  hence  manifest  that  the  product  abed  is  independent 
of  the  order  in  which  the  numbers  a,  J,  c,  d  are  taken  in  the 
multiplication. 

(«.)  In  the  same  way  the  product  abcde^  of  the  integers 
a,  J,  <7,  d^  Cy  may  be  shown  to  be  independent  of  the  order  in 
which  the  numbers  are  taken  in  the  multiplication ;  and  so 
on,  for  the  product  of  any  number  of  integers. 

(«.)  K  we  have  to  find  the  product  of  the  integers,  M  and 
N,  when  either  of  them,  as  N,  is  the  product  of  other  inte- 
gers, as  a,  by  Oy  etc.,  then  it  will  be  suflicient  to  multiply  M 
by  any  one  of  the  integers  a,  J,  c,  etc.,  and  the  product  by 
any  one  of  the  remaining  integers,  ay  by  Cy  etc.,  until  they 
have  all  been  used. 

For  since  N  equals  abcy  etc.,  it  is  clear  that  the  product  MN" 
must  be  bcy  etc.,  times  the  product  Maj,  and  that  the  product 
Ma  X  bCy  etc.,  must  be  o,  etc.,  times  the  product  MaS,  and 
BO  on,  until  all  the  integers  a,  ft,  Cy  etc.,  have  been  used.  It 
ie  evidently  of  no  consequence  in  what  order  the  integers 
a,  by  Cy  ete.,  are  taken  in  the  successive  multiplications.  Con- 
sequently, we  shall  have  the  product  MN  equal  to  the  pro- 
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duct  Mdboy  etc.,  in  which  the  integere  may  be  taken  in  any 
order  in  the  multiplication. 

(7.)  Reversely,  if  we  have  to  multiply  the  integer  M  by  the 
integers  a,  J,  <?,  etc.,  successively,  when  taken  in  any  order^ 
then  it  will  be  sufficient  to  multiply  M  by  the  product  of  the 
integers  a,  J,  c,  etc.  For  if  we  put  the  product  ahoy  etc., 
equal  to  N,  then  N  will  clearly  be  an  integer ;  and  the  pro- 
duct, MN  (by  the  last  article),  will  be  found  by  multiplying 
M  by  a,  and  the  product  by  &,  and  the  last  product  by  <?, 
and  so  on,  until  all  the  integers,  a,  5,  c,  etc.,  have  been  used. 

(§.)  By  Art.  9,  Sec.  I.,  if  a  stands  for  any  number  or  quan- 
tity, and  n  for  any  positive  integer,  we  express  the  product 
aaa,  etc.,  to  n  factors,  which  is  called  the  n**  power  of  a, 
by  a\ 

K  wo  have  a*  and  a**,  n  and  m  being  positive  integers,  the 
product  of  a**  and  a"*  will  be  expressed  by  a"  x  a^=:  «•**'"= 
the  power  of  a,  whose  exponent  is  n  -f  m  =  the  sum  of  the 
exponents  of  the  powers  tiiat  are  multiplied  together. 

For,  since  aaa^  etc.,  to  n  factors  =  a",  and  aaa,  etc.,  to  m 
factors  =  a*^,  if  we  multiply  these  equals  by  each  other  we 
get  (by  Ax.  11.)  aaa,  etc.,  to  n  factors  x  aaa,  etc.,  to  m  fac- 
tors =  aaa,  etc.,  to  (n  +  m)  factors  =  a"*"*,  and  of  course 
a**  X  a"*  =  a**"*"*™. 

Similarly,  the  product  of  a***,  a%  aPy  a^,  etc.,  is  evidently 
equal  to  ^(m  +  n+p+^eto^  because  a  must  enter  the  product  as 
a  factor  as  often  as  there  are  units  in  m  4-n  +jp  +  ,  etc. 
Thus,  aa  =  a^y  a  x.  a^  X  of  ^  a^,  a^  X  c^  =>  a". 

Hence,  any  integral  powers  of  the  same  number  or  quan- 
tity  are  mvltiplied  together^  hy  adding  the  indices  of  the 
powers^  for  the  index  of  the  number  or  quantity  in  the 
product, 

(9.)  We  will  now  proceed  to  determine  the  sign  of  a  pro- 
duct from  the  signs  of  its  factors. 

1.  If  a  and  S,  regarded  as  positive,  stand  for  the  multipli- 
cand and  multiplier ;  then,  since  axJ  =  a-fa-f-a-|-,  etc., 
to  h  terms,  z=ha  =^  ab^  it  is  clear  that  the  product  is  positive. 

2.  Let  —  a,  supposed  negative,  stand  for  the  multiplicand, 
while  J,  considered  as  positive,  is  the  multiplier;  then  we 
have  —  ax5  =  — a  — a  — a,  etc.,  toJterms,  =  --Jaz=— aJ, 
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which  18  negative ;  indeed,  since  ai  i&h  times  as  great  as  a, 
it  is  manifest  that  —  oi  is  J  times  as  great  as  —  a,  or  that 

—  «  X  J  =  —  oS. 

S.lfa  and  —  h  represent  the  multiplicand  and  multiplier, 
a  being  positive  and  —  b  negative,  then  if  c  is  a  positive ' 
number  or  quantity  of  the  same  kind  as  J,  we  evidently  have 

—  J  =  c  —  (J  -I-  c) ;  and  of  course  the  multiplication  of  a  by 

—  J  is  reduced  to  the  multiplication  of  a  by  c  —  (J  +  o). 
Because  c  equals  the  sum  of  c  —  {b  -j-  o)  and  J  +  o,  it  follows 
that  we  must  multiply  a  by  o,  and  then  from  the  product 
subtract  the  product  of  a  and  h  +  c;  consequently,  we  shall 
have  ax  —  J  =  a  x  [<?  —  (&  +  o)]  =  ac  —  a(J  +  c). 

And  since  a^  +  e)  =a  +  a  +  a  -{-  j  etc.,  to  (i  +  c)  terms, 
=  «-}-»  +  ,  etc.,  to  i  terms,  +  a  +a  +  ,  etc.,  to  c  terms, 
==ab  -{-  aoy  it  follows  that  a<?  —  a(J  +  c)  =  oo  —  aJ  —  ac  .or 
(since  (ic  —  ac=0)  =.^ah ;  consequently,  a  x  —  J  =  —  oJ, 
a  negative  product. 

4.  Let  —a  and.— J,  regarded  as  negative,  represent  the 
multiplicand  and  multiplier;  or,  as  has  just  been  shown, 
they  may  be  represented  by  —  a  and  c  —  (J  +  c). 

Because  c  exceeds  the  units  in  c  —  (J  +  c)  by  the  units  in 
J  +  c,  we  must  multiply  —  a  by  c,  and  subtract  the  product 
of  —  a  and  J  +  c  from  the  result ;  consequently  (agreeably 
to  what  has  been  done),  we  shall  have  — ax— J=— a<3  — 
[  —  a(J  +  c)]  =  —  flk?  +  aJ  +  otf,  or  (since  —  flk?  +  ac  =  0) 
we  shall  have  —  a  x  —  J  =  oJ,  which  is  a  positive  product. 

Hence,  when  the  multiplicand  and  miclttplier  ha/ve  like 
signs  J  their  product  is  positive/  and  when  the  multiplicand 
a/nd  m,yltlplier  have  imlike  signsj  their  product  is  negative. 

It  is  hence  evident  that  the  product  of  amy  number  of  fac- 
tors is  positive  when  it  does  not  contain  an  odd  number  of 
negative  factors^  and  when  am,  odd  number  of  negative  fac- 
tors enter  the  product  it  is  cleaHy  negative. 

(10.)  Although  the  algebraic  quantities  that  may  be  used 
in  multiplicatiqp  may  indefinitely  represent  either  integral, 
firactional,  or  irrational  quantities,  yet  we  shall  multiply  them 
as  if  they  were  integral,  because  (as  we  shall  hereafter  prove) 
it  is  allowable  to  do  so. 

(11.)  From  what  has  been  done,  we  may  evidently  derive 
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the  following  rule  for  the  multiplication  of  any  two  mono- 
mials together. 


RULE. 

To  ihejpToduet  of  the  coefficients  of  the  monomials  annex 
aU  the  letters  or  Uteral  qtux/ntities  that  belong  to  each^  with 
their  proper  exponents.  Then  if  the  same  letter  or  literal 
quantity  occurs  more  than  once^  write  the  letter  or  Uteral 
quantity  once^  with  an  exponent  equal  to  the  sum  of  the  expo- 
nents of  the  letter  or  literal  quantity j  added  according  to  their 
signs;  observing  that  if  no  exponent  is  expressed^  it  is  under- 
stood to  be  1. 

If  the  monomials  are  both  positive  or  both  negative,  the 
product  will  be  positive ;  but  if  one  of  them  is  positive  and 
the  other  negative,  the  product  is  negative ;  in  other  terms, 
like  signs  give  +,  and  unlike  signs  give  — ,  for  the  sign  of 

the  product. 

» 

BEMABE. 

If  the  monomials  have  no  coefficients  expressed,  the  pro- 
duct of  the  coefficients  is  1 ;  for  when  any  quantity  has  no 
coefficient  expressed,  it  is  always  understood  to  be  1. 

Thus,  the  product  of  7ab  and  5ac  is  7ab  x  5ac  =  7  x 
6aabc  =  S5a^a^bc  =  Sba^bc,  which  is  positive,  because  the 
monomials  are  positive. 

Also,  the  product  of  —  Sa^bc  and  —  Ic^Vcd  is  —  Sa^bc  x 
'-7c^b^cd=:^21a*M^V'(^(^d  =  2l€fV<?dj  the  product  being 
positive,  because  the  signs  of  the  monomials  are  alike. 

Again,  the  product  of  —  9c^¥c  and  IBa^b^defg^  is  — 

135a%'^cdefg^y  the  product  having  the  sign  — ,  because  the 
^  monomials  have  unlike  signs. 

EXAMPLES. 

1.  2.  8.  ^  4. 

14a  —  6ajy  —  IMcPex  abc 

Zb  --lQ?y^  +lScdvw  —  d^d 


42aJ  +4a{»*y»  —  19&d^a^exvw        —cUcd 
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6.  6.                          7. 

84amn  Vx  6aay                  —  ^Zxywo 

8.  9.                            10. 

-  39mVv*  126a^V  '                 Vm  V^ 

11.  12.                       13.                    14. 

623a»(J(?y  13a*5M          -452;»jV           -- aoujiH^ 


In  a  similar  way  the  product  of  any  number  of  monomials 
may  be  found. 

Thus,  find  the  product  of  any  two  of  them,  as  before,  and 
then  in  the  same  way  multiply  the  product  thus  found  'by 
any  one  of  the  remaining  monomials,  and  so  on  until  all  the 
monomials  have  been  used;  the  last  product  will  be  the 
product  required. 

For  example;  to  find  the  product  of  7aJ,   9a'&{?,  and 

—  fio^c^  we  have  %ab  x  9a'Jo  x  —  Stf'c,  =  —  5  x  7  x  9aV 
€i?¥lf^<}&  =  —  315a'5V,  the  sign  of  the  product  being  — , 
because  two  of  the  monomials  are  positive,  and  the  other 
negative. 

For  another  example ;  we  shall  find  the  product  of  3a&, 

—  5ao,  —  6a5c,  and  ^hd ;  here  the  product  is  indicated  by 
Zdb  X  —  5ac  X  —  6aJc  x  lid  =  3x— 6x— ex7x  aWa^ 
yjWc^c^rf  =  630a^JVeZ,  the  sign  of  the  product  being  +,  be- 
cause the  number  of  negative  monomials  is  an  even  number. 

EXAMPLES. 

1.  Find  the  product  of  —  2ww.  ^cd^  —  Spjr*,  —  ^vmfpp 
qqq  Vr^  and  ISxyz. 

2.  Find  the  product  of  IScp^h^  —  VJa^Wy  and  9cd. 

3.  Find  the  product  which  is  indicated  by  —  5^^  X  —  7& 
x  -  13aJ  X  -  Vlcf¥  X  -  25^. 
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4.  Find  the  product  expressed  by  c^  x  Za^V^  x  4a^  x 
2J^V  X  -  4«'5tV  X  -  17ei  X  JV  x  2rf«. 

(la.)  We  will  now  show  how  to  find  the  product  of  any 
compound  quantity  whose  terms  are  regarded  as  integral,  by 
any  integral  monomial  quantity. 

Let  a-\-h'—c  stand  for  the  compound  quantity,  and  d  for 
the  monomial ;  then,  by  the  nature  of  multiplication,  the 
product  will  be  expressed  by  (a  +  J  — -  c)  +  (a  +  J  —  c)  + 
(a  +  J  —  c),  etc. ;  until  (a  -f-  &  —  ^)  is  taken  as  many  times 
in  the  sum  as  there  are  units  in  d. 

Now  we  have  (a  +  J  —  t?)  +  (a  +  J  —  c)  -f  (t»  +  J  —  c)  +, 
etc.,  to  d  terms,  which  gives  eZ(a  +  &  —  c)  =  ^  +  ^  —  ^, 
or  (a  +  &  —  (i)d  =  ad  +  hd -- cd^  since,  by  what  has  been 
shown,  the  factors  of  each  product  may  be  interchanged. 

It  is  easy  to  see  that  if  the  multiplier  had  been  —  rf,  we 
should  have  had  —  (a  +  5  —  c)d  =  —-  ad  —  ld-^  cd. 

Hence  results  the  following  rule  for  the  multiplication  of 
any  compound  quantity  by  any  monomial  quantity. 

SULE. 

MuUvply  each  term  of  the  compcnmd  quamitity  hy  the  mono- 
mial  quantiti/j  according  to  the  rule  for  mvUiplymg  mono- 
miala^  amd  add  the  products^  or  oormect  them  hy  their  siffnSy 
and  the  sum  thvs  fovmd  wiU  he  the  product  required. 

Thus,  to  multiply  5a  —  3J  +  2c  by  4aJ,  we  shall  have 
(6«  —  8J  +  2tf)  X  4ai  =  20aV>  —  12aJ»  +  9>ahG  for  the  pro- 
duct. 

Also,  the  product  of  ZaVjfi  +  ^mrvp  —  ^cde  and  —  7cd  is 
indicated  by  (3c^'5"  +  2mmp  —  hode)  x  —  Icd^  which,  when 
the  multiplication  is  executed,  gives  (3a'&*  +  ^rmp  —  bode) 
X  '-7cd=-'  21a^h^cd  —  licdmrip  +  S5(fd^e. 

EXAMPLES. 
1.  2. 

Multiply  23a»JV  -  13<5y  3a»  -  26»  -  So* 

by        2abef  —  2(Z»c  ^^ 


^Qa^Vcef--  26ahe^  —  6a^o  +  4a^Vc  +  6aV 
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8.  4. 

&nm  —  lljo^q^  —  72rst  —  livw  —  4py 

13py^  —    6amn 


eSmr^^  — 221j/q 

6. 

a»J  -  2«W  +  7a&«  -  1 3 J*  -  28 
2^J» 


7. 

63a*J»- 

8. 
lUh^ -ZocPef 

9. 
—     Zepd^ 

10. 
•62o«J«-20Jc»  +  28 

(ABKS. 

* 

(is.)  Eeversely,  from  the  rules  that  have  been  given  for 
the  multiplication  of  a  monomial,  or  compound  quantity,  by 
a  monomial  quantity,  we  can  often  resolve  a  given  algebraio 
expression  into  factors,  or  find  quantities  such  that  their  pro- 
duct shall  equal  the  given  quantity. 

We  shall  call  any  algebraic  e3q)ression  that  is  formed  from 
the  multiplication  of  other  expressions  that  are  not  explicitly 
of  fractional  forms,  a  composite  gucmtity  /  and  any  algebraic 
expression  that  is  not  thus  formed,  we  shall  denominate  a 
simple  or  prime  quantify.  If  any  algebraic  expression  is  not 
of  a  fractional  form,  we  shall  call  it  an  integral  form. 

We  will  now  give  a  few  examples,  for  the  purpose  of 
showing  how  to  resolve  them  into  their  factors. 

For  a  first  example,  we  shall  take  3a5,  whose  prime  factors 
are  easily  seen  to  be  the  primes  8,  «,  and  5,  for  the  product 
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of  8y  ay  and  h  is  Sab ;  we  maj  also  take  3  and  ab  for  the 
factors  of  Sab,  but  aJ  is  a  composite  factor. 

For  a  second  example,  we  shall  take  l&c?Vc;  here  the 
simple  factors  are  3,  5,  a^  a^  h^  hy  by  Oy  since  their  product 
is  l^dfVo. 

For  another  example,  we  shall  take  a/i  +  bG  ;  here,  since  c 
enters  as  a  factor  into  each  term  of  the  given  quantity,  it  is 
easy  to  see  that  a-\-b  and  c  are  the  prime  factors  required, 
and  we  have  (a  +  J)  x  c  =  <w  +  Jc. 

For  another  example,  we  shall  take  3a'i'(?  —  15a'Jcefo -h 
^6c?b€  /  here,  since  Sa^bc  enters  as  a  factor  into  each  term, 
of  the  given  quantity,  it  is  evident  that  Zd^bc  and  J*—  bde  + 15 
are  factors  of  the  given  expression,  or  that  we  shall  have 
(5*  —  6efo  +  15)  X  Za^bo  =  Sa^bh—lba^bcde  -f  4:5a*Jc/  where 
it  is  to  be  noted  that  Za^bc  is  composite,  its  factors  being 
3,  a,  a,  by  and  o. 

EXAMPLES. 

1.  Find  the  prime  factors  of  21c^¥cd. 

2.  Find  the  prime  factors  ofdlmnp  Vq. 

3.  Find  the  prime  factors  of  17a*SV. 

4.  Give  the  prime  factors  of  pqrst  Vv. 

6.  Kesolve  25a7rm  +  75anpq  —  lOa^n^  into  factors,  and 
give  all  the  prime  factors. 

6.  Eesolve  —  21aV  +  6ax  —  12aV  into  factors,  and  give 
all  the  prime  factors. 

7.  Kesolve  13a«  —  169&»  into  factors. 

8.  Eesolve  4:2aV  —  2Saaf  —  5aV  into  factors. 

9.  Eesolve  —  92m'  Vn  —  69mhi^  +  15n"  into  factors,  and 
find  the  prime  factors. 

10.  Has  97a»  -  17296'  any  factors? 

(14.)  We  shall  now  proceed  to  show  how  to  multiply  one 
compound  quantity  by  another. 

We  shall  denote  the  sum  of  the  positive  terms  of  the  mul- 
tiplicand by  a,  and  the  sum  of  the  negative  terms  by  b  ;  we 
shall  also  represent  the  sum  of  the  positive  terms  of  the  mul- 
tiplier by  Cy  and  the  sum  of  the  negative  terms  by  d;  then 


MULTIPLICATION.  27 

the  multiplicand  will  be  expressed  by  a  —  J,  and  the  mnlti- 
plier  hj  e  —  d. 

Then  the  product  of  a  —  J  and  c  will  be  expressed  by 
{a  —  b)cj  which  is  clearly  greater  than  the  product  of  a  —  & 
hj  c  —  dj  since  c  is  greater  than  c^dhj  d.  Hence  we  must 
multiply  a  —  hhyd,  and  subtract  the  product  fix)m  {a  —  J)c, 
since  a—biB  taken  too  often  by  the  units  in  d,  and  of  course 
we  shall  have  (a  —  &)  .  ((>  —  c?)  =  (a  —  J)(?  —  (a  —  b)d. 

But  by  the  rule  for  the  multiplication  of  a  compound 
quantity  by  a  monomial,  we  have  {a  —  h)c  zziac  —  hc^  and 
{a  —  hyi  :=:ad  —  Id;  which,  subtracted  from  ac  ^hc^  gives 
(a  —  J)  .  (<?  —  c?)  =  ao  —  Jc  —  «(i  +  M?,  as  required. 

From  an  examination  of  the  product,  it  appears  that  each 
term  of  «  —  J  has  been  multiplied  by  each  term  of  o  —  rf, 
and  that  like  signs  have  given  + ,  and  unlike  signs  have 
given  —  for  the  corresponding  products. 

Here,  it  may  be  proper  to  notice,  that  a  monomial  which 
is  positive  is  generally  written  without  any  sign ;  also  in  a 
compound  quantity,  if  the  first  or  left-hand  term  is  positive, 
it  is  generally  written  without  any  sign,  the  sign  +  being  in 
these  instances  understood ;  but  in  other  cases  positive  terms 
(generally)  have  the  sign  +  written  before  or  to  the  left  of 
them. 

If  any  quantity  or  term  is  negative,  it  is  always  written 
with  the  sign  —  before  or  to  the  left  of  it,  unless  the  contrary 
is  expressly  stated. 

It  will  be  convenient  to  premise  the  following  observa- 
tions, before  giving  the  rule  for  the  multiplication  of  com- 
pound quantities. 

1.  A  compound  quantity,  whose  terms  involve  diflferent 
powers  of  the  same  letter,  is  said  to  be  arra/nged  cuxx/rdi/ng  to 
the  descending  powers  of  the  letter^  when  the  term  that  in- 
volves the  letter  with  the  greatest  positive  exponent  is  writ- 
ten first  or  to  the  left,  and  the  term  which  involves  the  next 
greatest  positive  exponent  of  the  letter  is  written  next  to  it 
on  the  right,  and  the  term  that  contains  the  next  greatest 
positive  exponent  of  the  letter  is  written  next  to  the  last  term 
on  the  right,  and  so  on ;  but  if  the  terms  of  the  compound 
quantity  are  written  in  a  reverse  or  contrary  order,  it  is  said 
to  be  arranged  according  to  the  ascending  powers  of  the 
letter. 
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Thus,  aj*  —  Taj'  -f  Sa?  —  3aj  +  18,  is  arranged  according  to 
the  descending  powers  of  a?;  but  if  we  write  the  quantity  in 
the  reverse  or  contrary  order,  it  becomes  18  —  3a;  +  5«*  — 
705"  +  aJ* ;  and  it  is  arranged  according  to  the  ascending 
powers  of  x. 

In  like  manner,  Aaj"  +  Ba^a  —  (Va*  +  Da^o*,  in  which 
A,  B,  0,  D  are  the  coefficients,  is  arranged  according  to  the 
descending  powers  of  x;  but  if  we  write  the  quantity  in  a 
contrary  order,  it  will  be  arranged  according  to  the  ascend- 
ing powers  of  x. 

Again,  since  a  enters  the  second  term,  and  a^  enters  the 
third  term,  and  a*  enters  the  fourth  term,  counting  from  the 
left  to  the  right,  the  quantity  is  arranged  according  to  the 
descending  powers  of  a?,  or  according  to  the  ascending 
powers  of  a,  and  so  on  in  all  analogous  cases. 

2.  K  the  exponents  of  the  letter,  according  to  which  any 
compound  quantity  has  been  arranged,  are  integers,  and  if 
they  diflfer  from  each  other  by  1,  in  any  two  successive 
terms,  we  say  the  compound  quantity  is  complete^  or  wants  none 
of  its  terms ;  bnt  if  the  difference  of  the  exponents  of  the  let- 
ter in  two  successive  terms  is  greater  than  1,  we  say  that  the 
compound  quantity  is  incomplete,  or  wants  some  of  its  terms. 

3.  When  any  of  the  terms  of  a  compound  quantity  are 
wanting,  we  may  suppose  them  to  have  vanished  from  the 
quantity  on  account  of  their  coefficients  becoming  equal  to 
naught  or  zqto  (0) ;  since  any  quantity  or  term  when  multi- 
plied by  naught,  must  evidently  give  naught  for  the  product. 
Hence  we  may  give  any  incomplete  compound  quantity  a 
complete  form,  by  supplying  the  deficient  terms  with  tlie 
powers  of  the  letters  that  are  wanting,  by  writing  0  (or 
naught)  for  their  coefficients ;  observing  that  the  terms  sup- 
plied may  evidently  have  either  the  sign  +  or  —  at  will. 

4.  Not  regarding  the  coefficients  of  the  terms  in  any  com- 
pound quantity,  if  the  sum  of  the  exponents  of  the  letters  in 
any  one  term  is  the  same  that  it  is  in  any  other  term ;  then 
the  compound  quantity  is  termed  a  AoTnogeneous  quantity ; 
otherwise,  it  is  said  to  be  a  heterogeneous  quantity.  Indeed, 
any  monomials  which  are  such  that  the  sum  of  the  exponents 
of  their  letters  (that  are  not  regarded  as  coefficients)  is  the 
same  in  each,  are  called  hamogeneoue ;  otherwise,  tliey  ore 
heterogeneous. 
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Thus,  Ta'5^  and  IZm^n^  are  homogeneous,  as  are  also  abc^ 
jj^qy  rst;  but  ct^b  w?r^  are  heterogeneous,  and  so  are  r«,  jp'j^, 

When  deficient  terms  are  supplied  in  compound  quanti- 
ties whose  terms  are  homogeneous,  and  composed  of  differ- 
ent letters,  it  will  be  proper  that  the  terms  supplied  shall  be 
homogeneous  with  the  given  terms  of  the  quantity,  and  in 
its  letters.  Thus,  the  compound  quantity  c?  -\-  h^  has  defi- 
cient terms ;  which  being  supplied,  it  becomes  a*  +  Oa^i  + 
Oai*  +  5^,  which  is  the  complete  form  of  the  compound 
quantity. 

From  the  definition  of  homogeneous  terms,  it  is  clear 
that  the  multiplication  of  homogeneous  terms  by  terms  that 
are  also  homogeueous,  will  give  products  that  are  homo- 
geneous. 

Thus,  if  we  take  the  homogeneous  terms  —  ^a^h  and  2(?dj 
and  multiply  them  by  the  homogeneous  terms  4^V  and 
^'iruj^j  we  shall  get  the  homogeneous  products  —  12a^bp^^ 
and  10<?(lv^vfy  where  it  will  be  noticed  that  the  sum  of  the 
exponents  of  the  letters  in  each  term  multiplied  is  3,  and  the 
sum  of  the  exponents  of  the  letters  in  each  multiplier  is  5, 
and  we  have  3  -|-  5  =  8  =  the  sum  of  the  exponents  of  the 
letters  in  each  product,  as  it  evidently  ought  to  do. 

5.  When  we  have  to  use  compound  quantities  involving 
different  powers  of  the  same  letter,  or  letters,  in  calculation, 
it  is  often  convenient  to  use  the  coefficients  only,  and,  after 
the  work  has  been  done,  to  supply  the  powers  o'f  the  letter, 
or  letters,  that  ought  to  correspond  to  the  coefficients  in  the 
result  that  has  been  found ;  this  process  is  generally  called 
the  method  of  detached  coefficients. 

Thus,  to  add  7c^'—  Qc^h  +  IZa'V  -  17ai«  +  6J*,  9a*  -f  6a»5  + 
20a-ft2  -f-  4:a¥  +  5&*  and  5a*  -|-  ISa^J^  -  hah^\  by  detaching 
the  coefficients,  supplying  the  deficient  terms,  and  putting 
the  coefficients  that  belong  to  like  terms  under  each  other, 
and  tlien  adding,  we  get 

7-9-1-13-17+  6 
9-|-6-h20+  4+  5 
5  +  0  +  16-    6+    0 

21-3  +  48-19  +  11 
=:  the  sum  of  the  coefficients ;  where  21  is  the  coefficient  of 


30  ELEMENTARY    AND    HiaHBB    ALGEBRA. 

a^  in  the  sum,  —  3,  that  of  a'&,  and  so  on :  bo  that  the  emn, 
when  the  requisite  letters  are  supplied,  is  21(Z*  —  3a^J  + 
48aW  -  19ay  +  \\l\  as  it  ought  to  be. 

In  a  similar  way,  to  subtract  h(j?  —  7aJ  from  15a'  —  9a5  +  J^, 
by  detaching  the  coefficient,  etc.,  we  get 

16-9  +  1 

5-7  +  0 

10-2  +  1 

=  the  difference  of  the  coefficients ;  and  the  letters,  when 
supplied,  give  10a*  —  2a5  +  V  for  the  required  difference  of 
the  given  quantities. 

For  further  illustration  of  the  method  of  detached  co- 
efficients, we  shall  add  the  quantities  9a'  +  6a'  +  3a  +  5, 
4a'  +  5a  +  6,  and  8a'  +  7a  +  3 ;  detaching  the  coefficients, 
supplying  the  deficient  terms,  and  placing  the  coefficients  of 
like  terms  under  each  other,  and  then  adding  the  coefficients 
as  in  Arithmetic,  we  get 


9  + 

6  + 

8  + 

5 

4  + 

0  + 

5  + 

6 

0  + 

8  + 

7  + 

3 

13  +  14  +  15  +  14 

=  the  snms  of  the  coefficients.  Supplying  the  letters 
that  correspond  to  the  sums  of  the  coefficients,  we  get 
13a^  +  14a'  +  15a  +  14  for  the  sum  of  the  quantities,  as 
required. 

If  a  =  10,  the  sum  becomes  a*  +  40*  +  6a'  +  6a  +  4  = 
14564,  which  will  be  found  to  equal  the  sum  of  the  numbers 
9635,  4056,  873,  whjch  are  the  values  of  the  given  quantities 
when  a  =  10. 

This  example  may  serve  to  show  the  analogy  that  exists 
between  the  different  powers  of  a,  and  the  local  values  of 
figures  in  Arithmetic ;  it  also  shows  the  analogy  between 
the  naughts  that  are  used  to  supply  the  deficient  terms  and 
the  naughts  that  are  used  in  Arithmetic  to  show  the  local 
values  of  figures. 

Again,  we  shall  subtract  5a*  +  3a'  +  9a  +  9  from  So*  + 
ea*  +  3a  +  7,  by  the  method  of  detached  coefficients.  De- 
taching the  coefficients,  etc.,  we  get 
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8+6+0+3+7 
5+3+0+9+9 

3  +  3  +  0  —  6  —  2; 

and  reatoring  the  letters,  we  get  3<j^+8c^  +  0a^  —  6a  —  2  = 
the  difference  of  the  given  quantities. 

When  a  =  10,  we  have  2  =  a  —  8,  6  =  a  —  ^j  and  the 
difference  becomes  3a*  +  So"  +  Oa*  —  a  (a  —  4)  —  (a  —  8)  = 
&?*+  30*  +  Oa'—  a*  +  3a  +  8  =  3a*  +  2^5*  +  9a'  +  3a  +  8  = 
32938,  which  equals  the  difference  between  the  numbers 
86037  and  53099,  which  are  the  values  of  the  given  quanti-^ 
ties  when  a  =  10. 

We  have  given  the  preceding  examples  for  the  purpose  of 
showing  the  simplicity  of  the  method  of  detached  coefficients 
in  addition  and  subtraction.  We  shall  now  give  one  or  two 
simple  examples  to  show  the  great  importance  of  the  method 
in  multiplication. 

For  a  first  example,  we  shall  multiply  3a*  +  2a'  +  5a  +  6 
by  9a  +  1 ;  first  by  the  common  method,  and  then  by  de- 
taching the  coefficients. 

Since  we  must  take  the  multiplicand  as  often  as  there 
are  units  in  9a  +  1,  it  is  clear  that  if  we  multiply  the 
multiplicand  by  9a  and  then  by  1,  and  add  the  products, 
we  shall  have  multiplied  the  multiplicand  by  9a  +  1,  as 
required. 

Hence  we  tiave 

3a'  +   2a'  +   5a  +   6 
9a  +    1 

27a*  +  18a^  +  45a'  +  54a 

3a»  +    2a'  +    5a  +  6 

27i3^  +  21a»  +  47a'  +  59a  +  6 

=  the  sought  product,  as  found  by  the  common  method, 
which  consists  in  multiplying  each  term  of  the  multi- 
plicand (observing  the  rule  of  signs)  by  each  term  of  the 
multiplier,  and  then  adding  the  products  by  the  rules  of 
addition. 

We  shall  now  multiply  by  the  method  of  detached  co- 
efficients. 
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Here  we  have 

3+    2+    5+    6 
9+    1 


27  +  Iff  +  46  +  64 

3+    2+    6  +  6 

27  +  21  +  47  +  69  +  6 


=  the  sum  of  the  products  of  the  coefficients;  and  if  we 
supply  the  requisite  powers  of  a,  we  readily  obtain  the 
same  result  that  we  found  by  the  common  method  of  multi- 
plication. If  a  =  10,  the  sum  of  the  coefficients  is  easily 
changed  to  the  following  s\im  of  coefficients,  viz.,  2  +  9  + 
.6  +  2  +  9  +  6,  which,  by  joining  the  proper  powers  of  a  to 
each  term,  becomes  2a*  +  9a*  +  6a^  +  2a»  +  9a  +  6  =  296296, 
which  equals  the  product  of  3266  by  91,  as  it  ought  to  do ; 
for  when  a  =  10,  the  given  multiplicand  equals  3266,  and 
the  multiplier  equals  91. 

For  the  second  example,  we  shall  find  the  product  of 
8a^  +  6a  +  7  and  3a*  +  4.  Detaching  the  coefficients,  etc., 
we  get 

8+    5+   7 

3+    0+   4 

24  +  16  +  21 

0+    0+    0 

32  +  20  +  28 


24  +  16  +  63  +  20  +  ; 


=  the  sum  of  the  coefficients ;  which,  by  supplying  the 
appropriate  powers  of  the  letter,  gives  24a*  +  15^^  +  63a*  + 
20a  +  28  for  the  sought  product 

If  a  =  10,  it  is  easy  to  change  the  sum  of  the  coefficients 
into  tlie  sum  of  the  coefficients  2  +  6  +  0  +  6  +  2  +  8, 
which,  by  supplying  the  proper  powers  of  a,  gives  2a"  +  6a* 
+  Oa»  +  6a*  +  2a  +  8  =  260628,  which  is  the  product  of 
867  and  304,  which  are  the  values  of  the  multiplicand  and 
multiplier  when  a  =  10. 

The  analogy  of  the  above  process,  in  the  use  of  the 
naughts  and  the  arrangement  of  the  work,  to  the  method  of 
multiplying  integral  numbers,  etc.,  in  Arithmetic,  is  too 
evident  to  need  any  comment. 
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For  the  last  example,  we  Bhall  find  the  product  of 
flp*  +  3a'i  +  13J*  and  a»  +  2J'.  Detaching  the  coefficients, 
etc.,  we  get  the  following  work  and  sum  of  coefficients : 

1  +  3  +  0  +  13 
1  +  0  +  2 

1  +  3  +  0  +  13 
0  +  0+    0  +  0 

2+    6  +  0  +  26 


1  +  3  +  2  +  19  +  0  +  26 


=  the  sum  of  the  coefficients.  When  the  requisite  powers 
of  the  letters  are  supplied,  we  have  a?  +  3a*i  +  %c?V  + 
\9a^l?  +  OaJ*  +  26J«  =  a»  +  Za>h  +  2a^i*  +  19aW  +  26i'^  = 
the  required  product,  since  the  coefficient  of  a5*  equals 
naught. 

It  may  be  noticed  that  the  terms  of  the  multiplicand  are 
homogeneous  in  a  and  5,  and  the  terms  of  the  multiplier  are 
homogeneous  in  the  same  letters,  and  that  the  quantities  are 
arranged  according  to  the  descending  powers  of  a,  the  ex- 
ponents decreasing  by  a  unit  from  each  term  to  the  next 
successive  term  on  the  right;  and  that  the  quantities  ai*e 
arranged  according  to  the  ascending  powers  of  J,  the  expo- 
nents increasing  by  a  unit  from  each  terai  to  the  next 
successive  term  on  the  right;  and  since  the  sum  of  the 
exponents  of  the  letters  in  each  product  is  5,  and  as  d^  alone 
enters  the  first  or  left-hand  term  of  the  product,  it  is  easy  to 
see  how  to  supply  the  powers  of  the  letters  that  belong  to 
each  of  the  coefficients  in  the  product. 

6.  Reversely,  if  we  have  to  find  the  product  of  quantities 
which  do  not  involve  different  powers  of  the  same  letter  or 
letters,  we  may  supply  the  powers  of  a  letter  or  letters  accord- 
ing to  the  nature  of  the  case,  so  as  to  reduce  the  process  to 
the  method  of  multiplying  quantities  that  involve  different 
powers  of  the  same  letter  or  letters. 

For  we  may  regard  the  given  terms  as  being  the  coeffi- 
cients of  different  powers  of  a  letter  or  letters,  which  have 
each  been  put  equal  to  unity. 

Thus,  if  we  have  to  multiply  a  +  J  by  <?  +^,  we  may  mul- 
tiply flKc  +  }  by  ex  +  dj  and  putting  a?  =  1  in  the  product, 
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we  shall  of  course  have  the  product  of  a  +  i  and  c  +  d. 
Multiplying  ax  +  h  by  ca?  +  <?,  we  have  (evidently)  the  fol- 
lowing process  and  result : 

ex  +  d 

(uxx?+  ctlx 

adx  +  Id 


a(xx?+  {pb  +  adya+ld 


=  the  product ;  which,  by  putting  a?  =  1,  gives  ac  +  d>  + 
ad  +  hd  for  the  product  of  a  +  h  and  c  +  d. 

In  a  similar  way,  if  we  have  to  multiply  3a  +  5i  -f-  Hd  by 
4a  +  6S  -f  rf,  we  may  multiply  Saa?  +  bhx  +  Id  by  4^xa?  + 
6bx  -f  d;  and  we  get 

aaflj*  +    6&P    -f  7rf 
4003^  4-    6Jaj     +    rf 

12aV  +  20aJaj»  +  28adbj* 

18aJaj«  +  30JV  +  42&fo 

.    Zada?-^    Sbdx-Jfld^ 

12aV  +  Ziabsi?  +  (31a^+30JV  +  47Je&  +  1d^ 

=  the  product ;  and  putting  aj  =  1,  we  have  (3a  +  55  4-  ^d) 
X  (4a  -f  66  +  <?)  =  12a*  +  38aJ  +  Zlad  +  ZOV-Jf^lhd  +  ld^ 
as  required. 

7.  It  is  easy  to  see  that  the  number  of  products  arising 
from  the  multiplication  of  one  compound  quantity  by  another 
will  equal  the  product  of  the  number  of  terms  of  the  one 
quantity  by  the  number  of  terms  of  the  other  quantity; 
since  the  products  are  formed  from  the  multiplication  of  each 
term  of  the  one  quantity  by  each  term  of  the  other. 

Consequently,  if  the  products  are  all  unlike,  there  will  be 
as  many  terms  in  the  sum  of  the  products,  or  in  the  product 
of  the  two  compound  quantities,  as  there  are  units  m  the  pro- 
duct of  the  number  of  terms  of  the  one  hy  t/ie  nwmber  of 
terms  in  the  other.  But  if  the  products  ara  not  all  unlike, 
two  or  more  of  the  products  will  be  reduced  to  one  by  addi- 
tion, so  that  there  will  not  be  so  many  terms  in  the  product 
of  the  two  quantities  as  before. 

Thus  we  have  found  that  {a  +  b){c  +  d)  ==  ac  +  cb  +  ad  + 
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Jrf,  which  contains  four  terms ;  this  is  in  conformity  to  what 
has  been  stated  above,  since  there  are  two  terms  iaa  +  h 
and  two  terms  in  <?  +  rf,  .  • .  we  have  2x2  =  4  =  the  num- 
ber of  terms  in  the  product  of  the  two  quantities. 

Also,  there  are  three  terms  in  Sa  -{-  5h  +  7d,  and  three 
terms  in  4a  +  6i  +  ^*'.  3  x3  =  9  =  the  number  of  pro- 
ducts arising  from  the  multiplication  of  the  one  compound 
quantity  by  the  other ;  but  we  have  found  that  {Sa  +  5J  + 
Id)  X  {4a  -h  6b  -^  d)  =  12a^  +  38ab+  Slad-hSOS"  +  ^7^-^ 
7d%  which  contains  only  six  terms;  since  20ab  and  ISab 
have  been  reduced  to  38a5,  2Sad  and  Sad  to  Slad,  42Jrf 
and  &M  to  475^/  these  reductions  clearly  result  from  some 
of  the  terms  of  one  of  the  compound  quantities  being  similar 
to  some  of  the  terms  of  the  other. 

But  there  are  terms  of  the  partial  products  which  can  not 
be  united  with  other  products.  For,  when  we  multiply  the 
terms  of  the  two  quantities  that  contain  the  greatest  positive 
exponents  of  the  same  letter  by  each  other,  the  product  evi- 
dently will  be  unliko  any  other  terms  of  the  partial  products ; 
and  of  course  the  product  will  appear  in  the  final  product 
without  reduction ;  also,  if  there  are  terms  of  the  quantities 
which  do  not  involve  any  letters  (or  that  contain  iheir  lowest 
powers,  it  is  clear  that  their  product  must  appear  in  the 
final  product  without  reduction. 

Thus,  if  we  have (3a?»+  7a?  +  Sx  +  9)x  {6a?  +  11a;  +  8), 
we  have  the  products  3ar*  x  6a^  =  ISixf  and  9  x  8  =  72, 
which  must  evidently  appear  in  the  complete  product  with- 
out reduction. 

8.  By  15,  Sec.  I.,  when  we  wish  to  show  that  all  the  terms 
of  any  compound  quantity  are  to  be  taken  together  as  a 
fiingle  quantity  or  letter,  we  draw  a  right  line  (called  a  vin- 
culum or  bar)  over  them,  or  we  write  them  in  a  parenthesis. 
Hence  we  may  evidently  express  the  product  of  a  compound 
and  single  quantity,  or  of  compound  quantities,  in  a  way 
very  similar  to  that  of  letters. 

llius,  to  show  that  a  —  J  +  ^istobe  multiplied  by  m,  we 
write  either  of  the  following  expressions,  viz.,  a  —  b  +  oxm, 
a^-b  +  c  .  m,  {a  —  b  +  c)  X  m,  {a  —  b  +  c).m;  or,  more 
simply,  (a  —  ft  +  c)m. 

In  a  similar  way,  to  indicate  the  product  o{  a  —  b  +  o  and 
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e  +/—  ^,  we  may  use  any  one  of  the  following  expreasionB, 
viz.,  a  —  5  +  <?  X  6  -^-f—gy  a^b  -h  c  .  6  +/— y,  (a  —  J  + 
c)  •  (^  +f-9\  (a-i  +  e){e  +f-g\ 

9.  When  we  have  an  expression  which  shows  that  quan- 
tities are  to  be  multiplied  together,  the  multiplication  is  said 
to  be  expressedy  aignijied^  or  indicated  ^  and  when  the  mul- 
tiplication is  completed,  it  is  said  to  be  executed^  developed^ 
or  eaypamded. 

10.  It  is  clear,  from  Axiom  V.,  that  any  multiplication, 
when  indicated,  ought  to  be  regarded  as  identical  with  the 
multiplication  when  executed;  in  other  terms,  the  expres- 
sion which  shows  that  any  quantities  are  to  be  multiplied 
together,  forms  an  identical  equation  with  the  product  of 
the  quantities. 

Tlius,  (a  +  l){c  -\'  d)==ac  +  lo  +  ad-\-hd/\%  an  identical 
equation,  which  is  clearly  true  for  any  possible  values  that 
a^  J,  <7,  and  d  can  be  conceived  to  have ;  since  (a  -h  J)((?  +  rf) 
and  dc  +  hc  +  ad  +  T)d  are  only  diflFerent  forms  of  the  pro- 
duct of  ^  +  J  and  c  -{-  d.  In  a  similar  way  it  may  be  shown 
that  {a  +  a?)(«  —  a?)  =  a*  —  a?,  is  an  identical  equation. 

We  are  now  prepared  to  give  the  following  rule,  which  is 
applicable  to  every  case  of  multiplication. 
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1.  For  convenience^  place  the  first  {or  left-hand)  term  of 
the  multiplier  under  the^  fi/rst  term  of  the  mvltiplica/ncl^  and 
the  second  term  of  the  multiplier  under  tJie  second  term  of  the 
mvltipUcandy  and  so  on^  until  all  the  terms  of  the  midtipli- 
oand  and  multiplier^  with  tlmr  proper  signSj  are  put  down. 

If  any  of  the  terms  of  the  mvltiplicand  and  multiplier 
involve  the  same  letter^  then  {for  simplicity)  the  terms  of  the 
multipliccmd  and  multiplier  ought  to  he  set  down  so  that  the 
multiplicand  and  multiplier  may  each  he  arran^ed^  either 
a^ccording  to  the  ascending  or  descending  powers  of  the  letter  ; 
observing  that  any  term  which  may  he  wanting^  either  in  the 
multiplicand  or  m,ultipli^\  ought  to  he  supplied.  After  the 
multiplicand  and  multiplier  have  hecn  put  down  as  required, 
draxo  a  right  line  or  bar  under  the  multiplier, 

2.  Then  {by  the  rule  for  th4  multiplication  of  monomials) 


MULTIPLICATION,  8T 

multiply  the  fint^  second^  thirds  etc.j  terms  of  the  multipli- 
cand s^uccessively  hy  t1ie  first  term  of  the  multiplier^  and  put 
each  product  beneath  tl^e  har^  and  under  the  corresponding 
term  of  the  multiplicand. 

After  each  term  of  t/ie  multiplicand  has  been  multiplied  hy 
thefi^st  term  of  the  multiplier^  then  multiply  the  firsts  second^ 
thirds  etc,^  te?'ms  of  the  m/uUiplicand  sitccessively  hy  the  sec- 
ond term  of  the  multiplier  /  putting  the  first  of  these  products 
under  the  second  of  the  former  products^  and  the  second  of 
these  product  under  the  third  of  the  former  products^  and  so 
on.  Proceed  in  like  manner  to  multiply  eaxih  term  of  the 
m/ultiplicamd  hy  the  thirds  fourth^  etc.,  terms  of  the  mxdti- 
plier^  untU  each  term  of  the  rnultiplicand  has  heen  multiplied 
hy  each  term  of  the  multiplier^  always  putting  theprodtcet 
of  the  first  term  of  the  multiplicand^  and  any  term  of  tJie 
multiplier^  under  the  term  of  the  multiplier  and  helow  the 
preceding  products  thai  correspond  to  it^  and  the  product  of 
the  second  term  of  the  multiplicand  and  the  sams  term  of  the 
multiplier  one  term  or  place  to  the  right^  cmd  so  on, 

3.  Hamng  multiplied  each  term  of  the  multiplicand  hy 
each  term  of  the  multiplier^  draw  a  har  helow  the  products 
thusfoundy  then  the  products  added  according  to  their  signs j 
and  their  sum^  written  helow  the  har^  will  he  the  complete 
product  of  the  m/uUiplicand  and  multiplier ^  as  required. 

4.  When  the  multiplicand  and  multiplier  have  heen  ar- 
ranged according  to  the  powers  of  some  letter  in  each,,  it  is 
easy  to  see  that  the  prodticts  which  involve  the  same  power  of 
the  letter  wiU  stand  in  vertical  columns  under  each  other  ;  so 
that  when  the  coefficients  of  any  power  which  stand  under 
each  other  in  any  column,  are  numbers^  and  are  added  ac- 
cording to  their  signs,  their  sficm  will  he  the  coefficient  of  the 
pouter  of  the  letter ;  hut  if  the  coefficients  are  letters^  or  if 
some  of  them  are  letters  and  others  are  numbers^  then  they 
must  he  added  hy  the  rules  of  addition,  and  their  sum,  when 
written  in  a  parenthesis  ^  muM  be  placed  before  the  power  of 
the  letter  for  its  coefficient. 

Proceeding  in  like  manner  for  each  vertical  column,  we 
readily  get  the  sum  of  all  the  partial  products  /  amd,  of 
course,  we  ha/ve  the  complete  produrct  of  the  given  irmUiplir 
eand  and  multiplier,  as  required. 
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6.  When  ihe  mvUipUcand  amd  m/uUiplier  are  arranged 
acco7'(Ung  to  the  powers  of  a  letter^  the  m^MpUGotion  wiU  he 
greoMy  eimplijied  hy  detaching  the  coefficients^  and  vsing  them 
only  in  the  multiplication^  am,d  afterward  supplying  the 
powers  of  the  letter  thai  corresporid  to  the  sums  of  the  partial 
products  of  the  coefficients  that  stand  in  any  vertical  column 
of  the  complete  prodt^t  of  the  coefficients. 

6.  It  ma/y  be  added  that^  in  -all  cases  of  muIMpUcation^  the 
rule  of  signs  mnist  he  observed y  viz.,  that  like  signs  give  +, 
a7id  unlike  signs  give  —  /  so  that  when  any  term  of  the  mvlr 
tiplicand  is  multiplied  hy  any  term  of  the  multiplier^  if  the 
signs  of  the  two  terms  are  hoth  +,  or  hoth  — ,  their  product 
must  be  +,  but  if  one  of  the  terms  is  +  and  the  other  — , 
their  product  must  home  the  sign  —  prefaced  to  it. 

7.  It  is  to  be  further  noticed^  that  if  th^  same  letter  enters 
the  product  of  any  term  of  the  multiplicand  by  any  term  of 
the  multiplier  more  than  once^  then  we  nrnst  wi^te  the  letter 
once,  and  give  it  an  exponent  equal  to  the  sum  of  the  expo- 
nents of  the  letter  in  t/ie  product  /  in  other  termsy  powers  of 
the  sam£  qiumtity  are  found  by  adding  their  exponents. 
Always  observing,  when  a  letter  or  any  quantity  has  no  eapo- 
nent  eixpressed,  that  it  is  understood  to  be  unity  {or  1). 

It  is  easy  to  see  that  our  rule  of  multiplication  is  in  con- 
formity to  the  methods  which  we  used  in  doing  the  examples 
in  multiplication  thai  preceded  it,  so  thai  they  may  serve  to 
show  its  correctness  and  use.  The  rule  is  clearly,  in  some 
respects,  similar  to  the  multiplication  of  whole  numbers  in 
Arithmetic,  especially  when  the  multiplicand  and  multiplier 
are  arranged  according  to  the  dimensions  of  a  common  letter. 
For  in  multiplying  the  multiplicand  by  the  first,  second, 
third,  etc.,  terms  of  the  multiplier,  from  left  to  right,  the 
partial  products  wUl  be  so  placed  thai  the  coefficients  of  the 
sam£  power  qfthe  common  letter  wiU  stand  in  a  vertical  coir 
umn  under  each  othef*,  in  the  same  way  that  the  figures  ofths 
same  local  value  stand  under  each  other  in  the  pa/rtial  pro- 
ducts when  we  multiply  one  whole  numher  by  another  in 
Arithmetic. 

We  will  now  give  some  examples  for  further  illustration 
of  the  mle ;  some  of  which  will  be  of  use  to  us  hereafter. 
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KXAMPLBB. 
1. 

Multiply  X  —S 
by  a  —  8 

bar 

aj"  — 5a 
—  3aj  + 15 

bar 

a?  —  8»  +  15  =  the  prodnct. 


Multiply  x  —  a 
by  a?  —  } 


—  ix,+  db 
a?  —  (a  +  J>»  +  aj  =  the  product. 

Ex.  3. — ^To  find  the  product  of  »  —  a,  a?  —  J,  and  a?  —  tf, 
or  to  develop  {x  —  a)  (a?  —  J)  (a?  —  c). 

By  the  last  example,  we  have  (a?  —  a)  (a?  —  S)  =  aj*  —  (a  +  J) 
X  +  ab;  and  of  course  we  shall  have  (a?  —  a) (a?  —  J)(aj  —  c) 
=  [a?  —  (a  +  J)a?  +  a5](aj  —  c),  or  we  must  multiply  a?*  — 
(a  +  b)x  +  abhj  x-—  0. 

Hence  we  get 

Q?  —  {a  +  i)x  +  db 

X   —0 


a^  —  (a  -f  J)aj*  +  abx 

—  csB*  +  (a{?  +  J<?)aj  —  abo 

a5*  — (a  +  ft  +  o)aj^  +  (aJ+a<j+J<j)a?  — oft^ 

for  the  sought  product 

Ex.  4u— To  develop  («  —  a)(aj  —  h){^  —  c)(aj  —  ^. 

By  Ex.  3,  we  have  (a?  — a)(aj  — J)(a?  — <j)x=a^  — (a  + 
h  +  c)a?  +  (aJ  4-  «<?  +  hc)x  —  oJc/  therefore  this  product^ 
when  multiplied  by  x  —  dj  will  be  the  development  re- 
quired. 
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Hence  we  have 

a^^{a+h+c+d)ix?+{ah+a^+lc+ad+M+cd)a!?'-{ai^ 

•\'acd+bcd)x+abcd 

for  the  product  required. 

BEMABKS. 

It  is  easy  to  see,  from  these  examples,  that  the  product 
(a?  — a)(aj  —  J)(as  —  c) (aj  —  (i) (»  —  «)(» —  J),  etc.,  can  be 
written  down  without  any  formal  multiplication.  For  the 
index  of  x  in  the  first  term  equals  the  nimiber  of  factors 
that  are  multiplied  together ;  and  the  index  of  x  in  the  sec- 
ond term  is  smaller  by  a  unit  than  the  index  of  x  in  the  first 
term ;  and  the  index  of  x  in  the  third  term  is  less  by  a  unit 
than  it  is  in  the  second  term,  and  so  on,  decreasing  by  a  unit 
from  each  term  to  the  next  successive  term,  until  we  come 
to  the  last,  which  does  not  contain  x. 

Also,  the  coefficient  of  the  power  of  a?,  in  the  second  term, 
is  the  sum  of  all  the  quantities,  —  a,  —  S,  —  o,  — eZ,  —  etc., 
without  repetition.  Tlie  coefficient  of  the  power  of  a?,  in  the 
third  term,  is  the  sum  of  the  products  of  every  two  of  the 
quantities,  —a,  —  J,  —  c,  —  rf,  —  etc.,  without  repetition. 

The  coefficient  of  the  power  of  a?,  in  the  fourth  term,  is  the 
sum  of  the  products  of  every  three  of  the  same  quantities, 

—  a,  1-  S,  —  6',  —  c?,  —  etc.,  without  repetition.  The  coeffi- 
cient of  the  power  of  a?,  in  the  fifth  term,  is  the  sum  of  the 
products  of  every  four  of  the  same  quantities,  —  a,  —  5,  —  o, 

—  rf,  —  etc.,  without  repetition. 

In  like  manner,  the  coefficient  of  the  power  of  a;,  in  the 
sixth  term,  is  the  sum  of  the  products  of  every  five  of  the 
same  quantities,  without  repetition ;  and  so  on,  until  we 
come  to  the  last  term,  which  does  not  contain  a?,  and  is 
called  the  ahsoliUe  term/  which  is  equal  to  the  product  of 
all  the  quantities,  —  a,  —  J,  —  c,  —  rf,  —  a,  —  etc. 

Hence,  if  the  positive  integer  n  is  equal  to  the  number  of 
factors  in  the  product,  and  we  put  A^  for  the  sum  of  all  the 
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quantities,  —  a,  —  J,  —  (?,  etc. ;  As  for  the  sum  of  the  pro- 
ducts of  every  two  of  the  same  quantities ;  A,  for  the  sum 
of  the  products  of  every  three  of  tlie  same  quantities ;  A4 
for  the  sum  of  the  products  of  every  four  of  the  same  quan- 
tities, and  so  on ;  and  if  An  is  put  for  the  absolute  term,  or 
for  the  product  of  all  the  quantities,  —  a,  —  J,  —  0,  —  <?, 
—  ^,  —  etc.,  then  we  shall  have  (a?  —  a)  (a?  —  h)  {x  —  c)  (a?  — 
d)  X  etc.,  =  af  +  Aia?*-^  +  A^af -*  +  A^a^-'  +  A^ixf-^  + , 
etc +  An  for  the  product^  as  required. 

Hence,  if  we  put  a;  =  a,  we  have  a?  —  a  =  naught,  and 
the  product  {x  —  a)  (a?  —*&)(»  —  c)  x  etc.  =  naught ;  conse- 
quently, we  shall  have  »*  +  AioJ^-^  +  A^ij"-*  +  Agaj*-*, 
etc.,  .  - .  +  An  =  0 ;  which  is  called  an  equation  of  the  71^ 
degree. 

It  is  easy  to  see  that  the  product  (a?  —  aj)  (a?  —  I)  (a?  —  c) 
(j5  —  <?)  X  ,  etc.,  becomes  naught  by  putting  x  equal  to  any 
one  of  the  quantities  a,  5,  c,  dj  etc.;  so  that  there  are  n 
diflferent  values  of  x  that  will  reduce  the  product  (a?  —  a) 
(j?  — &)(a?  — c)(»  — rf)  X  ,  etc.,  to  naught,  or  which  will 
tatidfy  the  aforesaid  equation,  which  values  are  called  the 
t(joU  of  the  eguaiioni  so  that  when  a,  ft,  c?,  d^  etc.,  are 
known,  we  see  how  to  find  the  roots  of  the  equation,  or  the 
\  alues  of  X  that  satisfy  it. 

lieciprocally,  having  the  equation  af  +  Aiaf  "^  +  A^"^ 
-f  A^"'  +  A«af -*  +  ,  etc., .  .  .  .  +  An  =  0  ;  then  to  find 
a,  h^c^d^  etc.,  is  to  find  the  roots  of  the  equations,  or  the 
values  of  a?  that  will  reduce  af*  +  A^a^^^  +  Ajaf*-*  +  Agaf*""' 
-i-  ,  etc., .  .  .  .  +  An,  to  naught,  or  make  it  equal  0 ;  which 
id  called  reeolving  or  solving  the  equation. 

It  is  evident,  since  a^  J,  (j,  rf,  etc.,  are  the  values  of  x  that 
reduce  a^  +  Aia?"-^  +  A^af -*  +  Agaf-*  +  ,  etc.,  .  .  .  +  An, 
to  zero,  or  the  roots  of  the  equation  7f  +  Aiaj"  -  *  +  Ajaf  "  *  + , 
etc.,  .  .  +  An  =  0,  that,  having  found  the  roots  of  the  equa- 
tion, we,  of  course,  have  the  quantities  a?  —  a,  a?  —  J,  a?  —  <?, 
a?  —  rf,  etc.,  whose  product  (a?  —a) (a? '-'b){x  —  c){x-—d)  x  , 
etc,  =af*  +  Aia^-*  -f  A^af-*  +  ,  etc., .  .  .  +  An;  so  that  to 
resolve  any  quantity  into  factors,  we  put  it  equal  to  naught, 
and  thence  find  the  particular  values  of  the  unknown  quan- 
tity which  reduce  the  quantity  to  naught,  and  thence  find 
the  factors,  as  has  been  said. 

If  the  roots  of  the  equation  are  all  real,  positive  quanti- 
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ties,  it  is  evident  that  a,  h^  o,  d^  etc.,  will  each  be  a  real 
positive  quantity,  and  of  course  —  a,  —  J,  .—  «,  —  rf,  etc., 
will  each  be  a  real  negative  quantity ;  consequently  the 
equation  a*  +  K^"^  +  Ajaf-'  +  AjSj"""*  +,  etc.,  . . .  + 
An  =  0  will  have  n  +  1  terms ;  since  Ai,  which  is  put  for 

—  (a  +  i  +  o  +  d!+,  etc.),  can  not  become  equal  to  naught, 
but  must  be  a  negative  quantity ;  also  A,,  which  is  the  sum 
of  the  products  of  every  two  of  the  quantities  —  a,  —  6, 

—  (?,  —d^  etc.,  must  be  a  positive  quantity  greater  than 
naught ;  and  A„  which  is  the  sum  of  the  products  of  every 
three  of  the  quantities  —  a,  —  J,  —  c,  —  <?,  must  be  a  nega- 
tive quantity ;  and  so  on,  for  all  the  coefficients. 

Hence,  regarding  x  as  being  a  positive  quantity,  af*  will 
be  a  positive  quantity,  and  putting  down  the  signs  of  the 

first,  second,  etc.,  terms  of  our  equation,  we  have  H h 

1 1 h,  and  so  on,  until  we  have  »  +  1  signs ;  but 

the  number  of  chomges  (or  variations)  of  signs,  when  we 
count  the  signs  (by  twos)  from  the  first  which  is  +  to  the 
last  will  equal  n,  which  is  the  same  as  fhe  number  of  real, 
positive  roots  in  the  equation ;  since  the  roots  are  by  sup- 
position all  real,  positive  quantities. 

If  n  is  an  even  number,  then  n  +  1  is  an  odd  number,  and 
an  inspection  of  the  series  of  signs  (above)  shows  that  the 
sign  of  the  absolute  term  An  of  our  equation  is  positive ;  but 
if  n  is  an  odd  number,  then  the  sign  of  the  absolute  term  is 
— .  When  n  is  an  even  number,  if  we  put  a  negative  quan- 
tity for  aj,  it  is  evident  that  the  signs  of  all  the  terms  of  the 
equation  will  be  -f  ;  since  aj^"^  is  negative,  and  Aj  negative, 
and  of  course  their  product  Aiaf**"^  is  positive ;  also  A,  being 
positive,  and  a?""*  positive,  their  product  is,  of  course,  posi- 
tive; but  Aj  being  negative,  and  aj*"'  being  also  negative, 
their  product  must  be  positive,  and  so  on ;  so  that  the  sign 
of  each  term  of  the  equation  is  +•  In  like  manner,  if  n  is 
an  odd  number,  and  w  a  negative  quantity,  it  may  be  shown 
that  the  sign  of  each  term  is  —-, 

Hence  if  a  negative  quantity  is  put  for  a?,  the  equation 
does  not  admit  of  any  changes  of  signs ;  or,  as  it  is  generally 
said,  the  signs  are  permaTiences, 

If  the  roots  of  the  equation  are  equal  to  each  other,  then, 
since  An  is  the  product  of  n  equal  roots,  if  we  extract  the 
n**  root  of  An  regarded  as  positive,  we  shall  have  the 
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numerical  valne  of  each  of  the  equal  roots  expressed  by 

If  the  signs  of  the  terms  of  the  equation  are  alternately 
+  and  —5  we  must  for  x  put  ^'A^  in  the  equation,  and  it 
will  be  reduced  to  naught;  but  if  all  the  terms  of  the  equa- 
tion have  the  same  sign,  we  must  for  a  put  —  ^A»,  and  the 
equation  will  be  satisfied,  as  required;  as  is  evident  from 
what  has  been  shown. 

Thus,  if  we  have  a?  —  2a?a  +  a*  =  0,  then  n  =  2  and  An 
=  a\  and  ^  =  a;  and  since  the  signs  of  the  terms  of  the 
equation  are  alternately  +  and  — ,  we  must  put  a?  =  aj,  and 
the  equation  reduces  to  a*  —  2a*  +  a*  =  0,  as  it  ought  to  do ; 
consequently,  we  shall  have  a?  —  a,  a?  —  a,  for  factors  of 
a?*  —  2aw  4-  a',  or,  which  is  the  same,  'we  shall  have  (a?  —  of 
=  aj^  —  2xa  -h  a*. 

Again,  if  we  have  a?  +  2a5a  +  a*  =  0,  we  must  for  x  put 
the  particular  value  a?  =  —  V^  =  —  a  in  the  equation,  and 
it  will  be  reduced  to  a*  —  2a*  +  a'  =  2a'  —  2a'  =  0,  as  it 
ought  to  do ;  consequently,  a?  4-  a,  a?  +  a,  are  factors  of 
«■  +  2xa  +  a',  or  we  have  (» -f  a)'  =  aj*  +  2aja  +  a'. 

If  the  roots  of  the  equation  are  unequal,  then  the  numeri- 
cal value  of  ^^An  will  be  a  species  of  mean  between  the  * 
roots  of  the  equation  being  numerically  greater  than  some 
of  them  and  less  than  others. 

Finally,  if  71  =  1,  our  equation  becomes  a?  +  Ai  =  0,  which 
is  called  an  equation  of  the  first  degree,  or  a  simple  equa- 
tion, since  the  exponent  of  a?  is  1.  K  /i.  =  2,  the  equation 
becomes  a?  +  Aja?  +  A,  =a  0,  which  is  called  an  equation  of 
the  second  degree,  a  quadratic  equation,  or  simply  a  quad- 
ratic, since  the  exponent  of  the  highest  power  of  x  is  2. 

If  n  equals  3  (71  =  3),  the  equation  becomes  a?  +  Ajaj^  + 
A,aj  -f  Aj  =  0,  which  is  an  equation  of  the  third  degree,  or  a 
cubic  equation,  the  exponent  of  the  highest  power  of  x 
being  3. 

If  n  =  4,  the  equation  becomes  aj^  +  Aia?"  +  A,a?  +  A^  + 
Aj  =  0,  which  is  an  equation  of  the  fourth  degree,  or  a  bi- 
quadratic equation,  or  simply  a  biquadratic,  since  the  expo- 
nent of  the  highest  power  of  a?  is  4. 

If  7^  =  5,  6,  7,  etc.,  the  equation  is  said  to  be  of  the  fifth, 
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sixth,  seventh,  etc.,  d^rees,  where  it  may  be  noted  diat  an 
equation  of  the  fifth  degree  is  sometimes  called  a  sur-solid, 
and  an  equation  of  the  sixth  degree  a  quadrato-cubic,  or 
square-cnbic  equation. 

Ex.  5. — ^To  find  the  product  of  a  +  J  and  a  —  h. 
Here  we  have 

a  —J 


the  product,  as  required. 

Reciprocally,  we  can  resolve  cf  —  V  into  factors ;  for  by 
adding  aJ  —  ai  =  0  to  it,  we  have  d^  ■\-  ah  —  ab  —J*  =  a*  — 
J* ;  but  it  is  easy  to  see  that  fl^  is  a  factor  of  a'  +  ah^  and  h  a 
factor  oi  ab  +  b\  so  that  we  have  a*  +  ab=z  a{a  +  h)  and 
ab  +  h^z=b{a  +  h);  consequently,  we  have  (^^  -f  a5  —  oj  — 
l^  =  a{a  +  b)'-b{a  +  b)  =  {a-'b){a  +  h)^  or  we  have  a*  — 
J«  =  (a  —  J)(a  +  J)  =  (a  +  J)(a—  J),  so  that  a*  —  J*  has  a  +  J 
and  fl^  —  i  for  factors. 

Again,  if  in  a'  —  5*  we  put  5  or  —  5  for  d,  it  reduces  to 
J*  —  J*  =  0 ;  consequently,  a  —  b  and  a  -\-b  are  factors  of 
a'  •—  y,  or  a^  —  b^=z{a  +  b)  {a  —  J),  as  evidently  follows  from 
what  was  shown  in  the  preceding  remarks. 

Hence  J  it  follows  that  the  pi*odu€t  of  the  sum  and  differ- 
ence  of  any  two  Tmrribers  or  quantities  of  the  same  hind  is 
eqxKil  to  the  difference  of  their  squares  /  and  conversely^  the 
difference  of  the  squares  of  a/ny  two  numbers  or  quantities  of 
the  same  kind  is  eqical  to  the  sum  of  the  numbers  or  quantir 
ties  multiplied  by  their  difference. 

Thus,  if  a  =  14,  J  =  10,  the  sum  of  a  and  i  is  a  +  J  =  24, 
and  the  difference  of  a  and  b  is  <i^  —  J  =  4 ;  then  (a  +  b) 
(«  —  *)  =  ««  —  &•  changes  into  24  x  4  =  14^  —  10*  =  96,  and 
a»  —  y  =  (a  +  b){a  —  b)  becomes  14*  —  10^  =  24  x  4  =  96 ; 
results  that  agree  with  what  is  affirmed  above. 

Ex.  6. — To  multiply  aj"  +  »y  +  y*  by  a?  —  y,  by  detaching 
the  coefficients. 
Hie  coefficients  being  detached,  give  1  +  1  +  1  for  the 
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coefficients  of  the  multiplicand,  and  1  —  1  for  thoee  of  the 
mnltiplier.  Hence  we  have  to  multiply  1  +  1-flbyl  —  1, 
which  givee 

1  +  1  +  1 
1-1 

1  +  1  +  1 
-1-1-1 


1 +0+0-1 


=  the  Bum  of  the  products  of  the  coefficients. 

Since  o?  is  the  first  term  of  the  multiplicand,  and  x  that 
of  the  multiplier,  it  is  clear  that  a?*,  Q?y^  ary",  and  y*  will  cor- 
respond to  the  first,  second,  third,  and  fourth  coefficients  in 
the  sura  of  the  products  of  the  coefficients;  consequently, 
.  we  have  aj'  +  O.  i*y+0.  a?y*  —  2^  =  2?*- y'^  the  required 
product. 

Hence,  since  (a?*  +  ay  +  y^  (a?  —  y)  =  aj"  —  y",  it  follows 
that  9?  —  y^  has  ^  +  xy  +  ^^  and  a?  —  y  for  its  factora. 

Conversely,  it  is  easy  to  see  that  x  —  y  must  be  a  factor 
of  a?^y^\  for  if  we  put  y  for  x^x^  —  'i^  becomes  y*  —  y'=  0, 
and  consequently,  from  what  has  been  proved,  aj  —  y  is  a 
factor  of  ji?  —  y\ 

To  resolve  o?  —  y',  we  add  —  v?y  +  aj^y  —  xi^  +  xi^  =  0 
to  it,  which  gives  ^  -^  x^^=.q?—'  ^y  +  a?*y  —  xi^  +  xi^  —  y* ; 
then  since  a:^  is  a  factor  of  aj*  —  ary,  and  xy  a  factor  of  aj'y  — 
a?y*,  and  y^  a  factor  of  a^  —  y*,  we  get  a**  —  y*  =  aj*  (a?  —  y)  + 
ay  (a?  —  y)  +  y""'  {x  —  y),  ajid  since  a?  —  y  is  a  factor  of  the 
right  member  of  this  equation,  we  get  aj*- y'  =  (aj'+a?y  + 
y*)  (a?  —  y) ;  and  of  course  Qi?  •\-  xy  -^ 'j^  and  a?  —  y  are  fac- 
tors of  u?  —  y',  as  required. 

Ex.  7. — To  develop  {^ —xy -{- 'tf)  {x  +  y\  by  detaching 
the  coefficients. 

Detaching  the  coefficients,  and  proceeding  as  in  the  last 
example,  we  get 

1-1  +  1 

1  +  1 

1-1  +  1 

1-1  +  1 

1+0+0+1 
=  the  sum  of  the  products  of  the  coefficients. 
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It  is  easy  to  see  that  a?"  +  Oa?y  +  Oajy"  +  y"  =  a^  +  y»« 
is  the  sought  product,  so  tljat  we  have  (aj^  —  ajy  +  y*)  (a?  H-  y) 
=  aj"  +  y* ;  consequently,  Qi?  —  xy  •^-'t^  and  »  +  y  are  fac- 
tors of  aj"  +  y^. 

It  is  clear  that  if  we  change  y  into  —  y  in  the  last  exam- 
ple, the  multiplicand  and  multiplier  there  given,  will  become 
the  multiplicand  and  multiplier  in  this  example;  also,  the  re- 
sults there  obtained  will  coincide  with  those  of  this  question. 

Ex.  8. — To  develop  (ar*  +  aj*y  +  ajy*  +  y^  (a?  —  y),  by  de- 
taching the  coefficients. 
Detaching  the  coefficients,  etc.,  we  shall  have 

1+1+1+1 
1-1 

1+1+1+1 
_  1  -  1  -  1  - 1 


1+0+0+0-1 

=  lie  sum  of  the  products  of  the  coefficients. 

Supplying  the  requisite  letters,  we  shall  get  (a^  +  a^y  + 
ajy*  +  y^  (^^  —  y)  =  ^  —  ^j  as  required ;  of  course,  o?  +  ^ 
-\'  ^  +  ^  and  x  —  y  are  factors  of  a?*  —  y*.  Since  a?  is  a 
factor  of  a?*  +  a^y^  and  y*  a  factor  of  a^  +  y*,  we  have  a?  + 
iB*y  +  ay  +  y*  =  »»(«  +  y)  +  y*  (a?  +  y)  =  (aj*  +  y^  (a?  +  y) ; 
consequently,  {of  +  a^y  +  xj^  +  y*)  (a?  —■  y)  reduces  to  (a?  + 
y")  (a?  +  y)  (a?  —  y)  =  (iB*  +  y*)  (a^  —  y*)  =  a?*  —  y*,  as  it  clearly 
ought  to  do ;  for  a?*  —  y*  =  {a^*  —  (j^*  =  (a^  +  f)  {a?  —  y*), 
as  appears  from  Ex.  5. 

Conversely,  having  aj*  —  y*  to  find  its  factors ;  we  may  add 

—  aj'y  +  a?»y  —  aj^y*  +  aj»y*  —  a?y«  +  ajy*  =  0,  or  —a^-i-  a?y^ 
=  0  to  it,  and  we  get  a?*  —  y*  =  a?*  —  a?*y  +  afy  —  aj^y*  +  aj^y* 

—  xy^  ■^xy^  —  y^=:a^{x  —  y)  -^  a^y{x  —  y)  +  xt^{x'-y)  + 
^{x  —  y)^{a?  +  a?y'{'Xj^-^y'^{x  —  y)y  or  a?*  —  y*  =  a^  — 
a^ys  +  aj»y8  -  y*  =  a?*  (aj«  -  y«)  +  y3  (aj»  -  y«)  =  (a^  +  y«)  (a?  -- 
y8)  =  (aj*  +  y*)  (aj  +  y)  (x  —  y);  consequently,  of  -^-afy  +  xj^ 
+  y"  and  x  —  y  are  factors  of  a?*  —  y* ;  and  so  are  aj^  +  y*  and 
a?  —  y*,  or  aj»  +  y*,  a?  +  y,  and  a?  —  y. 

REMARKS. 

If  we  have  o^"  —  J**,  such  that  n  is  any  positive  integral 
2inmber ;  then  if  we  put  i  for  a,  we  have  ft"  — •  J*  =  0 ;  there* 
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fore,  a  —  h  must  be  a  factor  of  a*  —  J**,  agreeably  to  the  re- 
marks under  Ex.  4. 

To  find  the  factors  of  a*  —  fr*,  we  may  evidently  pnt  it 
under  the  form  a*— &"  =  cr*— a""'^^  +  a'*"*^  — a*-"V  4- 
a^-»i^  — «*•-***  +  «"-'&'— etc.,  .  .  .  .  —  ah'"''^  +  ab''-^ — 
J'*  =  a?'-i(a  — J)  +  a'*-*J(a  — J)  +  a^-^b^ia-^h)  +  a""*** 

(tf  —  J)  +  etc., 4-fl*^-'(«  — *)  +  ^""H<3f  — J)  =  [a''-^ 

+  a*-*J  +  a"-*y  +  a'^'^t^  +  etc.,  .  .  .  .  +  fl*~-«  +  J~-^] 
[a  —  J],  (A) ;  consequently,  a**  —  J**  is  resolved  into  the  two 
factors  a""-^  +  d^-'^b  +  a"-**'  +  a*-*J*  +  etc.,  ...+«*'*""* 
+  J*-*,  and  a  —  h ;  and  it  is  evident  that  the  first  of  these 
factors  has  as  many  terms  as  there  are  nnits  in  n.  "We  have 
written  (A)  against  the  equation  that  shows  aJ^  —  h"*  to  be  the 
product  of  the  factors  found,  and  shall  refer  to  the  equation 
when  necessary  as  equation  (A),  or  formula  (A);  and  we 
shall  adopt  a  similar  method  of  designation  in  all  analogous 
cases,  whenever  it  shall  be  of  importnpce  to  do  it. 

K  n-  is  an  odd  number,  and  we  put  —  J  for  i  in  equation 
(A),  it  will  evidently  become  a"  -f  5**  =  [a""^  —  a''"'^  -h 
flf-»y  —  a'*-*^  4-  etc.,  ...  —  aJ"-«  +  J"-^  .  [a  +  J]  ,  (B),  as 
is  clear  from  the  consideration  that  any  odd  power  of  a  nega- 
tive quantity  is  negative,  and  that  any  even  power  of  a 
negative  quantity  is  positive. 

Hence  we  see  that  a^  —  Ir^  has  the  factors  in  the  right 
members  of  (A),  and  (B)  for  its  factors ;  consequently,  a^  ■— 
J*»  has  (a  —  h)  («  +  J)  =  a'  —  J'  for  a  factor. 

If  in  (A)  we  put  n  =  2,  it  becomes  a?  —  1^=.  [a'~*  + 
fl?~*5]  .  \a  —  J],  or  since  2  —  1=1,  and  2  —  2  =  0,  we  have 
a*  —  i^  =  [a  +  M']  .  \a  —  J],  or  {a  +  J)  ((z  —  J)  =  (a  +  (^h) 
{a  —  J) ;  of  course,  we  must  have  a  +  af^b^a  +  J,  or  a^  =  1. 

Hence,  since  a  may  represent  any  quantity,  it  follows 
thai  any  gruantity  whose  exponent  is  Q  is  unity  (or  1). 

Again,  if  in  (A)  we  put  tj.  =  3,  and  observe  that  cf"^  =  of 
=  1,  we  shall  get  a?  —  J'  =  (a*  +  aJ  -h  J*)  (a  —  J) ;  and  in  like 
manner,  if  n  =  4,  we  get  flf*  —  J*  =  (a*  +  a'J  4-  «i*  +  J^ 
(a -J);  also,  a?- 5«=  (a*  4- a«J  4- a'^  +  a**  +  &0(^- ^); 
and  so  on,  for  any  particular,  positive  integral  numbers,  that 
may  be  assumed  for  n. 

There  is  a  transformation  of  (A)  which  will  be  useful  to  us 
in  the  investigation  of  the  binomial  theorem^  which  we  shall 
now  proceed  to  give. 
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Thus,  since  a^  —  If^  ia  less  than  a**  by  J",  if  we  add  i*  to 
the  right  member  of  (A),  we  shall   clearly  have  a^  =  i* 

+  [a«-^  +  oT'^h  +  a«-»J5  +  a'*-*^*  +  etc., +  aJ~-*  + 

J"'*]  .  \a  —  h\'y  and  if  we  put  a-^l^  h^  by  adding  h  to 
these  equals  (Ax.  II.),  we  get  a  —  J  +  i  =  J  +  A  or  (since 
—  J  +  J  =  0,  Ax.  VI.)  a  =  J  +  A/  consequently,  by  putting 
A  for  a  —  5  and  J  +  A  for  «,  in  the  preceding  equation,  it 
will  become  {b  +  A)"  =  J**  +  [(J  +  A)''-^  +  ( J  +  hy^^b  +  (ft  + 

A)'-»J2  +  (J  4-  A)*-*J»  +  etc., +{b  +  h)b^^  +  J"-^]  . 

A,(0),  which  is  the  transformation  required. 

It  will  be  observed  that  ft  +  A  is  a  binomial  quantity, 
since  it  consists  of  two  terms,  ft  and  A,  united  by  the  sign  -f , 
according  to  14  of  Sec.  I. ;  and  that  (ft  +  A)"  denotes  the 
power  of  ft  +  A,  whose  exponent  is  w,  agreeably  to  9,andl6, 
of  Sec.  I. 

The  right  member  of  (C)  is  one  form  of  ihe  development 
of  (ft  +  A)**,  which  has  the  term  ft*  that  is  independent  of  A, 
and  its  remaining  terms  (or  the  terms  'v^ithin  the  braces,  [  ],) 
dependent  on  A,  since  they  have  A  for  a  common  factor. 
Since  the  exponents  n  —  1,  ti  —  2,  n  —  3,  n  —  4,  and  so  on, 
of  ft  +  A  within  the  braces  in  (C)  are  positive  integers,  we 
may  develop  (ft  -f  A)"-^  (ft  +  A)**"',  (ft  +  A)"-^  and  so  on  by 
changing  n  into  ti  —  I,  n  —  2,  n  —  3,  and  so  on ;  and  we 
shall  have  (ft  -f  A)""^  =  ft"""^  +  terms  that  depend  on  A/  also 
(ft  -f  A)**-*  =  ft""'+  terms  that  depend  on  A,  and  (ft  4-  A)"-'  = 
jn-8  _|.  terms  that  depend  on  A,  and  so  on  to  ft  +  A. 

Hence,  since  ft'^-^ft  =  ft~-'+i  =  ft"-^,  ft'»-«ft«=  ft'-«+«  =  ft«-', 
and  so  on  to  ftft*-'  =  ft^^S  we  get  (ft  +  A)""^  +  (ft  +  A)*-*ft  4- 
(ft  +  A)'*-^ft*  +  (ft  +  hf-'^  +  etc.,  ....  +  (&  +  A)ft'*-'  +  ft""'  == 
jn-i  _|_  jn-1  _^  jn-i  _^^  ^^c,  to  Th  tcrms,  +  tcmis  that  depend 
on  A,  =  Tjft""^  -f  terms  that  depend  on  A/  consequently,  putting 
for  the  terms  within  the  braces  in  (C)  their  value  nft**"^  + 
terms  that  depend  on  A,  we  get  (ft  +  A)**  =  ft"  +  (nft"-^  + 
terms  that  depend  on  A , ) .  A,  or  multiplying  the  terms  in 
the  pai-en thesis  by  A,  we  get  (ft  +  A)**  =  ft'*  +  Tift**"* A  +  terms 
that  depend  on  A'',  -A^  etc. 

Ex.  9. — ^To  develop  the  square  of  x  +  a;  or,  which  is  the 
same,  to  find  the  product  arising  from  the  multiplication  of 
x^  a  by  as  4-  ^  which  is  expressed  by  (a  +  d){x  +  a)  = 
(a?  +  of. 
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Here  we  have,  by  nsing  the  common  method  of  multi- 
plication, 

X  +  a 
a?  +  xa 


'  a?"  +  2aja  +  «• 

=  (a?  +  a)\  as  required. 

We  shall  now  find  the  square -of  a?  +  a  hj  detaching  the 
coefficients. 

The  coefficients  of  x  +  a  being  detached  give  1  +  1,  so 
that  we  have  to  multiply  1  4- 1  by  1  +  i.    Hence  we  get 

1  +  1 
1  +  1 

1  +  1 

1  +  1 
1  +  2  +  1 
=  the  sum  of  the  products  of  the  coefficients,  and  supplying 
the  letters  that  correspond  to  the  coefficients  in  the  product, 
we  get  a?  +  2Qca  +  a?  =  {x  +  of ;  which  is  the  same  result 
that  we  found  by  the  common  method  of  multiplication. 

Hence,  the  square  of  the  sum  of  any  two  numbers  or  quamr 
tUiee  of  the  same  hind^  is  greater  than  the  sum  of  their 
squares  hy  twice  their  jproduct. 

For  if  X  is  one  of  the  numbers  or  quantities,  and  a  the 
other,  then  x  ■\-  a\&  the  expression  for  their  sum ;  and  o?  -\-a?^ 
is  the  sum  of  the  squares  of  x  and  a,  and  twice  the  product 
of  X  and  a  is  2a?ay  and  if  we  add  2a?a  to  aj*  +  a*,  we  get 
a^  -f  a'  +  2a?«  =  a^  +  2xa  -f  a'  =  (a?  +  df  =  the  square  of 
a?  +  a,  as  we  have  shown. 

It  is  clear  that  the  method  of  squaring  a  number  which 
consists  of  more  than  one  digit  (arithmetically)  is  very  sim- 
ilar to  the  method  of  squaring  a?  +  a. 

Thus,  to  square  23,  we  have 

23 


69 
46 
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=  the  product  of  23  by  23,  or  23* ;  where  it  will  be  observed 
that  in  multiplying  3  by  3  we  get  9  =  3',  and  in  multiplying 
the  2  by  3  we  get  6,  which  is  really  60,  on  account  of  the 
local  value  of  6  ;  also  in  multiplying  3  by  2  of  the  multiplier 
we  get  6,  which  is  60,  on  account  of  the  local  value  of  the  2; 
and  multiplying  the  2  of  the  multiplicand  by  the  2  of  the 
multiplier  we  get  4  =  2*;  or,  on  account  of  the  local  values 
of  the  2  in  the  multiplicand  and  multiplier,  the  4  is  really 
400. 

Hence,  the  square  of  23  is  equal  to  the  sunj  of  400,  60  x  2, 
and  9,  which  is  400  +  120  +  9  =  529,  which  is  the  same  as 
0?  +  ^iaca  +  a*  when  we  put  20  for  x  and  3  for  a. 

In  like  manner  it  may  be  shown,  if  we  square  any  num- 
ber, that  the  process  of  squaring  is  the  same  as  to  separate 
the  number  into  any  two  parts,  and  to  i^dd  together  the 
squares  of  the  parts  and  twice  their  product.  Thus,  if  we 
take  7896,  it  may  be  separated  into  the  parts  7000  +  896, 
7800  +  96,  or  7890  +  6 ;  and  we  shall  have  7896*  =  7000*  + 
2  X  7000  X  896  +  896*  =  7800*  +  2  x  7800  x  96  +  96*  = 
7890*  +  2  X  7890  x  6  +  6*  =  62346816. 

Ex.  10. — ^To  develop  (a?  —  a)*  =  (a?  •—  «)(»  —  a),  or  to  find 
the  square  or  second  power  of  a?  —  <z. 

Here,  by  multiplying  a?  —  dj  by  itself,  we  get 

X  —a 
X  —a 


a?  —  xa  \ 

—  xa-^-cf 

a?  —  2xa  -f  a^ 

=  (a?  —  cCf  as  required.  Hence,  if  x  and  a  represent  any 
two  numbers  or  quantities  of  the  same  kind,  then  x  —  a  will 
represent  their  diflFerence,  and  a?  -\-  a^  will  express  the  sum 
of  the  squares  of  x  and  a,  and  2xa  represents  twice  the  pro- 
duct of  X  and"  a/  consequently,  since  (a?  — -  a)*  =  a?*  —  2xa  + 
flj*  =  aj*  +  a*  —  2a?«,  it  follows,  that  the  squanre  of  the  differ- 
ence of  any  two  nvmbera  or  qua/nUties  of  the  same  kindj  is 
less  tha/n  the  sum  of  their  sqicares  by  twice  their  prodicct. 

Thus,  since  19  =  20  —  1,  we  have  19*  =  20*  -h  1*  -  2  x  20 
=  401  —  40  =  361 ;  also,  since  397  =  400  —  3,  we  get  897* 
=  400*  4-  3*  -  2  X  400  X  3  =  160009  -  2400  =  157609. 
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EiL.  11. — To  find  the  second  power  or  sqoare  of  any  eom- 
ponnd  quantity,  SiBa  +  i  —  o-^d  —  e+  etc. 

If  we  put  the  quantity  in  the  form  a  +  {b-'0  +  d  —'e  +, 
etc.,)  we  may  square  it  as  if  it  were  a  binomial,  by  regarding 
a  as  one  of  the  terms,  and  {b  —  o  +  d  —  e+y  etc.,)  as  the 
other  term  of  the  binomial. 

Hence,  by  Ex.  9,  we  have  (a-fJ  —  o  +  eZ  —  ^+,  etc,)'  = 
fl?  4-  2a{h  —  c  +  6?  —  <5  +,  etc.)  4-(i  —  c-f^  —  <9+,  etc.)'  = 
^  +  ia{b  —  0  +  cZ  —  tf  +,  etc.)  +  *'  +  2J(—  c  +  d'-e  +  ,  etc.) 
+  (—<?  +  £?  —  <?+,  etc.)'=  a^  +  2a(J>  —  c  +  d  —  e-i-,  etc.)  + 
V  +  2ft(—  c  -f  ^  —  e  +,  etc.)  -f  c*—  2(?(rf  —  ^  +,  etc.)  +  (rf  — 
e  -h,  etc-)'  =  a'  4-  2a(ft  —  ^j  +  t?  —  e  +,  etc.)  +  J'  +  2J(—  <?  -f 
<i  — ^4-  etc.)4-c'— 2c(<i— <?+  etc.)  +  ej^' +  2t^— «  +  etc.) + 
(—  «  -h,  etc.)',  and  so  on ;  as  is  evident  since  (J  —  o  -f  ^  —  « 
+  etc.)'  is  developed  as  a  binomial  by  putting  b  —  c  +  d  — 
e  +  etc  =J-f-(—  c  +  ^  — «+  etc.),  and  in  the  same 
way,  by  putting  —c  +  d  —  e^  etc.  =  —  c4-(rf  —  «4- 
etc.),  we  get  the  square  of  —c  +  d  —  e-h  etc.,  by  squaring 
the  binomial  — -  c  +  (^  —  «  4-,  etc.)  by  Ex.  10 ;  and  so  on. 

Hence,  the  sgniare  of  any  compound  q%uintity  is  found  by 
adding  the  sqV'Wres  of  aUthe  terms^  and  twice  theprodiict  of 
each  term  by  all  the  other  terms  connected  by  their  proper 
signs ;  or^  which  is  the  same^  we  must  add  the  squares  of  the 
terms  and  twice  the  product  of  every  two  of  them  without 
repetition  /  observing  the  rule  of  signs  in  forming  the  double 
products. 

For  instance,  to  find  the  square  of  5a'  —  7J'  +  2c',  we 
have  (5a')'  =  25<  (~  7^")'  =  A&b\  {2(?f  =  4(?*,  and  of  course 
(6a')'  +  (~  Wf  4-  (20')'  =  25a*  4-  495*  4-  4c;*  =  the  sum  of 
the  squares  of  the  terms  of  the  given  quantity.  And  to  get 
the  double  products  of  every  two  of  the  terms,  we  have 
2  X  5a'  X  -  7J'  =  -  70a'J',  2  x  5a'  x  2c'=  20a'c',  2  x 
—  75*  X  26*'  =  —  2W<?\  consequently,  the  sum  of  the  double 
products  is  expressed  by  —  70a'J'  4-  20a'c'  —  28J'<3',  which, 
being  added  to  the  sum  of  the  squares  of  the  terms,  gives 
(5a'  -  W  +  2c')'  =  25a*  4-  495'  4-  4c*  -  70a'J'  4-  20a'c'  - 
28i'6",  as  required. 

It  is  easy  to  see  that  the  common  method  of  squaring  a 
number  which  consists  of  more  than  one  digit  is  essentially 
the  same  as  to  square  a  compound  quantity  whose  terms  are 
all  positive,  by  the  rule  which  we  have  given. 
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ThnB,  hj  squaring  the  nnmber  7853,  we  get 

Y868 
7858 

33559 
39265 
62824 
54971 

61669609 
=  7863' ;  where  it  will  be  observed  that  when  we  multiply 
the  3  of  the  multiplicand  by  the  3  of  the  multiplier,  we  get 
9  =  3',  and  when  we  multiply  the  5  of  the  multiplicand  by  the 
5  of  the  multiplier,  we  get  25  =  5*,  which  is  really  2500,  on 
account  of  the  local  value  of  5,  which  makes  the  6  to  be  60 ; 
in  the  same  way,  the  8  of  the  multiplicand  multiplied  by  the 
8  of  the  multiplier  gives  800*,  and  the  7  of  the  multiplicand 
multiplied  by  the  7  of  the  multiplier  gives  7000*;  hence, 
the  partial  products  in  the  above  method  of  squaring  7858 
.contain  8*,  50»,  800«,  and  7000*. 

Again,  the  8  of  the  multiplicand  multiplied  by  3  of  the 
multiplier  gives  800  x  3  =  2400,  dnd  the  3  of  the  multipli- 
cand and  multiplier  being  interchanged  give  2  x  800  x  3 ; 
and  in  the  same  way,  any  figure  of  the  multiplicand  and  a 
different  figure  of  the  multiplier  will  give  twice  the  product 
of  the  figures  by  the  numbers  that  express  their  local  values. 

Hence,  we  get  7853*  =  61669609  =  7000*  +  800*  +  60*  + 
8*  +  2  X  7000  X  800  +  2  x  7000  x  50-  +  2  x  7000.x  3  +  2 
X  800  X  60  +  2  X  800  X  3  +  2  X  50  X  3  ;  agreeably  to 
the  rule. 

Ex.  12. — ^To  find  the  cube  or  third  power  of  a?  -f  a,  or, 
which  is  the  same,  to  develop  {x  +  «)(«-}-  a)  {x  +  a)^= 
{x  +  of. 

Since  {x  +  af:={x  -f  af{x  -f  a)  =  (»*  +  2a?a  +  a*)(»  +  a), 
we  have  to  multiply  o?  +  ^xa  +  a*  by  {x  -f-  a).  Performing 
the  multiplication  as  required,  we  have 

a?  +  2xa  -f  (^ 
X  -{-  a 

aj*  +  2a?*a  +  xa* 

a?a  4-  2a?a*  +  a* 

aj*  +  3a3*a  +  Sxa*  +  a? 

=  (a  -h  a)*,  as  required. 
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Ex.   13.— To    develop    {X'"df=:{x'^a)\x  —  a)  =  (a?  — 
iixa  +  a?){x  —  a). 
Here,  as  in  Ex.  12,  we  have 

a?  —  2xa  +  a* 

X  —a 


—   Q?a-\-  2xa*  —  «• 
a^  —  Sa?a  -h  3a?a*  —  a' 
=  (a?  —  a/  as  required. 

Ex.  14. — ^To  find  the  cube  of  any  compoand  quantity,  as 
a  +  b  +  c  —  d-j-e  —f  +  ,  etc. 

From  what  has  been  shown,  we  have  («  +  J/  =  a?  +  Sc^b 
+  Say  +  &•;  and  since  this  is  an  identical  equation,  we  may 
for  6  put  h  -j-  Cy  and  it  becomes  (a  -f-  J  4-  <?)*  =  «*  -h  3a*(J  + 
c)  +  Sa{h  +  cf  +  (J  +  c)«  =  a»  +  Za^{b  -h  (?)  +  3a(i*  +  26e  + 
c*)  +  y  +  3i»o  +  35o»  +  c*  =  a«4-y  +  3a*(J  +  c)  +  3J>  + 
c)  -h  6aJc  +  3o^(a  -\-i)  ■\-  <?\  and  if  we  put  in  this  equation 
<?  —  rf  for  0,  we  get  (a  +  &  +  c  —  d)'  =  a*  +  y  +  Sa^J  +  ^  — 
^4-  3J'(a  -f  <?  —  ^  +  6a&(c  —  cf)  +  8(a  +  h)((?  —  2cd-\-cP)-\- 
<?  —  So'rf  +  Zed?  —  rf»  =  a'  +  y+c*  +  3aX&  +  c  —  <?)  +  3  J*(a 
+  c  —  rf)  4-  3c*(fl^  +  J  —  t?)  +  6aJ(c  —  <?)  —  6c(£(a  -f  J)  +  3flP(tf 
+  J  +  c)  —  {?'. 

If,  in  the  last  equation,  we  put  —  rf  +  c  for  —  d,  we  shall 
get  the  expansion  of  (a  +  J  -f-  c  —  d^  -f  ^)',  and  so  on  to  any 
extent ;  but  it  is  not  necessary  to  continue  the  process  any 
ftirther,  since  we  easily  see,  from  what  has  been  done,  that 
we  can  find  the  cube  of  any  compound  quantity  by  the  fol- 
lowing rule. 

Observing  tlve  rule  of  signs ;  the  cube  of  any  compound 
quantity  equals  the  swm  of  the  cubes  of  all  the  terms^  three 
times  the  squa/re  of  each  term  multiplied  by  all  the  others 
taken  with  their  proper  signSy  and  six  Umes  the  product  of 
every  three  different  termsj  taken  with  their  proper  signs. 

Thus,  to  get  the  cube  of  2a  —  35  +  4^,  we  have  (2ay  = 
8a«,  (- 3*)»  =  -  27J»,  (4c)«  =  64c*,  3  x  (2a)»  x(-35  +4c)= 

-  36a'5  +  48aV,  3(  ~  3&/(2a  +  *<?)  =  54aJ*  +  10Sb%  3(4o)» 
(2a-35)  =  96a^--144&c»,  6  x  (2a)  x  (-35)  x  (4(?)  =  - 
144a5c,  and  adding  these  results,  we  have  (2a  —  35  +  4c)'  = 
8tf8  -  275^  +  64<j»^  -  36a^5  +  48a»(?  +  64a5*  +  lOSb^o  +  96ao" 

—  1445c^  —  144a5c,  as  required. 
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It  ifi  easy  to  see  that  die  cube  of  a  wumber  m&j  be  found 
in  the  same  way  as  that  of  a  compound  algebraic  quantity 
whose  terms  are  all  positive.  Thus,  827®  =  300*  -f  20*  +  7* 
-h  3  X  300*  X  27  +  3  X  20*  X  307  +  3  X  T  X  820  +  6  X  300 
X  20  X  7  =  34966783. 

Ex.  15. — ^Having  the  coeflScients  in  any  integral  power  of 
a  binomial,  to  find  the  coeflScients  in  the  next  successive 
integral  power,  by  detaching  the  coeflScients. 

Let  a  +  h  denote  the  binomial,  then  detaching  the  coeffi* 
cients  we  have  1  +  1^  and  to  find  the  coeflScients  in  the 
square  of  a  4-  &,  we  have 

1-hl 
1  +  1 

1  +  1 
1  +  1 


1+2  +  1 
=  the  coeflScients  in  the  square. 
To  get  the  coeflScients  in  the  cube  of  a  +  J,  we  have 
1  +  2  +  1 
1  +  1 

1  +  2  +  1 
1  +  2  +  1 

1+3+3+1 
r=  the  coeflScients  in  the  cube. 

It  is  hence  easU/y  seefi  that  if  we  eet  down  the  sum  of  the 
coefficients  in  am/ power  in  ordevj  and  then  set  down  the  same 
Sfwm  in  the  same  order  under  the  coefficients  already  set  down^ 
removing  each  term  one  place  to  the  right  of  its  equal  in  the 
first  s^mij  then  if  we  add  the  coefficients  thusplaced^  we  shall 
home  the  sum  of  the  coeffixyienJts  in  the  next  si^ocessvoe  integral 
power. 

Thus,  1  +  3  +  3  +  1  being  the  coeflScients  in  the  cube,  we 
get  the  coeflScients  in  the  fourth  power  by  writing 

1  +  8  +  3  +  1         =  first  sum. 
1  +  3  +  8  +  1=  second  sum. 

1+4+6+4+1 
=  the  sum  of  the  coeflScients  in  the  fourth  power;  and  in 
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like  nuinner,  to  get  the  sum  of  the  coefficients  in  the  fifth 
power,  we  write 

1  +  4+    6+4  +  1 
1+    4+    6  +  4  +  1 

1  + 5.+ 10 +  10 +  6  +  1 

=  the  Bum  of  the  coefficients  in  the  fifth  power ;  in  the  same 
way  we  can  find  the  sum  of  the  coefficients  in  the  sixth, 
seventh,  etc.,  powers. 

For  the  purpose  of  raising  a  binomial  to  any  integral 
power,  which  does  not  exceed  the  tenth,  we  shall  gi7e  the 
following  Table  of  corresponding  coefficients. 

TABLE  OF  THE  COEFFICIENTS    IN    THE    POSITIVE  INTEGRAL  POW- 
ERS OF  »A  BINOMIAL,  UP  TO  THE  TENTH  POWER. 

(1  +  ly  =  1  +  1.  The  exponents  of  (1  +  1)  in 

(1  +  1)*  =  1  +  2  +  1.  these  equations  indicate 

(1  +  1)'  =  1  +  3  +  3  +  1.  the  powers  to  which  the 

(1  +  1)*  =  1  +  4  +  6  +  4+  1.  corresponding  coef- 

(1  +  1)*  =  1  +  5  +  10  +  10  +  5+  1.  ficients  belong. 

(1  +  1/  =  1  +  6  +  15  +  20  +  15  +  6  +  1. 

(1  +  1/==  1  +  7  +  21  +  35  +  36  +  21  +  7  +  1. 

(l  +  l/  =  l  +  8  +  28  +  56  +  70  +  56  +  28  +  8  +  l.    . 

(1  +  1/  =  1  +  9  +  36  +  84  +  126  +126  +  84  +  86  + 

9  +  1. 
(1  +  l)w  =  14- 10  +  46  +  120  +  210  +  262  +  210  +120 

46  +  10  +  1. 

We  shall  give  several  examples  to  show  the  nse  of  the 
Table. 

1.  To  find  the  fourth  power  ofa  +  b. 

By  the  Table  the  coefficients  in  the  fourth  power  are 
1  +  4  +  6  +  4  +  1;  consequently,  supplying  the  correspond- 
ing powers  of  the  letters,  we  get  a^  +  4a?J  +  6a*5'  +  4aJ"  + 
ft*  =  (a  +  i)\  as  required. 

2.  To  find  the  fourth  power  of  2aJ*  +  8j^. 

Here  we  have  the  same  coefficients  as  before,  and  we 
must  put  2&?  for  a,  and  3^  for  ft/  that  is,  we  must  use  2a^ 
and  3t^  in  the  power  in  the  same  way  as  we  use  the  single 
letters  a  and  ft  in  the  binomial  a  +  ft.    Hence  we  get 
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(Sa?  +  3j^*=(2i»*)*  +  4(2a:«)«  x  (8y*)  +  6(2aj>)*-x  (Sj^)*  +  4<2flj») 
X  (33^'  +  {Sy'y  =  16a?  +  9&B«jr^  +  21&^  +  216aj»j^  +  Sly*, 
as  required. 

3.  To  find  the  seventh  power  of  aJ  —  2cd. 

By  the  Table,  the  coefSicients  in  the  seventh  power  are 
1  +  7  +  21  -f  35  +  36  +  21  +  7  + 1 ;  and  using  ab  and 
—  2cd  as  simple  letters  in  a  binomial,  we  get  {ai  -—  2odf  = 
{<ay  +  7(aJ)«  X  (  -  2c^  +  21(aJ/  x  (  -  2cdf  +  35(ai)*  x 
(-  2odf  +  S6{ahy  X  ( -  2cd)''  +  21(aJ)>  x  ( -  2cd)'  +  7{ab)  x 
(-  2odf+  (-  2ody=a'V'-  Ua'¥cd  +  84a*JV6P-  280^JV(^» 
+  660a?J»d*<i*  -  672a*5V6P  +  448aJ(?«^  —  128c'<?,  as  required. 

Ex.  16. — ^To  find  the  n**  power  of  the  binomial  a  +  h; 
supposing  n  to  denote  any  positive  whole  number. 

By  the  notation  of  powers,  we  shall  have  the  n^  power  of 
a-^h  expr/588ed  by  {a  +  by  =  {a  -\-  h)  .  {a  +%) .  {a  +  h) . .  . 
to  n  factors  (A). 

If  we  multiply  the  a  of  the  first  factor  of  the  right  mem- 
ber of  (A)  by  the  a  of  the  second  factor,  and  tlie  product  by 
the  a  of  the  third  factor,  and  so  on  to  all  the  factors,  we  shall 
get  a .  a .  a .  ,  .to  n  factors  =  a"  (1),  by  the  notation  of 
powere,  and  a^  will  be  the  first  term  of  the  sought  power, 
supposing  it  to  be  arranged  according  to  the  descending 
powers  of  a. 

If  we  change  n  in  (1)  into  71  —  1,  we  get  a"""^  for  the  term 
in  the  product  of  any  (n  —  1)  factors  of  (A)  which  is  independ- 
ent of  b  /  and  multiplying  this  term  by  the  b  of  the  remain- 
ing factor  of  (A),  we  get  a'*~^J,  which  will  be  repeated  n 
times,  when  we  take  every  one  of  the  {n  —  1)  factore  of  (A) 
(which  are  not  all  the  same  in  any  two  cases),  and  proceed 
as  before ;  that  is,  we  get  a'^'^b  +  a^'-^b  +  a'^'^b  +  etc.,  to  n 
terms  =  naJ^'^b  (2)  for  the  second  term  of  the  required  power. 

Again,  if  we  change  n  in  (2)  into  n  —  1,  we  get  a^^^b  -h 
cT-'J  +  a"-'J  +  etc.,  to  (ti  —  1)  terms  =  (n  —  l)a»-'&  for 
the  term  of  the  product  of  any  (n  —  1)  factore  of  (A)  which 
involves  the  first  power  of  J,  and  multiplying  this  term  by 
the  b  of  the  remaining  factor  of  (A),  we  get  6^"-^  +  a"-*J*+ 
a*"'J*  -h  etc.,  to  {n  —  1)  terms  =  (n.  —  l)a'*-V ;  which  will 
be  repeated  n  times,  when  we  take  every  one  of  the  (ji  —  1) 
factors  of  (A),  that  are  not  all  the  same  in  any  two  cases,  and 
proceed  as  before ;  that  is,  we  shall  get  a"-*i^  4-  «""***  + 
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• 

d^V  +  etc.,  to  n(n  —  1)  terms  =  n{n  —  l)a*~V,  whidi 
has  twice  as  many  terms  as  it  onglit  to  have  in  the  songht 
power ;  for  (by  the  process)  one  of  the  terms  has  arisen  from 
multiplying  a""'  by  the  h  of  the  first  factor,  and  the  product 
by  the  i  of  the  second  factor ;  and  another  tenn  has  resulted 
from,  the  multiplication  of  aJ^^  by  the  h  of  the  second  factor, 
and  the  product  by  the  h  of  the  first  factor ;  consequently, 
the  product  of  a**"*  by  the  h  of  the  first  and  second  factors 
has  been  taken  twice,  when  it  ought  to  have  been  taken  but 
once ;  and  in  the  same  way  the  h  in  any  two  factors  of  (A) 
may  be  shown  to  give  two  terms  instead  of  one,  which  we 
ought  to  have ;  consequently  we  shall  have  a^^^^h^  4-  «""*&*  + 

af^H^  +  etc.,  to  !^(!LIl1)  terms   =  !^(!Lzi)a«~»J»(3),  for 
1.2  1.2  ^  " 

another  term  of  the  sought  power. 

If  we  put  »  —  1  for  »  in  (8),  and  multiply  by  J,  we  get 

a-*J« +  «--«*»+    etc.,  to    (^-l)(^-2)  terms  =>~^) 
'12  1 

("  ~  ^)a«-«y  for  the  term  of  the  product  of  any  (»  —  1) 

2 

factors  of  (A),  which  involves  J*,  and  that  is  multiplied  by 
the  b  of  the  remaining  factor ;  and  proceeding  in  thirf  way 
with  every  {n  —  1)  factors  of  (A),  (the  factors  not  being  all 
the  same  in  any  two  instances),  the  above  equation  will  be 
repeated  n  times,  or  we  shall  have  ©""^i'  -f  a'^^V  +  etc.,  to 

n(n~l)(n~2)  terms  =^(^-^^)(^"-^)^'>-^y,  which  haa 

1.2  1.2  ' 

three  times  as  many  terms  as  it  ought  to  have  in  the  required 
power ;  for  the  h  in  any  three  factors  of  (A)  ought  evidently 
to  give  but  one  term,  whereas,  by  the  process  we  have  used, 
each  h  in  the  three  factors  gives  a  term;  hence  we  deduce 

rf-.J»  +  a—i»  +  etc.,  to  <^-'^)^^-^)  terms  ="<^-^) 

1.^2.3  1.2 

\n  —  ^)  ^»-^  ^^^  f^j.  another  term  of  the  sought  power. 

If  for  n  we  put  n-  —  1  in  (4),  and  proceed  in  like  manner, 
we  shall  find  n(^  -  l)(/i  -  2)(/i  ~  3)^^,4^  fo^  the  fiftli  term 

1.2.3.4: 

of  the  required  power,  and  so  on ;  and  it  is  evident  if  m  + 1 
represents  the  niunber  of  any  term,  that  we  shall  have 
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^»     l)(n     a)(n--3).  .  ..(n-m  +  l)^^^^   ^^^   ^ 

1.2     .      8     .      4t       m 

expression  of  the  term,  which  is  called  the  general  term  cf 

the  esopa/nsion  of  {a  -\-  h)\ 

Hence,  collecting  the  terms,  we  get  (a  +  by  =  a*  4-  ru^"^ 

njn^l)  .  n(n-l)(n-2)  n(n-l)(n-2) 

*  +  l  .   2      ""     ^+1  .2.3'*     ^+1.2.3. 

^ — J— ^  a^'^J*  +  etc.  (B),  for  the  required  power,  whose  law 

of  continuation  is  manifest ;  and  it  is  easy  to  see  that  the 
number  of  terms  in  the  right  member  of  (B)  is  n  +  1,  and 
that  the  last  term  is  b^. 
Since  a  and  b  are  clearly  arbitrary,  we  may  put  —  5  fiw 

&,  and  (B)  becomes  {a  -  bf  =  «'*-.  na^'-^b  +  ^^^ 'Z'^^  cT-^fi 

_  n(7i^l)(n-2)^^y^  ^^^  ^g,^^  observing  the  rule  of 

signs. 
If  in  (B)  we  change  b  into  ±  J,  we  shall  have  (a  ±  by  = 

tf.±na-'&  +  fel^a'-«y±^^T^)^^7^^a"-'y4-  etc 

(C),  which  comprehends  (B)  and  (B')  in  a  single  formula, 
observing  that  for  ±  {which  is  caUed  the  ainbiguoits  eign) 
we  must  use  -4-  when  i  is  to  be  taken  as  a  positive  quantity, 
and  that  —  must  be  used  for  ±  when  5  is  to  be  negative,  or 
to  have  the  sign  — . 

It  is  clear  that  (C)  is  an  identical  equation,  since  its  right 
member  is  the  expansion  of  its  left  or  first  member ;  in  other 
terms,  its  right  member  is  the  same  as{a  ±  by  under  a  dif- 
ferent form. 

Hence,  although  the  equation  has  been  rigorously  estab- 
lished, only  on  the  supposition  that  n  is  a  positive  whole 
number,  yet  its  right  member  ought  evidently  to  be  consid- 
ered as  the  development  of  its  first  member,  or  of  {a  ±  by^ 
whatever  may  be  the  value  of  n;  that  is,  whether  n  is  inte- 
gral or  fractional,  rational  or  irrational,  positive  or  negative, 
etc. 

Begarding  &  as  an  increment  of  a,  and  —  i  as  a  decre- 
ment of  a,  we  may  clearly  derive  (0)  from  the  identical 
equation  a"  =  a**,  in  the  following  manner. 


MULTIPLICATION.  59 

By  adding  ±  J  to  a,  the  first  member  of  the  equation 
becomes  (a  ±  ft)*  ;  and  to  get  the  term  ±  na^^^h  from  a",  we 
subtract  unity  from  its  exponent,  which  reduces  it  to  a*-^ ; 
then  we  multiply  together  the  exponent  n  of  the  power  c^^ 
a*"\  and  ±  J,  wjuch  gives  ±  «a**-^ft,  as  required. 

To  get  the  term  :^ — - — -  «"-•&*,  we  resume  the  term  ± 

fu»*"*J,  then,  subtracting  1  from  »  —  1,  the  exponent  of  a  in 
the  term,  it  is  reduced  to  ±  na*~*J/  and  multiplying  to- 
gether the  index  n  —  1  of  a,  in  the  term,  ±  7ia""*J,  and  ±  J, 
and  dividing  by  the  index  of  ft  in  the  product,  we  get 

P — ^ — ^ «**"'&*,  as  required.    In  a  similar  way  we  derive 

the  term  ±  ~ — ^-^- — 5 — ^a""^'*'  from  the  preceding  term 

~ — 5 — -a'^-'^V ;  by  diminishing  the  exponent  of  a  by  1,  and  ' 
J.  •  ^ 

then  multiplying  together  the  exponent  n  —  2  of  a,  ^^ 

1  •  2 

a""'ft*  and  ±  ft,  and  dividing  by  the  exponent  of  ft  in  the 

product,  which  gives  ±  ~ — ^ — '-- — 5 — -a^^lP^  as  required. 

T    1-1  A    '      n(n-l)(n  — 2)(n-8)  ,^,. 

In  like  manner  we  may  derive  ir-^^ — pr — ^-^ — - — ^-^ — 3 — ^a*~*ft* 

1  .  Ss     •      o      .     4 

from  the  last  or  preceding  term  ±  ~ — - — '-^ — ^— ^a'^^ft'; 

and  so  on,  to  any  extent  Hence  it  is  easily  seen  that  the 
identical  equation  a*  =  a",  by  adding  ±  ft  to  a,  will  be 
changed  (by  the  process  we  have  used)  into  (C). 

It  may  be  observed  that  (C),  when  n  is  taken  in  its  most 
general  sense,  Ib  called  the  Binomial  Formula  or  Theorem 
of  Sir  Isaac  Newton,  because  it  is  supposed  to  have  been 
discovered  by  him.  And  it  may  be  added  that  the  method 
which  we  have  given  of  deriving  any  term  of  the  right 
member  of  (C)  from  the  next  preceding  term  is  substantially 
the  same  as  the  rule  given  by  Newton  for  the  development 
of  a  binomial. 

We  shall  now  give  some  simple  examples  to  show  the  use 
of  (6). 

1.  To  find  the  third  power  of  Toft  —  3o. 
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In  this  question  we  must  put  fi  =  3,  and  use  — •  for  ±  in 

(C) ;  which,  being  done,  (0)  becomes  {a  —  bf  =  a*  —  S^^b 

.  3(3-1)  3  ,„     3(3-l)(3~2)  3  3,3  .        o     i      o 

+  ^         ^g^-^y  —  ^    ^^      — ^a*-W;  or,  since  3  —  1  =  2, 

3(3-l)^3.2_     '3(3-l)(3-2)_8,2.1_ 

1.2      ~"2""'^'l.^     .     3      ^1.2.3""-^'*^ 

a»-»  =  a<^  =  1,  we  get  {a  -  J)»  =  a»  -  3a*5  +  36'5'  -  V. 

To  find  the  third  power  of  7ab  —  3c,  we  must  use  7aJ  and 
So  for  a  and  J  in  the  preceding  equation,  and  we  get  {lab  — 
Scf  =  {7aiy  -  3(7ai)'  x  3o  +  S{1ab)  x  (3c)«  -  (3o)»  =  343(r*J> 
—  441a^J'c  +  lS9ab<^  —  2Y<j",  as  required. 

2.  To  find  the  sixth  power  of  1  +  Sx. 

In  this  question  we  must  put  w-  =  6,  and  use  +  for  ±  in 
(C),  and  it  reduces  to  (a  +  by  =  »•  +  6a«J  +  lSa*b^  +  20a»ft» 
+  16<z*J*  +  6a5*  +  &• ;  hence,  using  1  for  a,  and  Sx  for  5,  in 
this  equation,  we  get  (1  +  3a?)'  =  1  +  6  x  3aj  +  16  x  {Sxf  + 
20  X  {Sxf  -f  15  X  (3a;)*  +  6  x  {Sxf  +  {Sxf  =  1  +  18aj  + 
185»*  +  540aj»  +  1215a?*  +  1458a*  +  729a;',  as  required.  If 
we  put  a?  =  1,  then  1  +  3aj  =  4,  and  we  have  4*  =  1  +  18  + 
185  -h  540  4- 1215  +  1458  +  729  =  4096,  as  it  ought  to  do. 

8.  To  find  the  fourth  power  of  ?  —  ?^ 
^  3      4 

In  this  question  we  must  put  n  =  4,  and  use  —  for  ±  in 

(0),  and  it  changes  to  {a  —  by  =  a*  —  4a*J  -f  6(zW  —  iai^  + 

5* ;  and  putting  ?  for  a,  ^  for  b  in  this  equation,  we  get 

a;  =  1,  V  =  1,  our  result  reduces  to  ( )  =  |  — )  =:  — 

'^        '  \3      4/       \12/       81 

—-  H 1 =r ,  as  it  ought  to  do. 

27^24      48^256      20736  ^ 

We  shall  conclude  Multiplication  bj  giving  a  few  exam* 

plea  for  practice. 

EXAMPLES. 

1.  Multiply  a?  +  ajy  4-  y^  by  a?  —  ajy  +  y^. 

2.  Multiply  a*  —  &*  by  a*  +  V. 
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8.  Multiply  JB*  —  2a»  +  a*  by  a?  +  2to  +  «'. 

4.  Multiply  9a?*  —  7»*  +  8»  —  6  by  Sa^  —  Sa?  +  8,  by  de- 
taching the  coefficients. 

6.  Multiply  Ua^  -  ISc^x  +  19aV  -  2a^  by  6a»  +  17a»a? 
—  16a^,  by  detaching  the  coefficients. 

6.  Multiply  4flS*  +  3a*aj  +  5aaf  +  2aJ*  by  20*  +  7aa?  +  «•, 
by  detaching  the  coefficients. 

7.  Multiply  a*  +  a*  by  a*  —  a,  by  detaching  the  coeffi- 
cients. 

8.  Multiply  3a?  —  6y*  by  8a^  —  18y*,  and  the  product  by 
150?"  — 2y». 

9.  Develop  (9aj*  —  2y^*,  or  find  the  third  power  of 
9aj»-2j^. 

10.  Find  the  ninth  power  of  ic  —  y,  or  develop  (a?  —  y)*. 

11.  Multiply  3aaf  +  Sba?  +  2cx  ■\- d  hj  4a?  -^  Zx  +  b. 

12.  Multiply  7aV  -h  9afl^  -h  llaj*  by  7aV  -  9aaj«  +  llaj*. 

13.  Multiply  cf  —  «*aj  4-  aa?  —  aj*  by  a  -h  a^,  and  the  pro- 
duct by  fl^  -h  i*. 

14.  Multiply  1  -h  (1  +  a>  +  (1  +  a  +  Jy  +  (1  +  a  +  J 
+  c)aj*  by  1  —  «. 

15.  Multiply  a?*  —  37aj  —  22  by  a?*  —  3,  and  the  product 
by  a?  4-  7a?,  and  the  last  product  by  a?  —  6. 

16.  Develop  (7  -  3a?)« .  (4  -  5a?)»  .  (2  -  9a?)*. 

17.  Multiply  4a^  —  a?  +  4  by  a?4-l,  and  the  product  by 
a?  +  2,  and  the  laat  product  by  aj*  —  3. 

18.  Find   the   product   of  4aj*  +  5aj^a  —  ^xa^  ■—  ^a?  and 
^  —  lla?a  +  12a'. 

19.  Develop  {\1a?Vc  —  32p2')'  and  (2a?»  —  byzf. 

20.  Multiply  aa?^  -|-  h^y^  —  ct^  by  af*  -h  dy^. 

21.  Multiply  2  —  3a?  +  3a?»  —  3a?"  +  3aJ*  - ,  etc.,  by  1  +  a?. 

22.  Multiply    a  +  h  +  c    by    a  —  J  —  (?,    and    develop 


('-!)• 


23.  Multiply  a**-*  +  a"-»&  +  «*-•»»  +  a'^V  + +V^^ 

by  a  —  }. 

24.  Multiply  -a'  —  -  —  j  by  ^a  +  6*  —  6<?  -h  9,  and  de- 
velop  (a?^  +  ^^wqy. 
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SECTION    V. 
DIVISION. 

(l.)  Division  may  be  considered  as  the  reverse  of  Multi- 
plication ;  that  is,  as  having  given  a  product  and  one  of 
its  factors,  to  find  the  remaining  factor. 

(»•)  The  product  or  quantity  to  be  divided  is  called  the 
dwidendj  and  the  factor  by  which  it  is  to  be  divided  is 
called  the  divisor.  The  remaining  factor  is  called  the  quo- 
tientj  because  it  denotes  how  often  the  dividend  contains  the 
divisor.  K  the  divisor  is  contained  in  the  dividend  a  cer- 
tain number  of  times,  and  if  there  is  any  portion  of  the  divi- 
dend left  which  does  not  exactly  contain  the  divisor,  the 
part  left  is  called  the  remainder ;  if  there  is  no  remainder, 
the  division  is  said  to  be  exact 

(3.)  It  may  be  proper,  before  entering  upon  the  rules  of 
Division,  to  premise  the  following  remarks. 

By  definition  8,  each  of  the  expressions,  a  ~  J,  a  :  5,  ?,  is 

0 

used  to  signify  that  a  is  to  be  divided  by  h  ;  also  the  same 
thing  is  sometimes  denoted  by  J  |  a.  French  authors  fre- 
quently put  the  divisor  to  the  right  of  the  dividend,  and  hav- 
ing drawn  a  right  line  between  the  dividend  and  divisor,  and 
another  right  line  below  the  divisor,  they  put  the  quotient 
under  the  last  line ;  thus,  if  a  is  the  dividend,  h  the  divisor, 

and  q  the  quotient,  then  a  —  signifies  that  if  we  divide  a  by 
J,  we  shall  have  y  for  the  quotient. 
The  form  t  is  called  a  fractional  expression,  a  being  called 

the  numerator  and  5  the  denominator  of  the  fraction ;  so  that 
what  is  called  the  dividend  in  Division  is  the  numerator  of 
the  fraction,  and  the  divisor  is  called  the  denominator  of  the 
fraction ;  also  a  and  h  are  sometimes  called  the  terms  of  the 
fraction.  ' 
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It  is  manifest  that  the  divisor  and  dividend  mast  both  be 
quantities  of  the  same  kind,  abstract  numbers ;  or  that  the 
divisor  must  be  an  abstract  number. 

Wlien  a  and  h  are  quantities  of  the  same  kind,  or  abstract 

numbers,  the  fraction  ?  is  often  called  the  geometrical  ratio 

0 

of  a  to  J,  or,  more  properly,  it  is  said  to  represent  the  geo- 
metrical ratio  of  a  to  h. 

Again,  if  aj  &,  c  denote  any  three  integral  quantities,  it  is 
manifest,  since  acis  o  times  a,  or  o  times  as  great  as  c^  that 

^  contains  ^,  <?  times;  or  that  ^xc  =  ^=:^:   bo  that  the 
0  0  boo 

fraction  -  is  mvUiplied  hy  the  integer  c  hy  rrtvUijplyi/rig  its 
numerator  by  c.    Also,  since  be  is  c  times  as  great  as  J, 

it  is  plain  that  ^  is  c  times  as  great  as  ~  or  that  ?  -=-  c  = 
b  be  b 

^  =  -^/  hence,  the  fraction  ^  is  divided  by  the  integer  c  by 
be      (x>  b 

tnuUiplying  its  denominator  by  c. 

Since  ~  contains  ?,  c  times,  and  ^  contains  ^,  'c  times,  it 
b  b  b  be 

follows  (Ax.  IV.).  that !?  =  ™/  so  that  th^  value  of  the  f roc- 
b       be 

turn  -  is  not  changed  by  multiplying  its  nimierator  and  de- 
b 

nominator  by  c. 

Oonsequentlyj  any  integral  factor^  which  is  eom^^on  to  the 
nwnerator  and  denomin(vtor  of  any  fraction^  may  be  erased 
or  stricken  out  of  each  without  affecting  the  value  of  tlte 
fraction.  Hence^  alsOy  any  integral  f actor ^  which  is  common 
to  the  dividend  amd  divisor  in  Dioision,  may  be  stricken  out 
of  each  without  altering  the  quotiejit. 

Let  a,  bj  c,  d  denote  any  four  integral  quantities ;  then  it 

is  evident,  since  ^  =  ^  X  c,  and  since  cis  d  times  as  great 
b        b 

BB^,ihfLt^xi==%^d  =  ^  =  ^.     Coru,equen%,  frac 
a  b      a       0  oa     do 

tions  are  multiplied  by  each  other,  by  taking  the  prod/u>ct  of 

their  numerators  for  a  new  numerator,  and  the  product  of 

their  denominators  for  a  new  denominator. 
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Also,  since  oisd  times  as  great  as  ^,  it  is  evident  that  -|L 

a  be 

is  d  times  less  than  ?-?--,»  bo  that  ?-i-^  =  ^^  x  rf=-=-. 
0     a  0     a     be  be 

Hence,  one  fraction  is  divided  by  another  by  midtiplying  the 

nmnerator  of  the  fraction  to  be  divided  by  the  denominator 

of  the  divisor^  and  the  denominator  of  the  fraction  to  he 

divided  by  the  mmiera;tor  of  the  divisor ;  or^  which  is  tlie 

same  thing,  invert  the  divisor  amd  proceed  as  in  MvUir 

pUcdtion, 

From  what  has  been  proved,  we  have  y  x  3  =  r^'  ^^^^ 

0      d      bd 

c      a      ^a      ac  ,    ,    A^  r%T  a      c      o      a  ^  ^^^  .i»»      - 

we  get  ax  ~=z-  x  a^ 
d      d 

Consequently^  the  product  of  fractions  whose  numerators 

and  denominators  ao'e  integers,  is  independent  of  the  order  in 

which  the  fractions  are  written  or  taken  in  the  mtdtiplica- 

tion  /  arid  the  same  is  true  of  the  product  of  a/n  integer  and 

a  fraction^  and  indeed  of  the  product  of  any  number  of  in-- 

tegers  by  any  number , of  fractions,  as  is  evident  from  what 

has  been  done  in  Multiplication. 

(4.)  Again,  since  in  Division  the  dividend  is  supposed  to 
equal  the  product  of  the  divisor  and  quotient,  if  the  dividend 
and  divisor  are  both  positive,  the  quotient  must  clearly  be 
positive ;  but  if  the  divisor  and  dividend  are  both  negative, 
the  quotient  must  be  positive,  since  the  divisor  and  quotient 
must  have  unlike  signs  in  order  to  gives 'the  sign  —  to  the 
dividend,  which  is  their  product,  as  appears  from  the  rule  of 
signs  in  Multiplication. 

If  tlie  divisor  has  the  sign  +,  and  the  dividend  the  sign 
— ,  it  is  manifest  that  the  quotient  must  have  the  sign  — , 
since  the  divisor  and  quotient  must  have  unlike  signs ;  also, 
if  the  divisor  has  the  sign  — ,  and  the  dividend  the  sign  -}-, 
the  quotient  must  have  the  sign  —,  since,  by  the  rule  of 
signs  in  Multiplication,  the  divisor  and  quotient  must  have 
like  signs,  in  order  that  the  dividend,  which  is  their  product, 
may  have  the  sign  +  ;  consequently,  since  the  divisor  has 
the  sign  — ,  the  quotient  must  also  have  the  sign  — • 
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Hence  we  deduce  the  following  rule  for  the  sign  of  the 
quotient  in  Division. 

BULE. 

If  the  divisor  and  dimdend  have  like  9igns^  the  qitotieni 
nmst  ha^e  the  sign  +  ;  hut  if  the  divisor  amd  dividend  have 
unlike  signs ^  the  quotient  must  ha^ve  the  sign  — .  Or  we  may 
estpress  the  rule  more  concisely,  by  saying  that  like  signs  give 
+  and  unlike  signs  give  •— . 

(«•)  Again,  the  same  or  diflFerent  powers  of  any  quantity 
are  multiplied  together  by  adding  their  exponents.  Hence, 
since  Division  is  the  reverse  of  Multiplication,  we  must 
change  the  sign  of  the  exponent  of  the  quantity  in  the 
divisor  (or  conceive  the  sign  to  be  changed),  and  then  pro- 
ceed as  in  Multiplication. 

Thus,  if  we  have  to  multiply  a  by  a  we  get  «  x  a  =  a', 
and  to  divide  a  by  a  we  have  a  x  a"^  =  a^'^  =  a®,  which 

evidently  =  1 ;  for  a  -7-  At  =  ?  =  1,  since  any  quantity  con- 

a 

tains  itself  once ;  consequently,  any  quantity  which  has  0  for 

an  index,  is  an  expression  for  1.    The  expression  shows  ^hat 

it  has  been  obtained  by  dividing  the  quantity  by  itself.. 

Again,  to  divide  6a'J'c  by   3a*JV,   we  have  Qd^h^c  x 

3-i^-6j-6^-4  ^  2  X  3*»<z-*&"«c-»  =  ^^  =  -^.  so  that  8^= 

1,  a^  =  - ,  J""*  =  ~,  0"^  =  - ;  consequently,  any  quantity 

with  a  negative  exponent  is  an  expression  for  1,  divided  by 
the  quantity  with  a  positive  exponent ;  which  is  in  conform- 
ity to  the  notation  adopted  in  (11)  of  the  definitions. 

Hence,  any  quantity  can  be  carried  from  the  denominator 
of  a  fraction  into  the  numerator,  by  changing  the  sign  of  it&^ 
exponent,  so  that  any  fractional  quantity  may  be  changed 

to  an  integral  form*;  thus,  for  1^  we  may  write  ab-'^c^. 

(r(r 

Reciprocally,  any  integral  form  may  be  reduced  to  a  frao*- 

tional  form;  thus,  a'J"  may  be  expressed  by ,  so  tliat 

a—b^^ 
1  is  the  numerator  of  the  fraction,  and  the  product  qf  the* 
quantities,  with  the  signs  of  their  exponents  changed,  is  the 
denominator. 

5 
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(6.)  The  rule  of  Division  may  be  separated  into  three 
cases. 

CASE    I. 

When  the  dividend  and  divisor  are  monomials  or  simple 
quantities. 

RULE. 

Divide  the  coeffieient  of  the  dividend  hy  thai  of  the  divisor j 
cmd  to  the  quotient  annex  the  quotient  obtained  ly  dividing 
the  literal  part  of  the  dimdend  hy  thai  of  the  divisor  ^  and 
observe  thai  like  signs  g^ive  +  and  unlike  signs  —  for  the 
sign  of  the  quotient.  It  is  often  most  convetiient  to  place  the 
dimsor  under  the  dividend  in  the  form  of  a  fraction^  and 
then  to  erase  all  the  factors  thai  are  common  to  both  terms  of 
the  fraction^  and  the  result  wiU  be  the  sought  quotient^'  observ- 
ing the  rule  of  signs.  But  perhaps  the  most  expeditious 
m£thod<i  in  most  cases,  is  to  change  the  signs  of  the  exponents 
of  the  factors  of  the  divisor^  and  then  to  proceed  as  in  MuUir 
plication. 

Thus,  to  divide  i^a^b^of  by  9c?Vx;  according  to  the  first 
part  of  the  rule,  45  divided  by  9  gives  5  for  the  quotient, 
and  of  divided  by  a*  gives  a  for  the  quotient,  b^-^Vz=z  J*, 
a?"  -7-  05  =  aj*, .  • .  5aJ*a?  is  the  sought  quotient ;  and  it  is  posi- 
tive, fcecause  the  dividend  and  divisor  are  both  positive. 

The  same  example,  when  done  by  the  last  part  of  the  rule, 
gives  4:6€f1f3?  -7-  9a^Vx  =  9  x  Bofb^x?  x  9-^a-'J-»aj-*  =  6  x 
^c^g?  =  5a5V,  since  9*^  =  1. 

As  another  example,  we  shall  divide  29dbc  by  —  4t2a^y:^j 
according  to  the  second  part  of  the  rule.    Here  we  have  29abc 

-i 4:2aj*y2' =  — -— -^ — .,  the  sign  being  — ,  because  the 

42ary^ 

dividend  and  divisor  have  unlike  signs ;  and  it  is  plain  that 

the  fraction  can  not  be  reduced  to  lower  terms,  since  it  has 

not  explicitly  any  factors  that  are  common  to  its  numerator 

and  denominator. 

For  another  example,  we  shall  divide  -a^x^  by  ~a'a>""'. 

5  3 

Here  we  have  -c^x^  -^  --«•»'*  =  -a^x^  x  ^a"^aj^,  by  in- 
5  3  5  4 

A 

verting  the  fraction  -  (according  to  what  has  been  proved  to 
ff] 
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be  allowable),  and  for  the  letters  proceeding  according  to  tbe 
last  part  of  the  role ;  by  multiplying  the  coefficients,  and 
adding  the  exponents  of  the  same  letter,  we  get  the  quotient 

equal  to  la»"V*^,  or  since  2  -?  =  ?-?  =  t,  i  +  ?  = 
^  20  3      3      3      3'  2      2 

-  =  2,  the  sought  quotient  is  plainly  equal  to  ^a  a?^- 

EXAMPLES. 

1.  Divide  -48aVy^  by  16a?a?^y. 

2.  Divide  — 120J*(j*  by  ~40&*(?-*. 

3.  Divide  --52a*JV*  by  153  a5V«. 

4.  Divide  QOxyzj/^  by  —  72a?y*5f^^ 

.   6.  Divide  QOx^y^z^  by  4k2x-^yh-K 

CASE  II. 

When  the  divisor  is  a  monomial,  and  the  dividend  a  com- 
pound or  polynomial  quantity 

BULE. 

Dimde  each  term  qf  the  dividend  hy  theprevume  rule  for 
vunu/miahs  then  the  ewm  of  the  quotients^  when  added  accord- 
ing to  their  jpToper  eigne,  will  he  the  complete  quotient  re- 
quired. 

Thus,  to  divide  6aJ*  —  8aj*y*  by  2aj^,  we  have  6a?*  -^  2a5^  = 
3a^,  —  90?^^  -T-  23?*  =  —  4^*,  consequently  there  results  Za?  — 
4^  for  the  sought  quotient. 

Also,  to  divide  48aVs^  —  QOcM^  —  144aV3^  +  288^0?" 
by  —  12aV,  we  proceed  as  follows,  viz., 
48aV/  —  60gVy°  —  144^Vy^  +  288g^a?^  _       48(gVy* 

—  12aV  ""  ""    12aV"^  + 

6(k^;^y»      144^Vy^^288^^^^      ^^y  ,^^ 

24<w?,  as  required. 
Again,  to  divide  i.Oab<?  —  9fdbg  +  12y*  by  8aJ,  we  have 
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TeXAMPr.TCR. 

1.  Divide  lia^yz  —  4:9a^^^  by  —  7a?ye,  or  execute  what 
iB  expressed  by  ^^V^-f'^V'^, 

2.  Execute  the  expresBion  '''"'^"  " 'g^  +  "^^^ 

3.  Execute  ^V%  -  ^ ^^W  -  4 W5y 

—  4VaJ 

4.  Execute -^"^'"V-^^V^< 

CASE   III. 
When  the  divisor  and  dividend  are  compound  quantities. 

BTTLE  I. 

1.  Pldoe  the  dimsar  at  the  left  or  right  of  the  dwidend^ 
and  draw  a  right  or  curved  line  between  therrij  as  in  Arithr 
metic,  heing  careful  to  arrange  the  divisor  and  dividend  the 
same  way,  either  according  to  the  ascending  or  descending 
powers  of  a  common  letter. 

2.  JBy  the  rule  for  the  division  of  monomials^  divide  the 
first  or  left-hand  term  of  the  dividend  by  the  first  or  left- 
hand  term  of  the  divisor^  and  the  result  wiU  be  the  first  temh 
of  the  quotient^  placing  the  quotient  to  the  right  of  the  divi- 
dend^  with  a  right  or  curved  line  between  them^  if  the  divisor 
is  to  the  left  of  the  dividend ;  but  if  the  divisor  is  to  the  right 
of  the  dividend,  ihe  quotient  may  be  put  below  the  divisor^ 
with  a  right-line  between  th^m, 

3.  Multiply  the  divisor  by  the  first  term  of  the  quotient^ 
a/nd  subtract  the  terms  of  the  product  from  the  corresponding 
terms  of  the  dividend. 

Then  to  the  remainder  bring  down  as  mAjmy  of  the  next  suc- 
cessive terms  of  the  dividend  as  may  be  necessary  to  form  a 
new  dividend ;  divide  tlie  first  term  of  the  new  dividend  by 
the  first  term  of  tJie  divisor ^  and  the  result  will  be  the  second 
term  of  the  quotient;  multiply  tJie  divisor  by  the  secon4  term* 
of  the  quot/ient,  and  subtract  the  terTns  of  the  prdducst  from  the 
corresponding  terms  of  the  first  new  dividend* 
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4.  Then  to  the  remainder  bring  dovm  a%  many  of  the  re- 
mainmg  next  euoceeeive  terms  of  the  given  dividend  as  may 
be  neceseary  to  farm  a  second  new  dividend. 

6.  jFrom  the  second  new  dividend  we  proceed  in  the  same 
way  as  before^  to  get  the  third  terra  of  the  qtiotient,  and  so 
onj  until  all  the  terms  of  the  given  dividend  have  been 
brought  down.  If  the  last  remainder  is  0,  the  divisiorh 
is  exact  /  but  if  the  remainder  is  different  front  0,  the 
division  is  not  eooact^  and  we  signify  that  the  remainder  is  to 
be  divided  by  the  divisor^  by  writing  the  divisor  under  the 
remainder^  with  a  right-line  between  theniy  after  the  manner 
of  expressing  a  fraction^  so  that  when  the  division  is  inex- 
acty  Hie  quotient  will  generally  be  of  a  mixed  fonn^  being 
jparfly  integral  and  partly  fractional. 

The  reason  of  this  rule  is  emdafnt  from  the  consideration 
thai  it  is  the  reverse  of  the  rule  of  Multiplication.  And  it  is 
easy  to  see  from  what  has  been  shouyn  in  Multiplication^  If 
the  f/rst  term  of  the  anram^ed  dividend  can  not  be  exactly  di- 
vided by  the  first  term  of  the  arranged  divisor,  or  if  the  last 
term  of  the  arranged  dividend  can  not  be  exactly  divided  by 
the  last  term  of  the  arranged  divisor^  that  the  dividend  can 
not  be  exactly  divided  by  the  divisor  ^  observing  that  the  di- 
visor and  dividend  are  supposed  to  be  of  integral  forms. 

We  will  DOW  illustrate  our  i-nle  by  a  few  examples. 

Ex.  1.— To  divide  7x^-9  +  Ba? —  Six?  hj  x  —  1. 

An-anging  the  dividend  and  divisor  according  to  the  de- 
scending powers  of  a?,  we  get  (by  putting  the  divisor  to  the 
left  of  the  dividend)  the  following  process. 

X'-l\5a?'-Sx'  +  7x-9\5a?  +  2x  +  9 


2a?  +  7x=z  the  1st  new  dividend. 
2aj*  — 2aj 


9a?  —  9  =  the  2d  new  dividend. 
9»  — 9 


0  +  0  =  0  =  the  last  remainder. 

Seplanation. — Having  arranged  the  terms  of  the  dividend 
and  divisor,  we  divide  the  first  terra,  5a^,  of  tlie  dividend  by 
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the  first  term,  x^  of  the  divisor,  and  get  Sa?  for  the  reBult, 
which  we  put  to  the  right  of  the  dividend  (with  a  curved- 
line  between  it  and  the  dividend)  for  the  first  term  of  the 
quotient.  Multiplying  the  divisor  by  Soj*,  we  get  5a?  —  5a? 
for  the  product,  which  we  put  under  5a?  —  3a?j  the  corre- 
sponding terms  of  the  dividend,  and  then  subtracting  5a?  — 
5a?  from  5a?  —  3a?,  we  get  2a?  for  the  remainder,  to  which, 
bringing  down  the  next  successive  term,  -f  7a?,  of  the  given 
dividend,  we  get  2a?  +  7a?  for  the  first  new  dividend. 

We  now  divide  2a?y  the  first  term  of  the  first  new  divi- 
dend, by  the  firet  term,  a?,  of  the  divisor,  and  get  +  2x  for 
the  result,  which  we  put  for  the  second  term  of  the  quo- 
tient. Multiplying  the  divisor  by  the  second  term,  2a?,  of 
the  quotient,  we  get  2a?  —  2aj,  which,  being  written  under 
the  first  new  dividend  and  subti'acted  from  it,  gives  dx  for 
the  remainder,  to  which,  bringing  down  the  remaining 
term,  —  9,  of  the  given  dividend,  we  get  9a?  —  9  for  the 
second  new  dividend. 

Dividing  9a?,  the  first  term  of  the  second  new  dividend, 
by  a?,  the  first  term  of  the  divisor,  we  get  9  for  the  result, 
which  is  the  third  term  of  the  quotient.  Multiplying  the 
divisor  by  9,  we  get  9a?  —  9,  which,  being  put  under  the 
second  new  dividend  and  subtracted,  gives  0  for  the  re- 
mainder; consequently,  since  all  the  terms  of  the  given 
dividend  have  been  brought  down,  and  since  the  last  re- 
mainder equals  0,  the  division  is  exact. 

We  shall  now  put  the  divisor  to  the  right  of  the  dividend, 
and  divide  the  last  term  of  the  dividend  by  the  last  term  of 
the  divisor,  and  so  on  for  the  successive  dividends ;  that  is, 
we  shall  proceed  with  the  division  from  right  to  left,  as  in 
the  following  scheme : 


5af-3a?+7x-9 

a?  —  1  =  the  divisor. 

9iB  — 9 

6a!»  4-  2»  +  9  =  the  qaotient 

Ist  newdiv.  =  —  3a)*  —  2a> 
+  ^  —  2x 

2d  do.  =  5a^-5a? 
5a;' -Sa;* 

0  +  0  =  naught  =  the  last  remainder. 

We  see  that  the  results  are  the  same  as  by  the  preceding 
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method ;  we  also  see  that  it  would  have  been  more  conye- 
Bient  to  have  arranged  the  dividend  and  divisor  according 
to  the  ascending  powers  of  x^  and  to  have  proceeded,  as  in 
the  first  method,  from  left  to  right  in  the  division. 

•    Ex.  2.— To  divide  63aj*a^  —  61^a^  +  6xa*  —  84a*  +  Q^a  + 
86a^  by  —  llwa  +  9a?  +  12a'. 

Arranging  the  divisor  and  dividend  according  to  the 
descending  powers  of  os,  or  the  ascending  powers  of  a,  we 
have  the  following  process : 
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Ex.  8,— To  divide  aV  —  JV  +  SJ^b*  —  2ada?  +  aex--hex 
--<?»  +  cPx-^  oe  —  dehj  ax  —  hx-^-  c  —  d. 

It  is  easy  to  see  that  a'  —  J^  is  the  coefficient  of  a^,  2hc  — 
2a{2  that  of  aj^,  and  ae  —  he--<?  +  d^  that  of  x  in  the  divi- 
dend ;  so  that  the  dividend  can  be  put  in  the  form  {c?  —  V) 
of  +  (2&(j  —  2dkZ)a?  +  {ae  -^he  —  o*  4*  d^)x  +  ce^-de^  and  ia* 
a  similar  way  we  may  put  the  divisor  in  the  form  {a  —  ft)* 
+  c  —  d. 

In  the  division  we  shall  (for  simplicity),  according  to  15 
of  the  Definitions,  use  the  vertical  bar  for  the  parenthesis. 
Hence,  arranging  the  divisor  and  dividend  according  to  the 
descending  powers  of  x^  and  putting  the  divisor  to  the  left 
of  the  dividend,  we  get  the  following  process : 


Divisor. 


Dividend. 


Quotient 


»+ 


x+e 


(0=:tlie  Ist  new  dividend. 


ae\  oe    ^y    r^^t         •.. 

ae\  ce 


^he^-^^de 

0  +  0  =  naught 

=  the  last  remainder,  and  the  division  is  exact 
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BapUmaUon, — ^Having  separated  the  dividend  from  the 
divisor  and  quotient  by  the  long  vertical  lines,  we  divide  the 

first  term  ^uW  of  the  dividend,  by  the  first  term  _  jh»  of 


which,  multiplied  by  the  divisor,  gives 


the  divisor,  and  get    ,  j  aj*  for  the  first  term  of  the  quotient, 

ac 

^  ^ ad  Q?  tor 

+  lc 
-hd 

the  product,  which,  subtracted  from  _  mU*  "^  4-  2S    n*  ^^ 

—  ac 

corresponding  terms  of  the  dividend,  gives   ,  ,     a?  for  tha 

fijist  remainder,  to  which,  bringing  down  the  next  term 
ae 


X  of  the  dividend,  we  get  the  first  new  dividend. 


Dividing  the  first  term  of  the  first  new  dividend  by  the 
first  term  of  the  divisor,  we  get  +  _^h»  for  the  second 

term  of  the  quotient,  which,  multiplied  by  the  divisor,  gives 
—  ac 


the  product   ,  j^ 

+  hd 


^  + 


-<? 


ae\ 


Xy  which,  subtracted  from  the 


first  new  dividend,  gives  __  j^  [ «  for  the  remainder,  to  which, 

bringing  down  _  ,    the  next  and  last  term  of  the  given 

dividend,  we  get  the  second  new  dividend,  with  which  we 
proceed  in  the  same  way  as  before  to  get  the  third  term  of 
the  quotient,  and  so  on,  until  the  work  is  finished. 

"We  have  given  this  question  for  the  purpose  of  showing 
the  use  of  the  vertical  bar,  and  its  superiority  over  the  paren- 
thesis, when  the  coefficients  of  the  different  powers  of  the 
letter  (according  to  which  the  divisor  and  dividend  are  ar- 
ranged) are  literal  and  composed  of  many  terms. 
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Ex.  4.— To  divide  aaf^  +  adaf^y^  +  IdoTy^  +  JjrSfl?"  — 
{^af  —  cdi^  by  aj^  +  chf^. 

Here,  by  using  the  vertical  bar,  and  arranging  the  divisor 
and  dividend  according  to  the  descending  powers  of  x^  and 
putting  the  divisor  to  the  left  of  the  dividend,  we  have  the 
following  scheme. 


iKf+d'!raa?^+  ^ajV*+  ^^xf^-odi^'^ 


—  d    * 


oo?*  4- 5«"y^— c^ 


baf^y^+  ^  af^  =  the  Ist  new  dividend. 

^csd^^—odjif^  =  the  2d  new  diVicL 

0  +  0 

=  naught  =  the  last  remainder,  and  the  quotient  is  exact. 
Eacplanation. — Having  put  the  dividend  within  braces,  to 
separate  it  from  the  divisor  and  quotient,  we  divide  the  first 
term,  aaj^,  of  the  dividend  by  the  first  term,  aj^,  of  the  divisor, 
which  is  done  by  subtracting  the  exponent  n  in  the  divisor 
from  the  exponent  Zn  in  the  dividend,  which  gives  2n  for  the 
exponent  of  x  in  the  quotient,  and  we  of  course  have  aa?^  for 
the  first  term  of  the  sought  quotient,  which,  jofiultiplied  by 
the  divisor,  gives  oixf^  +  adaf^jf^  for  the  product,  which,  sub- 

a?^y~,  the  corresponding  terms  of 


tracted  from  aaf^  +      , 
4"  0 


the  dividend,  gives  Ja^y^  for  the  remainder,  to  which,  bring- 
ing down  the  next  term,  af^y*",  of  the  dividend,  we  get 

the  first  new  dividend.  Then  dividing  the  first  term,  ftaj^y^, 
of  the  first  new  dividend  by  the  first  term,  of,  of  the  divisor, 
we  get  &r"y**  for  the  second  term  of  the  quotient,  which, 
multiplied  by  the  divisor,  and  the  product  subtracted  from 
the  first  new  dividend,  gives  —  eaf y*~  for  the  remainder,  to 
which,  bringing  down  the  remaining  term,  —  orfy***,  of  the 
given  dividend,  we  get  the  second  new  dividend.  Then  divid- 
ing the  first  term  of  the  second  new  dividend  by  the  first  term 
of  the  divisor,  we  get  —  af^  for  the  third  and  last  term  of 
the  quotient,  which  multiplied  by  the  divisor,  and  the  pro* 
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duct  subtracted  from  the  second  new  dividend,  nothing  re- 
mains^ and  the  work  is  completed. 

Ex.'  5.— To  divide  216c^¥x^y''^  —  96a*&B*"jr  —  216ayaj»y*~ 
+  816V"  +  IStfV"*  by  2aaf  —  Shy"^. 

Arranging  the  dividend  and  divisor  according  to  the  de- 
scending powers  oiyy  and  putting  the  divisor  to  the  right  of 
the  dividend,  we  have  the  following  work. 

+ 
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Ex.  6. — ^To  divide  a"^  — S^^.by  J  —  «,  supposing  n  to  de- 
note any  positive  whole  number,  and  that  a"**  is  taken  for 
the  first  term  of  the  dividend,  and  J  for  that  of  the  divisor. 

In  performing  this  division,  it  will  be  convenient  to  write 
the  divisor  in  the  form  J+^  —  «,  observing  that  for  i+^  —  a 
we  take  J"^,  and  multiply  the  first  term  of  any  dividend  by 
it,  to  get. the  corresponding  term  of  the  quotient,  and  then 
the  term  of  the  quotient  is  to  be  multiplied  by  J+^  *—  a  = 
5  —  a,  and  the  product  subtracted  from  the  dividend,  in 
order  to  get  the  corresponding  remainder;  for  from  what 
has  before  been  shown,  to  divide  any  quantity  by  ft  is  the 
same  thing  ds  to  multiply  it  by  h"^.  Hence,  we  shall  have 
the  following  process. 


+  a~^ J*"",  making  n  terms. 


^_„+ij_i  __  -j^g^  j^^^  dividend. 


^-n+ij-i  __  2(i  new  dividend. 


etc.,  continued  to 


^-n+8j-8  __  3^  newdiv. 


==  naught,  and  the  division  is  exact. 


0     +     0 


Exiplcmation. — ^The  first  teryn  of  the  quotient,  a^*^"*,  is 
found  by  multiplying  the  first  term,  a"**,  of  the  dividend  by 
&"\  then  the  product  of  the  first  term  of  the  quotient  and 
the  divisor,  J  —  a,  is  a-**J-***  —  a-'^+^J-^  =  a"*J°—  a-»+*6~i 
=  a-^  —  a-'*+'J-^  (since  J®  =  1) ;  and  subtracting  this  pro- 
duct from  the  dividend,  we  get  a"'**^J-^  for  the  first  new 
dividend :  observing  that  we  da  not  bring  down  the  term 
—  J"""  of  the  given  dividend  until  we  arrive  at  the  {n  —  1)** 
new  dividend,  since  it  is  not  needed  before.  Multiplying 
the  first  new  dividend  by  5~\  we  get  a""'*'*'^J"*  for  the  second 
term  of  the  quotient,  which,  multiplied  by  the  divisor,  ft  —  o^ 
gives  a""+*ft-^  —  a~"+*J-*,  which,  subtracted  from  the  first 


BIVI8I0N.  77 

new  dividend,  the  remainder  ie  the  second  new  dividend. 
From  the  second  new  dividend  we  get  the  third  term  of  the 
quotient,  as  hefore,  and  so  on  nntil  we  arrive  at  the  (  n  —  1)** 
new  dividend,  a'^ft""**"*  —  J"",  whose  first  term,  a"'*J"***, 
multiplied  by  ft~S  gives  a~^ft""  for  the  n**  term  of  the  quo- 
tient, which,  multiplied  by  the  divisor,  gives  a'^b"^*^  —  ft""", 
which,  subtracted  from  a^^h"^'*'^  —  ft"",  nothing  remains;  and 
the  division  is  exact. 

BEMARKS. 

Since  the  dividend  must  equal  the  product  of  the  quotient 
and  divisor,  we  shall  have  the  equation  a~*  —  ft"""  =  (»•*"&"* 

+  a-"*^*-*  +  <J-"+*ft"*  + +  a-/ft-")  (ft  —  a) ;  and  since 

a~*  —  ft~"  is  less  than  a"*  by  the  value  of  ft~",  if  we  add  ft~" 
to  the  value  of  a~"  —  ft"",  we  shall  get  a~"  =  ft"""  +  (a~"ft~^  + 
a~*"*"*ft~*  +  etc.)  (ft  — a);  and  if  we  put  a  — ft  =  A,  orft  — a  = 

—  A,  we  have  a  =  ft  +  A,  so  that  by  putting  ft  +  A  for  er,  and 

—  A  for  ft  —  a  in  the  last  equation,  it  becomes  (ft  +  A)~"  = 
j-»  _  [j-i(5  +  A)-"  +  ft-»(ft  +  A)-<"-^>  +  h-\b  +  A)-("-«>  + 
+  ft-"(ft  +  A)-^  X  A,(A). 

It  appears  from  (A)  that  (ft  +  A)""  is  composed  of  ft~", 
which  is  independent  of  A,  and  of  the  quantity  within  the 
braces  which  is  multiplied  by  A,  so  that  we  shall  have 
ft-^ft  4-  A)-"  =  ft-^ft-"  —  terms  that  depend  on  A,  =  ft-<"+«  — 
terms  that  depend  on  Ay  and  if  we  put  (n  —  1)  for  ti  in  (A), 
we  shall  get  in  the  same  way  ft***(ft  +  X)"^""*^  =  ft"<"+^5  — 
terms  that  depend  on  A/  and  in  like  manner  ft'^ft  +  A)"^""*'^ 
==  ft-<'«+*>  —  terras  that  depend  on  A,  and  so  on. 

Hence,  ft-^ft  +  A)""  +  ft^ft  +  A)-^"-^>  + +  ft-^ft  + 

A)~*,  which  is  the  quantity  within  the  braces  in  (A),  is  equal 
to  ft-C'+w  +  ft-(«+i)  +  j-(n+i)  +  etc.,  to  n  terms,  —  terms  that 
depend  on  A,  =  nft"^"+*^  —  terms  that  depend  on  A;  and  if 
we  multiply  by  A,  then  the  quantity  within  the  braces  in 
(A),  when  multiplied  by  A,  will  be  expressed  bynft"^"+*^A— 
terms  tliat  depend  on  A,  and  putting  this  for  the  part  of  the 
right-member  of  (A)  that  is  multiplied  by  A,  (A)  becomes 
(ft  +  A)"""  =  ft""  —  7ift~^"+*^A  +  terms  that  depend  on  powere 
of  A  higher  than  the  first  power,  (B). 

Where  it  is  to  be  observed  that  (ft  4-  A)""  denotes  that  the 
binomial  ft  +  A  is  to  be  raised  to  the  power  whose  exponent 
ia  denoted  by  the  negative  integer  —  n;  and  we  see  by  (B) 
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if  the  terms  of  the  expansion  of  the  power  are  arranged 
according  to  the  ascending  powers  of  A,  that  the  two  first 
terms  of  the  expansion  will  be  J""**  —  nJ"'^'*"*'^^A. 

We  have  shown  in  Multiplication  that  we  shall  have 
(ft  +  A)'*  =  J**  4-  rJf^h  +  etc.,  and  it  is  easy  to  see,  if  we  put 
^niorn  in  this  equation,  that  its  first  two  terms  will  agree 
with  those  of  (B), 

QUESTIONS  FOB  EXEBOISB. 

1.  Divide  c?  -{  V  hj  d^  —  ab  +  V.  Ana.  a  +  !>. 

2.  Divide  j59a»  -  58a  -f  90aJ»  -  AQaf  +  18aJ*  +  10  by  4aj  — 
5  -f  6aj*.  Ans.  16«»—  7aj»  +  9i»  —  2. 

3.  Divide  Soft*  —  3a*J  —  ft«  +  a"  by  —  2ai  +  a*  +  y. 

Ans,  a  —  b, 

4.  Divide  aiba^y  —  aJajy*  +aV  —  Vy^  by  —  h^^  +  ««^. 

Ana.  ax  +  hy. 

5.  Divide  a«  +  12aa?  —  6a*a?  —  8a5»  by  65  —  2a?. 

^?w.  a*  —  4aa?  +  4a^. 

6.  Divide  27a»  ^  8J*  by  3i»  -  2J», 

^7W.  9a*  +  ea'J*  +  4i«, 

7.  Divide  a«"  —  9a'^J'"  +  ^a^  —  12a'''J'«  —  lOa^h^  -h 
18tf*"ft^  +  15a^i**  by  a^  +  2  —  Za^JT. 

Ans.  a^  —  ^cMr  —  hcf^V^. 

8.  Dividel-^-^  +  ^-^byl-.?  +  -- 

3       30  ^  30      10    -^         3^5 

Ana.  1  —  a?  —  — . 
2 

9.  Divide  Za^  +  a  +  4^-^  +  2^"*  —  9a-«  -  7a-*  +  6a-* 
by  3a  —  2a"*  +  1.  Ana.  a  +  2a-'  —  3a-*. 

In  this  question  the  dividend  is  arranged  according  to  the 
descending  powers  of  a,  because  the  exponents  decrease  by 
subtraction. 

10.  Divide  of  -  ^f  +  3ar^y*  -  y«  by  aj»  +  3aj'y  +  Sajj^  -t- 
y».  Ana.  Q?  —  3aj*y  +  3a?j^  —  y*. 

11.  Divide  6aj*  -  12»»  +  27a^  +  20aj  -  10aj»  —  45  by 
3a^  —  5.  J.n«.  20*  —  4fl5  +  9. 

12.  Divide  81a*  —  16J*  by  3a  -  2J. 

Ana.  27a^  +  18a«J  +  12aft*  +^8J^. 
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18.  Divide  12a?*- 33aj»  +  26»-  ll-8a?  by  3aj»  +  l-2aj, 

Ans.  4a?  — 11. 

14.  Divide  a?  —  5aaj  +  4a*  by  a?  —  a,  and  a^  —  ^cf  +  12a* 

—  7a  +  1  by  a*  —  2a  +  1.       Ans.  a?  —  4a,  and  a*  —  5a  +  1. 

15.  Divide  Ga'a?*  —  ISaiaj*  +  5iV  +  3a^»*  +  2a«B*  —  Icof 

—  SJAaj*  —  2ada?  +  W«*  —  7 Ja?  +  A<»  +  14aaj  —  A<2a?  +  7A  by 
8aa?  —  5Jaj*  —  rfa?  +  op  +  7.  ^n*.  (2a  —  J)aj  +  A. 

In  doing  this  question,  it  will  be  proper  to  use  the  vertical 
bar,  after  the  manner  that  has  been  explained  in  the  third  of 
the  preceding  examples,  which  has  been  worked  out 

RULE    ri. 

1.  Arrange  the  divisor  wnd  dividend  according  to  the  dir 
meneions  of  a  cwrvmon  letter^  as  in  Rule  L  /  then  change  the 
eign  of  each  term  of  the  divisor. 

2.  To  get  the  term  of  the  quotient  that  corresponds  to  any 
dividend^  divide  the  frst  term  of  the  dividend  by  the  frst 
term  of  the  divisor^  considering  its  sign  as  unchanged^  as  in 
JSule  L  /  th^i  multiply  the  divisor  with  its  sign  changed  hy 
the  quotient-term^  amd  add  the  product  to  the  dividend. 

3.  To  the  sum  thus  found  hring  daum  as  mAmy  of  the  next 
successive  terms  of  the  given  dividend  as  Tnay  he  necessary  to 
form  a  new  dividend^  and  then  proceed  as  before  ;  and  so 
an,  until  all  the  terms  of  the  given  dividend  have  been  brought 
dawn,  as  in  Mule  L 

The  reason  of  this  rule  is  evident,  from  the  consideration 
that  Division  is  the  reverse  of  Multiplication ;  and  it  clearly 
amounts  to  the  same  thing  as  Bule  I. 

We  will  now  give  a  few  examples  for  the  purpose  of  illus- 
trating the  rule.  ^ 

Ex.  1.— To  divide  5aj>  —  8aj»  +  7»  —  9  by  a?  —  1. 
Changing  the  signs  of  the  terms  of  the  divisor,  it  becomes 

—  a?  +  I5  and  since  the  sign  of  a?  is  to  be  regarded  as  -h  in* 
finding  the  terms  of  the  quotient,  we  may,  for  —  a?  +  1,  write 
i  a;  -H  1 ;  obfeerving*  that  in  finding  the  terms  of  the  quotient 
fre  must  for  ±  use  +,  and  when  we  multiply  tie  divisor  by 
any  quotient-term,  we  must  for  ±  use  — . 
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Hence  we  shall  divide  as  in  the  following  scheme. 

±  oj  +  1 1     Saj*  —  3a?  +  7aJ  —  9 1 5a?»  +  2»  +  9 
«.6a^  +  5a?  

2a?  +  7aj  =  1st  new  dividend. 

—  2a?  +  2aj 

9aj  —  9  =  2d  new  dividend. 
—  9a? +  9 


0  +  0 


=  naught,  and  the  division  is  exact. 

This  example  is  the  first  that  we  worked  by  Rule  L,  and 
we  see  that  the  result  is  the  same  as  «there  found ;  and  the 
process  is  so  evident  that  it  needs  no  explanation. 

Ex.  2.— To  divide  2a?  —  11a?  +  25a?  -  42a?  +  41a?  -  15  by 
2a?  —  3a?  +  7a?  —  5. 

Changing  the  signs  of  the  terms  of  the  divisor,  etc.,  it  be* 
comes  ±  2a?  +  3a?  —  7a?  +  6 ;  then  using  +  for  ±  in  finding 
the  terms  of  the  quotient,  and  —  for  ±  when  the  divisor  is 
to  be  multiplied  by  any  term  of  the  quotient,  we  have  the 
following  solution. 

j=2a?+3a?-7a?+5|2ig^-lla?+25a?-~42a?+41a?-15[a?-4a?+3 
-2a?+  3a?—  7a?+  5a? 

—  8a?+18a?-37a?+41a?  =  Istnew  div. 
+  8a?-12a?+28a?-20a? 

Qm?"  9a?-f21a?-15  =  2d« 
—  6a?+  9a?-21a?+15 


0  +  0    +0  +  0 
=  naught,  and  the  division  is  exact. 

Ex.  3.— To  divide  63a»  —  Z^b  +  77a?J»  —  69a«J"  +  19aJ* 
^-llJ^by  9a»  +  3a5+im 

Changing  the  signs  of  the  terms  of  the  divisor,  etc.,  it  be- 
comes ±  9a'  —  Zab  —  11  J',  which  being  placed  to  the  right 
of  the  dividend,  and  the  quotient  beneath  it,  we  shall  have 
the  following  process. 
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7af  +  21a?*-  26«»-.  a?  -  7a?  +  20  by 


Ex.  4.— To  divide 

—  aj»  +  3aj  — 4. 

Changing  the  Bigne  of  the  terms  of  the  divisor,  etc.,  it 
becomes  T  «*  —  3»  +  4,  then  observing  that  for  qp  we  must 
use  —  in  finding  the  terms  of  the  quotient,  and  +  when  the 
divisor  is  multiplied  by  any  quotient-term ;  and  placing  the 
divisor  to  the  right  of  the  dividend,  we  have  the  following : 

—  7a3^  +  21a?*-26aJ«- 
7a?»  -  21aj*  +  28a?» 


—   2aj*  +  6aj*  — 


7x  +  20   T  a^  —  3a?  +  4 

7a?»  —  2aj  —  5 

7aj  =  let  new  dividend. 
8a? 


5a?»  —  15a?  +  20  =  2d  new  dividend. 
5a^  +  15a?  — 20 

0+0     +0 
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EXAKPLEB  FOR  EXERCISE. 

1.  Divide  a?»  +  8aj»  +  3aJ  +  1  by  »  +  1. 

Ane.  a?  +  2aj  +  1. 

2.  Divide  a?*  —  32  by  a?  —  2. 

Ans.  a?*  +  2aj'  +  4aj*  +  8aj  +  16. 
8.  Divide  8a*  -  ISa^V  +  14J*  by  3a«  ^  7&». 

J.n*.  a'  — ay. 

4.  Divide  a^  +  a'a?  —  aa?  —  a?*  by  a'  4-  2(K»  +35*. 

-47W.  a  —  aj. 
6.  Divide  7a5^  +  56  by  a?  +  2.  J.n«.  7aj*  —  14aj  +  28. 

6.  Divide  a*  +  ^rf^J  +  6a^V  +  40^  +  i*  by  a*  +  2ai  -f-  i^. 

^Tw.  a*  +  2aS  +  J*. 

7.  Divide  1  +  a?  —  aj*  —  a?*  by  1  —  a?*. 

^rw.  l  +  a^  +  aj'  +  aj'  +  a^. 

8.  Divide  a?*  —  55a?  —  SOx  +  604  by  aj*  — lOaj  +  21. 

-4fw.  a?  +  10a?  +  24. 

9.  Divide  a*  +  aW  +  J*  by  a*  —  oJ  +  i*. 

^rw.  a^  +  «&  -h  J". 

10.  Divide  12a*  -  21a*J  -  26a^V  +  30a5«  +  25J*  by  4a»  — 

(7.)  It  is  clear  from  what  was  shown  in  the  preliminary 
remarks  on  Division,  that  if  we  divide  any  divisor  and  ite 
corresponding  dividend  by  the  same  quautity,  and  then  use 
the  quotients  thus  obtained  for  a  new  divisor  and  dividend, 
the  same  quotient  will  result  from  the  new  divisor  and  divi- 
dend as  from  the  given  divisor  and  dividend. 

Hence,  having  arranged  the  divisor  and  dividend  as  in 
Eule  I.,  if  we  divide  each  term  of  the  divisor  and  dividend 
by  the  first  term  of  the  divisor,  we  may  take  the  results  thus 
obtained  for  the  new  divisor  and  dividend ;  and  it  is  easy  to 
see  that  the  first  term  of  the  new  divisor  is  always  1 ;  and 
the  first  term  of  the  new  dividend  will  be  the  first  term  of 
the  quotient. 

We  may  divide  the  new  dividend  by  the  new  divisor, 
either  by  Rule  I.  or  Eule  H. ;  but  it  will  be  better  to  pro- 
ceed as  in  the  following  rule,  which  is  a  modification  of 
BulelL 
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BULB     III. 

1.  Bamng  a/rrcmged  the  terms  of  the  dimsor  and  dimdendj 
as  in  RvZe  /.,  divide  each  term  of  the  divisor  and  dividend 
hy  the  first  term  of  the  divisor ^  a/nd  call  the  resuUs  the  new 
divisor  and  dividend. 

^2.  Change  the  signs  of  aU  the  terms  of  the  new  dimsoTj 
except  that  of  the  first  term^  which  is  1,  ami  call  the  resvlt 
the  changed  divisor. 

3.  MvUiply  aJl  the  terms  of  the  changed  divisor  except  the 
first  term,  hy  thefi/rst  term  of  the  new  dividend;  and  put  the 
products  successively  under  the  corresponding  terms  of  the 
new  dividend ;  then  the  sum  of  the  resuUs  in  the  column  thai 
immediately  follows  the  first  term  of  the  new  dividend  wiU 
he  the  second  term  of  the  qiLotient. 

4.  Multiply  the  same  terms  of  the  cha/nged  divisor  {as 
hefore)  hy  the  second  term,  of  the  quotient^  and  put  the  pro- 
ducts successively  under  the  corresponding  terms  of  the  new 
dividend  and  tlie  preceding  products ;  then  the  sum  of  the 
results  in  the  colitmn  that  immediately  follows  the  second 
term  of  thi  quotient  wiU  he  the  third  term  qf  the  quotient. 

5.  Then  proceed  in  the  sam^  way  as  hefore  with  the  third 
term  of  the  quotient  and  the  sc^me  terms  of  the  cha/nged  dim- 
eor  to  get  the  fawrth  term  of  the  quotient^  and  so  on. 

We  will  now  give  some  examples  for  the  purpose  of  illus- 
trating  the  rule. 

Ex.  1.— To  divide  aj'H-2a?  +  lbyaj  +  l. 

Here,  supposing  the  divisor  and  dividend  to  be  arranged 
according  to  the  descending  powers  of  »,  we  must  divide 
the  divisor  and  dividend  by  a?,  or  which  is  the  same,  we 
must  multiply  each  of  their  terms  by  oj"^,  and  we  shall  have 
(aj  +  l)a?""*  =  1  +  a?-^  =  the  new  divisor,  and  (a?  +  2a?  +  1) 
flr*^  =raj  +  2  +  a?~*  =  the  new  dividend ;  and  changing  the 
Bign  of  the  second  term  in  the  divisor,  we  have  1  —  or^  for 
the  changed  divisor. 
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Hence,  by  the  rule,  we  have  the  following  proceas. 

1  —  fl?-M  a?  +  2  +  a?-* 
-1 


X     +     1 


=  the  sought  quotient. 

Ex.  2.— To  divide  —  7a*  +  21a^  -  26aj*  -  aj«  _  7^,  ^20  b^ 
—  aj*  +  3a?  —  4. 

Here,  in  order  to  divide  the  dividend  and  divisor  by  —  a?, 
the  first  term  of  the  divisor,  we  may  multiply  each  of  their 
terms  by  —  x-\  and  we  get  7ixf  —  21a?  +  26aj  +  1  +  Ta?-^  — 
20a?-^  =  the  new  dividend,  and  1  —  3a?"^  +  4fl?-*  =  the  new 
divisor,  and  changing  the  signs  of  all  the  terms  of  the  new 
divisor,  except  that  of  1,  the  first  term,  we  have  1  +  3ar^  — 
4aj~^  =  the  changed  divisor. 

Hence,  by  the  rule,  we  must  proceed  as  follows. 

l4-3aj-^  — 4aj- 


7a)»- 

-  21  ai^  +  26a>  +  1  +  Yar'  -  20ar« 
21a!»-28a> 

0  +  0 
-6+    Bar* 

-  16ar-»  +  20ar» 

7a?  +  0-2x-5  =  1af- 

-2a!- 

-5 

=  the  quotient,  as  required ;  which  agrees  with  the  answer 
to  the  same  question  as  found  in  Ex.  4  under  Rule  H. 

Explanation, — ^If  we  divide  tlie  first  term,  W^  of  the  new 
dividend  by  1,  the  first  term  of  the  changed  divisor,  we  shall 
have,  as  in  Rule  H.,  7q?  for  the  first  term  of  the  quotient, 
which,  multiplied  by  all  the  terms  of  the  changed  divisor, 
except  the  first  term  1,  gives  the  product  (32?""^  —  4aj~*)  x 
7aJ^  =  21aj*  —  28a',  which  is  placed  under  tlie  corresponding 
terms  of  the  new  dividend. 

Then,  by  adding  —  213?*  and  21a?,  which  are  the  terms  in 
the  column  that  immediately  follows  the  first  term  of  the 
quotient,  we  get  0  for  the  sum;  consequently,  the  second 
term  of  the  quotient  =  0,  which,  multiplied  by  the  same 
terms  of  the  changed  divisor,  gives  0  for  each  product,  which 
we  put  down  in  the  scheme  merely  for  the  sake  of  uniform- 
ity.   To  get  the  third  term  of  the  quotient,  we  add  the  quan- 
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titles  which  Btand  in  the  third  vertical  column,  and  get  26x 

—  2Sx  =  —  2aj,  =  the  third  term   of  the  quotient,  since 

—  2a!,  divided  by  1,  the  first  term  of  the  divisor,  is  —  2a7; 
'  and  the  product  of  —  2^;  and  the  same  terms  of  the  changed 

divisor  as  before  is  (3a?-^  —  4a?~*)  x  —  2aj  =  6  +  Sx-\  which 
is  put  under  the  corresponding  terms  of  the  new  dividend, 
then  the  sum  of  the  quantities  in  the  fourth  vertical  column 
ifll--6  =  —  6  =  the  fourth  term  of  the  quotient  And,  as 
before,  we  get  {Sx"^  —  4a?-')  x  —  6  =  —  16a?-^  +  20ar^ 
which,  being  put  under  the  corresponding  terms  of  the  new 
dividend  and  the  preceding  products,  the  sums  of  the  quan- 
tities in  each  of  the  vertical  columns  destroy  each  other,  and 
the  new  dividend  is  exhausted ;  and  of  course  the  division  is 
exact,  anjd  the  sought  quotient  is  Taj*  —  2»  —  6. 

It  is  easy  to  see  that  it  is  useless  to  divide  by  1,  the  first 
term  of  the  changed  divisor,  since  any  quantity  is  the  same 
after  it  is  divided  by  1  as  before ;  consequently,  the  quotient- 
terms  will  be  found  as  stated  in  the  rule  in  all  cases.  It  is 
also  easy  to  see  that  Rule  HI.  is  substantially  the  same  as 
Kule  II.,  when  applied  to  the  new  divisor  and  dividend, 
when  we  reject  the  first  term,  1,  of  the  changed  divisor, 
which  is  clearly  allowable. 

Ex.  3.— To  divide  15^- 6a^ft- 17a'J^  +  86t&»-4&*  by 
8a?-4&». 

The  terms  of  the  dividend  and  divisor  are  divided  by  the 
first  term,  3a',  of  the  divisor,  by  multiplying  them  by  3"^a"' 
and  we  shall  have  6a'  —  2a5  —  17  x  3-^J'  +  8  x  3-*a-^J*  — 
4  x  3"^a-'J*  and  1  —  4  x  S-^a-'J'  for  the  new  dividend  and 
divisor ;  and  changing  the  sign  of  the  second  term  of  the  new 
divisor,  we  have  1  +  4  x  S-^a-^V  for  the  changed  divisor. 
Hence,  by  the  rule,  we  must  proceed  as  follows. 

H-4x  3-*     5a'~2aJ-17x3-^J'+8x3-^a-^&»-4x3-^a-2J< 
'-'i"  20  X  3-^J'-8  X  3-*a-^&'+4  x  S-'a^'b^ 


a 


&a^—2ab+l^  =  the  exact  quotient. 
For  exercise,  we  shall  refer  to  the  examples  under  Bules 
L  and  11. 

(8.)  DIVISION  BY  DETACHED   COEFFICIENTS. 

If  we  arrange  the  divisor  and  dividend  in  the  same  way, 
according  to  the  successive  powers  of  some  letter  (or  letters) 
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common  to  both  of  them,  and  supply  any  terms  that  may 
be  wanting  either  in  the  divisor  or  dividend  (to  make  the 
exponents  of  any  common  letter  decrease  or  increase  by  the 
same  constant  dilSerence  as  we  pass  from  any  term  in  either  ' 
of  them  to  the  next  successive  term)  by  terms  whose 
coefficients  are  0,  then  if  we  omit  tiie  common  letter 
(or  letters)  and  use  only  the  coefficients  thus  arranged, 
with  the  signs  of  the  terms  to  which  they  belong  in  the 
division,  we  shall  have  what  is  called  Dvoidon  by  detached 
coejioients. 

Having  obtained  the  coefficients  in  the  quotients,  either 
by  Rule  L  or  Bole  11.,  we  can  easily  supply  the  cor- 
responding powers  of  the  omitted  letter  or  letters;  for 
if  we  divide  the  power  of  any  omitted  letter  in  the  first 
term  of  the  arranged  dividend  by  the  power  of  the 
same  omitted  letter  in  the  first  term  of  the  arranged  divi- 
sor, we  have  the  power  of  the  letter  in  the  first  term  of  the 
quotient 

The  powers  of  any  omitted  letter  in  the  following  terms 
of  the  quotient  may  be  supplied  from  the  consideration  that 
the  powers  of  any  omitted  letter  must  follow  the  same  law 
of  increase  or  decrease  in  the  terms  of  the  quotient  as  in  the 
terms  of  the  arranged  divisor  and  dividend. 

If  we  prefix  the  coefficients  in  the  quotient  with  their 
proper  signs  to  the  powers  of  the  omitted  letter  (or  letters) 
that  correspond  to  th^m,  omitting  those  terms  whose  coeffi- 
cients are  0,  we  shall  have  the  quotient,  as  required. 

It  is  easy  to  see  that  the  method  of  detached  coefficients  is 
nothing  more  than  a  simplification  of  Eules  I.  and  11.,  the 
division  being  conducted  in  the  same  way,  without  putting 
down  the  powers  of  the  common  letter  or  letters  according 
to  which  the  divisor  and  dividend  have  been  arranged,  leav- 
ing the  powers  of  the  neglected  letter  or  letters  to  be  sup- 
plied in  the  quotient. 

(9.)  There  is  a  very  simple  method  of  Division  by  de- 
tached coefficients,  which  is  called  Synthetic  Division,  that 
appears  to  have  been  first  discovered  by  W.  G.  Horner, 
Esq.,  of  Bath,  England.  On  account  of  its  great  importance 
in  the  solution  of  the  higher  equations,  we  shall  now  pro- 
ceed to  give  it  particular  notice. 
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koSNEfi's  STinHBTIO  DIVIBION. 

1.  Having  arranged  the  terms  of  the  divisor  and  dividend 
as  in  the  method  of  detached  coefficients,  we  divide  each 
coefficient  in  the  divisor  and  dividend  by  the  first  coefficient 
in  the  divisor,  and  use  the  results  as  the  detached  coefficients 
in  the  divisor  and  dividend. 

2.  Then  we  divide  the  snm  of  the  coefficients  in  the 
'dividend  by  the  snm  of  the  coefficients  in  the  divisor,  as  in 
Kale  m.,  and  we  shall  have  the  snm  of  the  coefficients  in 
the  quotient;  and  by  prefixing  Ithe  coefficients  in  the  quo- 
tient to  the  corresponding  powers  of  the  omitted  letter  or 
letters,  we  shall  have  the  quotient  of  the  given  dividend  aad 
divisor,  as  required. 

We  will  now  illustrate  the  method  by  a  few  examples. 

Ex.  1.— To  divide  8aj»  —  81  by  Sx  —  9. 

Here,  by  dividing  the  coefficients  in  the  dividend  and 
divisor  by  3,  the  first  coefficient  in  the  divisor,  they  become 
a^  —  27  and  a?  —  3  ;  then,  since  a?  and  x^  are  wanting  to  the 
dividend,  we  supply  the  deficient  terms  by  0 .  05*,  0 .  a?,  and  the 
dividend  becomes  cfi  +  0 .a?  +  0 .x  —  27 ;  and  detaching  the 
coefficients,  we  have  1  +  0  +  0  —  27  for  the  detached  coeffi- 
cients in  the  dividend,  and  the  detached  coefficients  in  the 
divisor  are  1  —  8 ;  and  we  have  to  divide  1+0  +  0  —  27 
by  1  —  3,  by  Rule  HI.  According  to  the  rule,  we  must 
change  the  sign  of  the  second  term,  —  3,  in  the  divisor,  and 
we  shall  have  1  +  3  for  the  divisor.  Hence,  by  Eule  HL, 
we  must  proceed  as  follows. 


1  +  3 


1  +  0  +  0-27 
3-1-9  +  27 


1  +  8  +  9 


=  the  quotient,  and  the  division  is  exact. 

Dividing  the  omitted  power  as*  of  «  in  the  first  term  of 
die  given  dividend  by  x  in  the  first  term  of  the  given  divi- 
sor, we  have  a?  for  die  power  of  x  that  corresponds  to  the 
first  coefficient  1,  in  the  quotient,  and  x  evidently  corre- 
sponds to  3,  the  second  coefficient  in  the  quotient;  conse- 
quently, a?  +  3aj  +  9  is  the  quotient  arising  from  the  division 
of  3aj»  —  81  by  3»  —  9. 
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Ex.  2.— To  divide  «(»•  -  12aJ»  +  27aJ* -  10aj»  +  20aj-45  by 
2a?  —  4aj  +  9. 

Arranging  the  terms  according  to  the  descending  powers 
of  Xy  supplying  the  deficient  term  in  the  dividend,  dividing 
the  coefficients  in  the  divisor  and  dividend  by  2,  the  coeffi- 
cient of  the  first  term  of  the  divisor,  then  detaching  the 
resulting  coefficients  of  the  dividend  and  divisor,  we  shall 

have  the  sum  of  the  coefficients  3  —  6  +  —  +  0  —  5  +  10 

45  '  9 

—  -^  to  be  divided  by  the  sum  of  the  coefficients  1  —  2  +  5 

by  Kule  m. ;  and,  according  to  the  rule,  changing  the  signs 

Q 

of  the  last  two  terms  of  the  divisor,  we  have  1  +  2  —  ^  for 

the  changed  divisor. 
Hence,  according  to  the  rule,  we  must  proceed  as  follows. 

1  +  2-1 


3- 

-6  + 

¥.0- 

-6  +  10- 

45 
2 

6- 

27 
2 

-10  + 

45 
2 

3  +  0-f  0  +0  —  6+  0  +  0 

=  the  coefficients  in  the  quotient,  and  the  division  is  exact. 
Dividing  oj*,  the  power  of  a;  in  the  first  term  of  the 
arranged  dividend,  by  a?*,  the  power  of  x  in  the  first  term  of 
the  arranged  divisor,  we  have  a^  for  the  power  of  x  that 
corresponds  to  the  coefficient  3  in  the  first  term  of  the  quo- 
tient ;  and  since  the  powers  of  x  decrease  by  a  unit  as  we 
pass  from  any  term  in  the  arranged  divisor  and  dividend  to 
the  next  successive  term,  it  is  clear  that  the  sought  quotient 
is  expressed  by3aJ*  +  0.a^  +  0.a?  +  0.aj--5  =  8aJ*  —  5by 
omit^g  the  terms  whose  coefficients  equal  0. 

Ex.  3.— Divide  a^  —  3a^y*  +  3ai*y*  —  y*  by  a?"  — 80?^  + 
8a5y»-y". 

Arranging  the  dividend  and  divisor  according  to  the 
descending  powers  of  y,  dividing  the  terms  of  the  dividend 
and  divisor  by  —  1,  the  coefficient  of  the  first  term  of  the 
divisor,  supplying  the  terms  that  are  wanting  in  the  divi- 
dend, and  detaching  the  coefficients,  we  have  1+0  —  8  +  0 
+  3  +  0  —  1  for  the  coefficients  in  the  new  dividend,  and 
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1  —  8  +  8  —  1  for  tboBe  of  the  new  divisor ;  and  changing 
the  signs  of  all  the  coefficients  in  the  new  divisor  except 
that  of  the  first  term,  we  have  1  +  3  —  8  +  1  for  the  coeffi- 
cients in  the  changed  diyisor. 

For  convenience,  we  shall  write  the  coefficients  of  the 
changed  divisor  in  a  vertical  column,  putting  the  first  coeffi- 
cient at  the  top,  and  the  rest  in  their  proper  order.  Then, 
by  Rule  HI,,  we  proceed  as  follows. 


1 

+  3 
-8 

+  1 


1+0-3+0+3+0-1 
3-3  +  1 
9-9  +  3 
9-9  +  3 
3-3  +  1 


1+8+3+1 
=  the  coefficients  in  the  quotient ;  and  supplying  the  powers 
of  the  letters  that  correspond  to  the  coefficients,  we  evidently 
have  y*  +  3y*a?  +  3^35*  +  a?  for  the  quotient,  as  required. 

We  will  now  perform  the  division  by  placing  the  products 
of  the  coefficients  in  the  divisor  and  any  term  of  the  quotient, 
in  diagonal  lines,  under  the  corresponding  coefficients  of  the 
new  dividend,  which  is  in  accordance  with  the  directions 
given  m  Homer's  rule.  And  since  the  first  of  the  coeffi- 
cients in  the  changed  divisor  is  of  no  use  in  finding  the 
coefficients  in  the  quotient,  we  shall  omit  it. 

Hence,  we  shall  have  the  following  work. 

1+0-3+0+3+0-1 
3+9+9+3 
-3-9-9-3 

1+3+3+1 


+  3 
-3 

+  1 


1+8+8+1 

2=:  the  coefficients  in  the  divisor ;  the  same  as  foimd  before. 
We  think  it  vnll  be  evident  from  a  comparison  of  this 
method  of  placing  the  products,  with  the  method  of  placing 
tiiem  in  horizontal  lines  (as  we  have  done  above),  that  it  will 
generally  be  more  simple  to  write  them  horizontally  than 
diagonally,  as  directed  in  Horner's  rule. 

Ex.  4.— Divide  adaf^  +  aesf^  —  Idaf^  +  —  j^  K*  +  ^  ^7 
oflj^  — iof +  a 
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We  bLIaII  now  suppoBe  the  terms  of  the  dividend  and 
divisor  to  be  arranged  according  to  the  descending  powers 
of  x;  then  it  is  easy  to  see  that  the  difference  between  the 
exponents  of  x  in  any  two  Buccessive  terms  of  the  dividend 
is  n;  but  the  difference  of  the  exponents  of  a;  in  the  first 
and  second  terms  of  the  divisor  is  2n  /  consequently  there 
is  a  term  wanting  in  the  divisor  between  the  first  and  second 
terms.  It  will  also  be  noticed  that  the  coefficients  of  the 
different  powers  of  x  in  the  dividend  and  divisor  are  letters ; 
but  it  is  easy  to  see  that  we  may  use  them  in  the  same  way 
as  if  they  were  figures. 

Hence,  if  we  divide  the  coefficients  of  the  dividend  and 
divisor  by  a,  the  coefficient  of  the  first  term  in  the  divisor, 
supply  the  deficient  term  in  the  divisor,  and  detach  the 
resulting  coefficients ;  then,  by  Bule  m.,  we  must  proceed 
as  follows. 


+  0 
c 


d  +  e 

d 

«-? 

a 

+  0 

a 

-^ 

C6 

a 


rf  +  fl 


=  the  coefficients  in  the  quotient,  and  it  is  evident  that  the 

quotient  is  daf^  +  e. 

It  may  be  observed  that  the  vertical  bar  is  used  in  the 

given  dividend  to  signify  that  cd  —  he\A  the  coefficient  of  a?*/ 

also  in  the  detached  coefficients  of  the  new  dividend  the 

cd      "he 
vertical  bar  is  used  to  signify  that is  a  coefficient  in 

the  new  dividend.  We  have  also  written  the  detached 
coefficients  of  the  changed  divisor  in  a  vertical  column,  for 
convenience  and  simplicity ;  and  we  have  written  the  0  in  it 
on  account  of  the  deficient  term  in  the  divisor. 

Then,  d  is  the  first  term  of  the  quotient,  which,  multiplied 

by  0,  gives  0  to  be  placed  under  a,  and,  multiplied  by 
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gires  H to  be  placed  under ,  so  that  these  terms 

destroy  each  other ;  also  we  have to  be  placed  under 

ed 

— ,  80  that  these  terms  destroy  each  other ;  then  «,  the  second 

term  of  the  quotient,  multiplied  by ,  gives  —  under  — 

— ,  and under  — ,  and  these  terms  destroy  each  other ; 

and  the  quotient  is  as  stated  above. 

Examples  suitable  for  practice  will  be  found  under  Rules 
L  and  11. 

If  we  supply  any  terms  that  may  be  wanting  either  in  the 
new  dividend  or  divisor,  in  Eule  HI-,  and  then  use  only  the 
coefficients  (or  detach  them)  in  the  division,  it  is  clear  that 
the  rule  will  agree  with  the  rule  of  Synthetic  Division. 


(10.)  BEMABKS  ON  PABHAL  OB  INOOMPLETB  DIVISION. 

"When  the  divisor  is  not  an  exact  factor  of  the  dividend, 
the  division  must  of  necessity  be  incomplete,  since  there  will 
be  always  a  remainder,  which  will  not  exactly  contain  the 
divisor. 

If,  however,  we  divide  the  dividend  by  the  divisor  in  the 
same  way  as  in  complete  division  (by  considering  the  divisor 
as  a  factor  of  the  dividend),  and  carry  the  division  suffi- 
ciently far,  we  can  often  (as  in  decimal  fractions)  diminish 
the  remainder  indefinitely,  so  that  it  may  be  rejected  without 
sensibly  affecting  the  quotient,  at  least  so  far  as  it  may  be 
necessary  to  obtain  it. 

EXAMPLES. 

Ex.1.— Divide  1  by  1- a?. 

The  division  is  indicated  lyr ,  which  is  a  fraction, 

1  — a? 

whose  numerator  is  1,  and  denominator  1  —  a?. 

Since  —x-\'X  equals  0,  and  that  a  quantity  is  not  affected 

by  adding  0  to  it,  we  may  add  —  a  +  »  to  the  numerator  of 

the  firaction without  affecting  its  value,  and  we  shall 

1  — » 
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,                1             1—X  +  X        1—0?    .         »  -I     .        aj 

have  5 = z =  :; h  = =  1  + 


l-x"      l-a?      ""  1-aj  "^  1  — aj""      ^  n^ 

1  —  X         ^ 

smce =  1, 

1  —  x 

Also,  since  —  ai"  +  ai"  =  0,  we  shall  have,  in  like  manner 

-^  X         x  —  a?  +  a?     idl'-x)  +  0?  ,      o? 

as  before,  ir- —  =  — ; =  -^— ^ — ' =  a  +  -i ; 

'1— aj  1  —  x  1  — a?  1— a? 

and,  in  the  same  way,  we  get =  a?"  +  ^ ,  and  so 

1  —  X  1  —  X 

on  to  any  extent    Hence,  we  shall  have =  1  +  a?  + 

1— -a? 

a^ 
a?  +  a?  +a^  +....+  aJ^^  +  ^  _   ?(A);  supposing  n  to  stand 

for  the  number  of  monomial  tenns  that  precede  the  fraction 
in  the  right  member  of  the  equation. 

The  method  which  we  have  used  in  obtaining  (A)  is  clearly 
the  same  as  to  arrange  the  dividend  and  divisor  according 
to  the  ascending  powers  of  a;,  or  to  take  1  for  the  first  term 
of  the  divisor,  and  then  to  divide  the  dividend  1  by  the 
divisor  1  —  «,  by  Kule  I.    Thus,  by  Kule  L,  we  have. 


1-a? 


1 
l-a? 


l  +  x  +  a?+Qf+ af-^  +     ^ 


1-x 


X 

x-^a? 


a? 

a?  —  of 


etc. 
toaf-* 


*aj" 


observing  that  the  fraction is  obtained  by  writing  the 

divisor  under  the  last  remainder,  as  in  Arithmetic. 

It  is  easy  to  see  that  the  right  member  of  (A)  is  nothing 
more  than  a  transfonnation  of  the  first  member ;  that  is  to 
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say,  the  second  member  of  the  equation  is  the  same  as  the 
first  member  moider  a  different  form  of  expression.  Hence, 
if  X  is  sensibly  less  than  1,  so  that  when  n  is  very  great,  a^ 
shall  be  diminished  indefinitely,  and  become  less  than  any 
finite  quantity }  then,  by  Ax.  ViL,  we  may  reject  the  frac- 

tion ,  and  (A)  will  be  reduced  to =  1  +  a?  +  a? 

l  —  flj  1  — aj 

+  a^  +  etc., . . .  •  to  infinity,  (B) ;  and is  said  to  be  con- 

1  —  a? 

verted  into  an  infinite  series. 

It  may  here  be  observed,  that  by  a  seriea  we  mean  a  suo- 
cession  of  quantities  of  the  same  kind,  which  generally  pro- 
ceed according  to  a  certain  law  of  formation^  which  enables 
us  to  write  down  as  many  of  the  quantities  as  we  choose  from 
a  knowledge  of  a  certain  number  of  them  at  the  commence- 
ment of  the  series.  Thus,  we  see  that  the  monomial  terms 
in  (B)  are  positive,  and  that  they  constitute  a  series,  and  that 
if  we  multiply  any  term  by  a?,  the  product  will  equal  the 
next  successive  term ;  so  that  the  series  is  easily  continued 
to  any  extent. 

A  series  that  is  continued  to  a  finite  number  of  quantities 
is  finite,  but  one  which  is  carried  on  to  an  infinite  or  indefi- 
nitely great  number  of  quantities  is  an  infinite  series. 

Any  quantity  when  converted  into  a  series  is  said  to  be 

the  generating  fmiciion  of  the  series ;  thus, is  the  gen- 

1  — •  a? 

crating  function  of  the  series  in  (B). 

When  the  quantities  in  a  series  continually  diminish,  so 
that  any  one  of  the  quantities  is  less  than  the  quantity  thftt 
immediately  precedes  it,  the  series  is  said  to  converge  or  to 
be  convergent^  but  if  the  contrary  has  place,  the  series  is  said 
to  diverge  or  to  be  divergent 

Thus,  if  X  is  less  than  1,  the  series  in  (B)  is  clearly  con- 
vergent ;  but  if  X  is  greater  than  1,  the  series  is  evidently 
divergent. 

If  the  quantities  in  the  series  are  equal  to  each  other,  the 
series  is  neutral  /  since  there  is  no  increase  or  decrease  of  the 
quantities  in  the  series.  Thus,  if  a?  =  1,  the  series  in  (B)  is 
neutral,  since  each  of  its  terms  is  1. 

When  we  use  a  series  for  the  purpose  of  calculating  cor- 
rectly the  numerical  value  of  its  generating  function  to  a 
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certain  number  of  figures ;  in  order  to  do  it  with  ease,  it  will 
generally  be  necessary  that  the  quantities  should  decrease 
rapidly,  so  that  the  sum  of  the  numerical  values  of  a  few  of 
the  fii*8t  quantities  in  the  series  shall  give  the  value  of  the 
generating  function  to  the  requisite  degree  of  exactness. 

Thus,  if  we  put  a?  =  —  in  (B),  and  we  wish  by  the  series 
to  compute  the  value  of  the  generating  function  to  five  dec- 
imal places,  we  shall  get  (by  putting  x  =  ^^  j r-  =  1  + 

1  +  0.0626  +  0.003906,  etc.,  +  0.000244,  etc;,,  +  0.000015  + 

0.000000  +  etc.,  =  1.066665  etc. 
1  1  i>  -I  ^ 

Since =-  =  r-^ — z  =  t^  =  1.066666  etc.,  =  the  value 

M  1       lo  —  1       15 

l6 
of  the  generating  function,  we  see  that  the  series  has  given 
the  correct  value  of  it  to  five  decimal  places,  with  great  facil- 
ity in  the  calculation. 

1  *      1 

It  is  easy  to  see  that  when  x  =  — ,  the  value  of  — —  to 

32  1  —  X 

five  decimal  places  can  be  found  from  the  series  with  much 

greater  ease  than  in  the  case  of  a?  =  — ;  so  that  the  smaller 

16 

X  is,  the  greater  will  be  the  ease  of  the  calculation. 

'But  if  a?  is  a  very  little  less  than  1,  the  series  will  converge 

with  extreme  slowness,  so  that  a  great  many  terms  must  be 

used  in  order  to  obtain  the  value  of to  any  degree  of 

exactness  in  the  decimal  places ;  for  when  x  =  0.99,  it  will 
be  necessary  to  use  about  eight  hundred  terms  in  order  to 

find correctly  to  one  decimal  place. 

1  —  X 

If  a?  =  1,  or  differs  insensibly  from  it,  then  the  series  in 

(B)  becomes  ^— ^  =  1  +  1  +  1  +  1+1  +  etc.,  when  we 

reject  the  insensible  difference  between  1  and  x;  and  since 
1  —  1  =  an  indefinitely  small  quantity,  it  is  evident  thftt 
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— - —  expreeses  an  unlimitedlj  great  or  an  infinitely  great 

quantity;  since  the  finite  quantity  1  must  clearly  contain 
the  indefinitely  small  quantity  1— aj(=l  —  1  =  0  very 
nearly)  an  infinite  number  of  times ;  consequently,  we  may 
regaM  the  series  1  +  1  +  1  +  etc,,  as  indicating  that  its  gen- 
erating function  is  infinitely  great. 

If  a;  is  greater  than  1  (or  even  if  1  —  a;  is  an  indefinitely 

small  quantity), ought  not  to  be  rejected  in  (A) ;  so  that 

1  —  X 

(B)  will  not  serve  to  find  the  numerical  value  of 


1-aj 


1    ^ 

We  will  now  show  how  to  convert into  a  series  of  a 

l  —  x 

different  form  from  (B),  which  will  enable  us  to  find  the  nu- 
merical values  of when  x  is  sensibly  greater  than  1. 

1  —  X 

Thus,  since  r = -.  and  that  the  value  of  a  frao- 

1  —  a>       —  X  +  I 

tion  is  not  affected  by  dividing  its  numerator  and  denomina- 
tor by  the  same  quantity ;  if  we  divide  the  numerator  and 

denominator  of by  —  a?,  we  shall  have  — 


—  a?  +  1  1  — a? 

-1  1 

X  X 


1-1      i-i 

X  X 


Again,  smce  -^  +  -  =  0,-^  +  ^  =  0,^^+^ 

=  0,  and  so  on  to  —  —^  +  —^  =  0  (n  being  a  positive  in- 
teger),' and  because  a  quantity  is  not  affected  by  adding  0  to 

H- 1—  ;  consequently,  if  we  divide  both  sides  of  this  eqiiar 
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1 

tionby  1  —  -,  we  shall  have  — ^-  =  -  +  _  +  i-+....j. 
X  ^       1       X      or      of 


X 


^- 


-i^-l) 


,  or,  since  af +*  =  a^  x  a?,  we  get  ■ 


aj"(a?—l 


,  and  of  course 


since 


af+i| 
1 

X 


R' 


l-x 


1-1 


X 


we 


(C). 

The  procese  hj  which  we  hare  obtained  (C)  is  clearly  the 
same  thing  as  to  divide  1  by  —  «  +  1,  using  —  «  as  the  first 
term  of  the  divisor.  Thus,  if  we  divide  1  by  —  «  +  1,  by 
Bule  L,  we  have 

1' 

a 


—  »  +  l 


1 
1- 


1 

X 


1^ 

a? 

as*      <B» 

T 

sf 


etc.,  to  —  —  — ■ -. 


1 


consequently,  we  easily  obtain  (C),  as  given  above. 
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If  a;  IB  sensibly  greater  than  1,  so  tnat  a;  —  1  is  a  finite 
quantity,  it  is  clear  that  the  integer  n  may  be  taken  so  great 

that  ^-^ ^  shall  become  an  insensible  quantity,  which 

af{x  —  1) 

may  b9  rejected;  which  being  done,  (0)  is  reduced  to 
r— —  =  ""1"  +  ^  +  ^  +  etc., J,  (D),  which  is  an  infinite 

series,  whose  law  of  formation  is  evident. 
It  is  clear  that  the  series  in  (D)  will  enable  us  to  calculate 

the  generating  ftmction to  any  required  degree  of  ex- 

1  —  X 

actness  when  a;  —  1  is  not  a  very  small  quantity. 

Thus,  if  we  put  w  =  32,  (D)  becomes  ■_  ~  ""  [^  + 
(^y  +  (^V  eta,]  =  •-  [0.03126  +  0.000976  etc.,  + 

OiWOOSO  etc.  +]  =  -  0.032256,  etc. ;  but  y~z2  "^  ^  M 
=  —  0.032258,  etc.,  so  that  three  terms  of  the  series  give 
the  correct  value  of  the  generating  function  to  five  decimal 
places. 

If,  however,  a?  —  1  is  an  indefinitely  small  quantity,  the 
series  will  not  serve  to  calculate  the  numerical  value  of  the 
generating  function,  since  it  is  indefinitely  great. 

It  follows,  from  what  has  been  done,  that  if  in  any  calcula- 
tion we  meet  with  the  series  1  +  x  +  a?  +a^  +  etc.,  to  infin- 
ity, such  that  w  is  sensibly  less  than  1,  then  we  may  put 

for  it.    But  if  1  —  a?  is  an  indefinitely  small  positive 

1  —  X 

quantity,  then  the  series  will  indicate  that  the  generating 

function  is  infinitely  great. 

If  a?  is  sensibly  greater  than  1,  we  must  put  the  series 

—  I  ~  +  ^  +  ^  +  ®^^->  ^  infinity  J,  for  the  given  series ; 

because  the  generating  function  has  been  expanded  accord- 
ing to  the  ascending  powers  of  a?,  when  it  ought  to  have  been 
expanded  according  to  the  descending  powers  'of  a?,  or  in  the 
fbnsi  —  [a?-^  +  x"^  +  ar^  -h  etc.],  (which  are  the  descending 
powers,  since  they  decrease  by  subtraction),  and  —  [a?"*  + 

,^.+a,-  +  etc.]  =  -[i  +  i  +  ^  +  etc.]. 
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Now,  since  —  I  "  +  ^  "•"  ^  +  ^^'^  ^^  infiBity  J  is  equal 

to  :; ,  we  may  put  ^ {oTl  +  x  +  a?  +  af  +  etc.,  to  in- 

finity,  however  great  the  value  of  w  may  be.    Hence,  we 

shall  have  in  all  cases  z =1  +x  +  a?  +  Qf  +  etc., to  in- 

1  —  X 

finity  (E),  where  it  is  to  be  observed  if  a?  is  sensibly  greater 

than  1,  that  (=)  the  sign  of  equality  must  not  be  understood 

to  mean  that  the  numerical  vfdue  of  the  series  is  the  same  as 

that  of  ^  __  ,  but  only  that  it  is  the  expansion  of  ^  ac- 
cording to  the  ascending  powers  of  »,  when  it  ought  to  have 
been  the  expansion  according  to  the  descending  powers  of  x. 
What  is  here  said  does  not  prevent  our  using  1  +  x  +  a?  + 
a?  -f  etc.,  in  calculation  (when  x  is  greater  than  1),  since  we 
can  put  the  series  in  (D)  for  it ;  or,  which  is  the  same,  we  may 

always  put  the  generating  function  ^  _     for  it. 

It  may  be  shown,  in  a  similar  way,  if  we  meet  with  the 
series  —  I  ~  +  "rj  +  ^  +  ®t<5->  to  iofinity  I  in  any  calcula- 
tion, that  we  can  always  put  YZIx  ^^^  ^*'  without  having  any 
regard  to  the  value  of  x. 

It  is  evident  that  similar  observations  must  always  have 
place,  when  we  convert  any  fractional  expression  into  an 
infinite  series.  It  may  be  added  that  the  great  use  of  a 
series  is  to  compute  the  value  of  the  quantity  of  which  it  is 
the  expansion,  or  which  is  the  same,  the  generating  function 
of  the  series ;  consequently,  the  series  must  be  such  that  its 
numerical  value  shall  equal  that  of  the  generating  function 
when  we  reject  indefinitely  small  quantities,  so  that  we  see 
the  reasonableness  of  the  preceding  observations. 

Ex.  3.— Divide  1  by  1  +  ». 

If  we  take  1  for  the  first  term  of  the  divisor,  then  we  pro- 
ceed as  follows. 

1  .i+^-^'^i.  »  ^i_^^^^i_ 


l+OJ  1  +  x  1+x  1+x 
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obseiring  that  n  is  a  positiTe  integer,  and  that  for  ±  we 
must  use  +  if  n  is  an  even  number,  and  that  —  must  be 
used  for  ±,  when  n  is  an  odd  number. 
If  a?  is  sensibly  less  than  1,  then  n  may  be  taken  so  great 

that  ±  j^         shall  be  less  than  any  finite  quantity ;  conse- 

quently  ±  :r— —  may  be  rejected,  and  we  shall  have  r 

1 H- »  "  1  +  aj 

=  1— »  +  a*  — aj^  +  aJ*  — aj»  +  etc.,  (B),  the  law  of  contin- 
uation of  the  series  being  such  that  if  we  multiply  any  term 
by  —  a?,  the  product  will  be  the  next  successive  term. 

If  X  equals  !•  or  differs  insensibly  from  1,  then  ± be* 

•  1  +  a? 

comes  sensibly  ±  -,  and  of  coursei  can  not  be  rejected  how- 
ever great  n  may  be,  so  long  as  it  is  finite ;  and  if  we  regard 

X  as  absolutely  equal  to  1,  we  can  not  reject  ±  ^ if  we 

1  +  a? 

af* 
even  suppose  n  to  be  infinite ;  because  ± :; will  become 

absolutely  ±  -. 

Because  x  in  (B)  is  less  than  1,  we  shall  have  x  greater 
than  asa?  =  aj*,  and  a?  greater  than  a?x  =  a?*,  and  so  on ;  and 
since  the  terms  are  alternately  +  and  — ,  1  —  a?  is  less  than 
the  value  of  the  whole  series,  since  we  must  add  the  positive 
quantity  a?  —  of  +  a^  ^afi  +  etc.,  to  it  to  make  up  the  series ; 
also  l'—x  +  a?  —  af  is  less  than  the  value  of  the  whole 
series,  since*  we  must  add  the  positive  quantity  o^  —  of  +  of 
—  a?^  +  etc.  to  it,  to  complete  the  series ;  and  in  this  way  we 
see  that  the  sum  of  any  even  number  of  terms  is  less  than 
the  true  value  of  the  series.  AIbo  1  is  greater  than  the  value 
of  the  series,  since  we  must  subtract  the  positive  quantity 
a?  —  a^  +  aj*  —  a^  +  etc.  from  1,  to  get  the  series ;  and  in  the 
Bame  way  1  —  a?  +  a?  is  greater  than  the  value  of  the  whole 
series,  since  we  must  subtract  the  positive  quantity  o?  ^v^ 
+  a^  —  of  +  etc.,  from  1  —  a?  +  a?*  to  get  the  series ;  and  in 
this  manner  it  appears  that  the  sum  of  any  odd  number  of 
the  successive  terms  of  (B)  is  greater  than  the  value  of  the 
whole  series. 
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From  what  has  tQ0»  done,  it  follows  that may  h9 

1  +  x       * 

considered  as  having  the  snms  of  an  eyea  and  odd  nmnber 

of  the  snccessive  terms  of  the  series  (B)  for  certa^I  limiting 

vdluea  or  UmiUj  since is  greater  than  the  sum  of  the 

1  '\-  X 

even  nnmber,  and  less  thfm  the  snm  of  the  odd  number  of 
terms. 

Hence,  if  we  add  any  number  of  the  terms  of  the  series, 
and  use  the  integer  m  to  stand  for  the  number  of  terms  add- 
ed, it  is  clear  that  the  difference  between and  the  sum 

1  +  x 

of  m  terms  of  the  series  will  be  numerically  less  than  the 
{m  +  1)*^  term  of  the  series ;  since  the  sums  of  m  and  {m  + 1) 

terms  of  the  series  are  limits  to  the  value  of  — — . 

1  +  x 

It  is  clear  that  what  has  been  said  is  applicable  to  any  con- 
verging series  whose  terms  are  alternately  +  and  — . 

We  will  now  convert into  a  series  by  taking  x  fbr 

1  +  x 

the  first  term  of  the  divisor ; 

1 


1             1              »  1 

since  q— —  =  — — r-  = r-  =  -  X' 

1+x        X+1         n.l         » 

X 


^-l 


y  and  thai  (a 


in  (A))  we  have  -i3  =  l-^  +  ^-^+  etc, 
so 


-       + 


(C) ;  observing  that  n  is  a  positive  integer,  and  that  for  ± 
we  must  use  —  when  n  is  an  even  number,  but  if  n  is  an  odd 
number,  then  for  ±  we  must  use  +. 

If  a?  is  sensibly  greater  titan  1,  we  may  take  n  so  great  that 
±     .  may  be  rejected,  and  (0)  will  be  reduced  to 
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!T5  =  ^-^+^^^  +  ^-"**'-'(^)'  which-isthe 

series  to  be  used  to  calculate ,  when  io  is  sensibly  greater 

than  1. 
When  X  eqnals  1,  or  differs  msensibly  from  it,  we  can  not 

reject  ±  --7^ r ,  and  of  course  we  can  not  find  3—: —  from 

v\l  +  a?)  1  +  X 

(D),  bnt  must  use  (C),  or  take  the^neratlng  function  for  the 
series. 

It  follows^  from  what  has  been  done,  that  when  x  is  sen- 
sibly less  than  1,  we  must  use  the  series  (B)  to  find ; 

but  if  a;  is  sensibly  greater  than  1,  we  mnst  use  (D) ;  and  if 
X  differs  insensibly  from  1  or  equals  1,  we  must  take  the  gen- 
erating function  itself,  or  use  (A)  or  (C)  to  calculate  it. 

Eac.  8. — ^Divide  a  by  J  — c,  by  Rule  HI.,  or  convert 
a 


mto  a  series. 


Helre,  diyiding  the  dividend  and  divisor  by  &,  the  first 

term  of  the  divisor,  we  have  -=  for  the  new  dividend,  and 

o 

1  —  I  for  the  new  divisor,  and  chan^ng  the  sign  of  the  sec- 

Oiid  term  of  the  new  divisor,  we  have  1  +  ^  for  the  changed 

0 

divisor.    Hence,  by  Rule  HI.,  we  have 


»  +  5 

a 
b 

J  +  y  +  J»  '*•  J*  +  • 

^-j 

=  the  quotient ;  observing  that  71  is  an  integer  which  equals 
the  nxmiber  of  terms  that  precede  the  remainder,  which  is 

expressed  by|x  (?.)":- ax  (I)". 


■,'    e  h  —  c 

h 
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rr  1.  ^  a   .00    .(K?  ^(Uf  ^ 

Hence  we  have  ,  _^     ~&'^"S'l?'ft*' 


+ 


a  X  (I)  )  (A),for  the  quotient  or  seriee,  as  required. 


If  ~  is  essentiallj  less  than  1,  we  may  evidently  take  n  so 
great  that  (^  ^  ir)  niay  te  rejected,  which  will  reduce  (A) 

to  y-—  =  x  +  M^  +  -M"+rr  +  etc.,  to  infinity,  (B),  which 
may  be  used  to  calculate  the  numerical  value  of  ,  ^     when 

^  is  sensibly  less  than  1 ;  but  if  ^  is  sensibly  greater  than 
o  0 

1,  we  can  not  find  the  numerical  value  of      ^     by  (B),  and 

0  —  c 

we  must  either  use  (A),  or  return  to  the  generating  fimetioii 
a 

'T£  c\b  greater  than  &,  we  must  take  —  c  for  the  first  term 
of  the  divisor,  and  we  have  to  divide  a  by  —  c  +  J,  or  divid- 
ing the  divisor  and  dividend  by  —  c,  the  first  term  of  the 

divisor,  we  have  —  -  to  be  taken  for  the  new  dividend,  and 

0 

1 for  the  new  divisor  in  Kule  HI.,  and  changing  the 

0 

sign  of  the  second  term  in  the  new  divisor,  we  have  1  +  - 

for  the  changed  divisor. 
Hence,  by  Bule  HI.,  we  shall  get 


0 


0      •      

c-i 


0    '    <?     '     <f 


the  quotient. 
Hence,  since  -><(-")   =  «  x  (  -j  ,  we  shall  have  ^— - 


a 
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'a  ,ab      cH? 


,    (C),  as   re- 


quired. 

If  ^  16  sensibly  less  than  1,  we  may  take  n  so  great  that 
e 

a  X  (-)    may  be  rejected,  which  will  reduce  (C)  to 


J-o 


ah  ^  cH^  .  aJf 


=  —  r-  +  -3-  +  -3-+-r  +  etc.,  to  infinityj,  (D). 

Hence,  if  -  is  sensibly  less  than  1,  we  may  find  the  nnmer- 
c 

a  h 

ical  value  of  ^  _  '  from  (D) ;  but  if  r  is  sensibly  greater 

d 
than  1,  we  may  find  the  numerical  value  of  ,  _    from  (B). 

If  -  or  J  differ  insensibly  from  1,  j"i7^  will  be  indefinitely 

great,  provided  a  is  a  finite  quantity,  which  we  suppose  it 
to  be. 

If,*in  any  calculation,  we  meet  with  the  series  (B),  we  may 
d  / 

always  put  TZZZ*  ^^^  ^^  ^^^  ^^  ^®  manner  we  may  put 

a 

^_     for  the  series  (D). 

If,  in  (A),  (B),  (0),  and  (D),  we  change  the  sign  of  c,  or 

a 
put  —  c  for  {?,  they  will  give  j""Tr^  when  converted  into  a 


a 

0 


aeries,  adapted  to  the  cases  of  r  sensibly  less  than  1  in  (A) 

h 
and  (B) ;  and  -  sensibly  less  than  1  in  (0)  and  (D). 

Where  it  is  to  be  observed  that  similar  remarks  to  those 
made  in  Ex.  2  will  have  place,  they  being  so  evident,  we  do 
not  think  it  necessary  to  consider  tliem  here. 

It  is  evident  that  any  fraction  whose  denominator  is  a 
binomial,  and  whose  numerator  does  not  exactly  contain  its 
denominator,  may  be  reduced  to  a  series  in  a  manner  similar 
to  that  used  in  this  example. 
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A 

Ex.  4. — To  convert      .  »^  into  a  series,  arranged  accord- 
ing to  the  ascending  powers  of  x^  by  Bale  m. 

SEaving  divided  the  dividend  and  divisor,  according  to  the 

A 
role,  by  a,  the  first  term  of  the  divisor,  we  have  —  and 

1  +  -0  for  the  new  dividend  anddivi6(»*;  and  changing  the 

sign  of  the  second  term  of  the  new  divisor,  we  have  1 x 

for  the  changed  divisor.    Hence,  by  Bnle  HL,  we  shall  get 

,      b      A 

1 X 

a 


A     Ah       AVj,     AV^ 

5^  H — t^^-:t^  +  ©tc,  =  the  quotient; 

A  A      AJ     .  AJ* .      A¥.    .     , 

consequenfly  j^jj^  =  :j-  'i^^'  +  If^-  ir«"  +  etc., 

(A),  as  required. 
It  is  easy  to  see  that  the  law  of  fbrmation  of  the  series  is 

*                            h  • 
such,  that  if  we  multiply  any  term  by »,  the  product 

will  equal  the  next  successive  term. 

It  may  be  observed  that  (A)  is  often  called  a  recurring 
series  of  the  first  ordevy  because  in  order  to  find  any  term 

we  recur  to  the  preceding  term ;  also,  — 'x  is  called  the 

Cb 

scale  of  relation,  cf  any  Vwo  terms^  because  the  term  that 

precedes  any  term  being  multiplied  by »,  gives  the  term : 

a 

and is  called  the  scale  of  reUxUon,  of  the  coefficients  of 

a 

amy  two  successive  poioers  of  x. 

Ex.  6. — To  expand        ,       ^  into  a  series  of  ascending 
powers  of  a?,  by  Kule  HI. 

Here  we  find  — \-  —x  for  the  new  dividend,  and  1 « 

a      a  ^  a 

a^  for  the  changed  divisor.    Hence,  by  the  rule,  we  get, 


filYIBlOH. 
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Tj 

«!>» 


+ 


X 


I 


i 

+ 


«l« 


8^ 


X 


Mii«s    tti«:«|-s 


X 

8 


PQ|e:^|-53 


I 


Tj 


I 

+ 


% 


+ 

d 


3 

f 

I 
I 


I 


For  —  is  clearly  the  first  term  of  the  quotient,  which, 

multiplied  by  the  second  term a;  of  the  changed  diyisori 

^veA ,-a  to  be  added  to  the  term  —a  of  the  dividend 

a"  a 

for  the  second  term  of  the  quotient ;  also,  the  first  term  of 
the  quotient,  mnltipKed  by  the  third  term a?  of  the 

changed  divisor,  gives  —  x  ( a?u  which  involves  a?,  and 

ifi  a  part  of  the  third  term  of  the  quotient ;  the  other  part 
of  the  third  term  of  the  quotient  is  got  by  multiplying  the 


106 
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second  term  of  the  quotient,  which  ifl  expressed  by  __  at 


(nsing  the  vertical  bar),  into  the  second  term  of  the  changed 

B 


divisor,  and  there  results  _  a  j 


X  X  i xjy  which,  added  to 


—  X  I  —  %?)}  gives  the  third  term  of  the  quotient. 

B 


Then  the  second  term  of  the  quotient  __  4 , 


Wy  multiplied 


by  the  third  term a?  of  the  changed  divisor,  gives 


B 
a 


a?  X  ( a?\  for  a  part  of  the  fourth  term  of  the  quo- 


tient Vhich  involves  of ;  the  other  part  of  the  fourth  term  of 
the  quotient  is  expressed  by 

Ax(lv) 
a      \     a  / 

^  X  I xU  and  is  obtained  by  multiply- 


a 
-AJ 


^^(-^) 


ing  the  third  term  of  the  quotient  (expressed  by  using  the 

vertical  bar)  into  the  second  term io  of  the  changed 

divisor. 

In  like  manner,  if  we  multiply  the  fourth  term  of  the 
quotient  by  the  second  term  of  the  changed  divisor,  and  the 
third  term  of  the  quotient  by  the  third  term  of  the  changed 
divisor,  then  by  adding  the  products  according  to  their  signs, 
we  shall  have  the  fifth,  term ;  and  in  the  same  way  we  get 
the  sixth  term  from  the  fifth  and  fourth  terms,  and  so  on. 
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From  what  has  been  done,  we  liave ^^ ==  -  + 

a  +  bx  +  csxr      a 

a*      ''''^  5  -^"^  ^ -^ 

+  etc.,(A),for  the  Beries,  as  required. 

Since  any  term  of  (A)  is  found  by  multiplying  the  next 
preceding  term  by »,  and  the  next  preceding  term  but 

one  by a?,  and  then  adding  the  products,  (A)  is  called  a 

recurring  series  of  the  second  order,  whose  scale  of  relation 

is  said  to  )>e  the  multipliers  ( a, 7?j  K  and  ( ,  — ,  -j 

is  called  the  scale  of  the  coefficients,  observing  that  the 
series  is  said  to  be  of  the  second  order,  because  any  term 
after  the  second  term  is  deduced  from  the  two  preceding 
terms  by  means  of  the  two  multipliers  in  the  scale,  as  has 
been  shown. 

Universally,  if  we  have  any  rational  algebraic  fraction 
whose  numerator  and  denominator  are  arranged  according 
to  the  ascending  powers  c^  a  common  letter,  as  (&/  then  if 
the  greatest  exponent  of  a;  in  the  numerator  is  less  than  the 
greatest  exponent  of  x  in  the  denominator,  we  can  expand 
the  fraction  into  a  recurring  series  arranged  according  to  the 
ascending  powers  of  Xy  in  the  same  way  as  in  Ex.  5,  and  the 
series  will  be  of  the  same  order  as  the  number  of  multipliers 
in  the  scale  of  relation  of  its  terms ;  and  it  is  easy  to  see  that 
the  number  of  multipliers  in  the  scale  is  always  one  less  than 
the  number  of  terms  in  the  denominator  of  the  developed 
fraction. 

Hence,  if  we  denote  the  number  of  terms  in  the  denomi- 
nator of  the  fraction  by  the  integer  w  +  1,  then  m  will  de- 
note the  number  of  multipliers  in  the  scale,  and  the  series 
will  be  a  recurring  series  of  the  m**  order;  it  is  also  clear 
that  the  m  first  terms  of  the  series  will  not  follow  any  partic- 
alar  law ;  so  that  the  series  properly  begins  to  be  recurring 
at  the  {m  -h  1)**  term. 

Thus,  if  we  have  the  fraction  a  +  hx  + coi^ -^^  da?>  ^^ V^ 
we  divide  its  numerator  and  denominator  by  a,  the  first 
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A  +  Bx  +  Ca? 
term  of  the  divisor,  we  shall  have      .  Aq.  ■  ^^  4- dafi 

a       a        a 


1  +  -X  +  -af  +  '-a? 
a        a        a 

Hence,  if  we  take  "^  +  r^  +  r^  for  the  new  dividend, 

and  1  +  -a?  +  -a?  +  --flJ»  for  the  new  divisor  in  Eule  HI.,  we 
(Z       d       d  ' 

h  /i         /7 

shall  have  1 x e^^^a^tor  the  changed  divison   Then* 

a        a        a 

If  we  divide  as  in  Bole  IIL,  and  denote  the  first  three  terma 

of  the  quotient  by  A^  +  B^x  +  0  V,  we  shall  get 


1  —  -« of -—-a? 

a        a        a 


—  H — X  +  — cr 
a      a         a 


\     a        a         a    r 
+  etc.,  =  the  quotient,  as  is  evident  from  Rule  IIL 
It  is  easy  to  see  that  the  scale  of  relation  of  the  terms  of 

the  seried  is  (  —  ^a5, a?. a^, ),  so  that  the  number  of 

multipliers  in  the  scale  is  one  less  than  the  number  of  terms 

.     ^     :,         .  ^  ^      .        .      .         A  +  B»  +  (V 

m  the  denominator  of  the  given  fraction  '    .  ^  ■  ^  .  ^> 

A  +  Ba?  +  Oaj* 
and  of  course  we  have  a  +  hx^ca?^daf  =  ^'  +  ^'^  + 

C?a?  +  (-^A^-^B*-Wa^+r-^^-.^(7-^(-^A^ 
\     a         a        a    I        La        a        a\     a 

B^  —  -0^  )JaJ*  +  etc.,  which  is  a  recurring  series  of  the 

third  order,  in  conformity  to  what  has  been  said. 
Besuming  the  fraction 

'^;:!:  ^1  ^.^  =  .^t^t^    ;  tf  ^e  divide  ite 

numerator  and  denominator  by  c2a^,  we  get 

C    ,    B       A 

A  +  Bx  +  Caf dx^di^^da?  or   if  (for 

<i^ia)  +  «D»  +  dl*»~  .1      c    lb    1,  f    1 

a' »     d' a?     d' sf 


JDIYieiON.  •  109 

*  1  A  +  BaJ  +  Ca!» 

Bimplioity)  we  denote  -  by  y  we  have  a  +  hx  +  oa^  +  d^  = 

y  X X • 

Hence,  if  we  divide  ^  +  5^+5^^71+^  +  5?^  + 
^,  by  Eole  in.,  we  shall  have  a  reeurring  series,  whose 

scale  of  relation  is  I  —  ^,  —  ^,  —  ?y*,  i,  and  if  we  miiltiply 

each'  term  of  the  series  by  y,  and  then  put  -  for  y  in  the 

A  +  Baj  +  Caj* 
series,  we  shall  have  the  fraction  ^  .  ^  ,  ^  .  ^  devel- 
oped into  a  recnrring  series  arranged  according  to  the  de- 
scending powers  of  x. 

In  like  manner  we  may  develop  any  fraction  (of  the  kind 
we  have  considered)  either  according  to  the  ascending  or 
descending  powers  oix;  and  each  series  thus  found  wiU  be 
a  recurring  series* 

If  we  wish  to  obtain  the  numerical  value  of  the  fraction 
from  the  series,  we  must  use  that  one  of  the  two  whose  terms 
converge,  as  is  evident  from  what  was  formerly  shown. 

We  shall  now  show  how  to  treat  a  fraction  that  has  a  term 
in  its  numerator  independent  of  x^  and  the  greatest  exponent 
of  X  in  the  numerator  not  less  than  the  greatest  exponent  of 
X  in  the  denominator. 

A  +  Ba?  4-  CsB*  +  Da?* 

Thus,  let '^Tllhx  4-  cx^ stand  for  the  fraction,  thcoi 

if  we  divide  the  numerator  by  the  denominator  (after  the 
denominator  and  numerator  have  been  arranged  according 
to  the  descending  powers  of  a?)  we  shall  get 
A  +  Ba?  -f  Ca^  4-  Da?*  _  D^       Cc  -  D  J   ,      A^  +  B^a? 


a  4-  &»  4-  ca^                 c               &             a  •\-hx  ■\-  csP 
where  we  nave  (tor  simplicity)  represented -5 

.      At       ^B(j»4-D(J^-a^)-C»c,     ^,  .       ,       . 

by  A%  and  ^ by  B^ ;  so  that  the  given 

fraction  is  reduced  to  terms  that  are  freed  from  the  given 
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denominator,  and  to  the  fraction      ,  t^  .      «,  whose  denom 

inator  is  the  denominator  of  the  given  fraction ;  provided 

always,  that  the  numerator  of  the  given  fraction  is  not  exactly 

divisible  by  the  denominator. 

^  A^  +  B^aj     .  .  , 

We  can  now  convert      ,  ^^  ,      >  mto  a  recurrmg  series. 

which  IB  arranged  either  according  to  the  ascending  or  de- 
scending powers  of  a?,  by  the  methods  that  have  been  pre- 
viously given. 

It  is  clear  that  any  rational  algebraic  fraction  of  the  same 
kind  (as  that  above)  may  be  treated  in  a  similar  way. 

EXAMPLES  FOB  EXEBCISE. 

1  — a? 

1.  Convert ..   ,      into  a  series  of  ascending  powers  of  ». 

1  — aj 

Afis.  =——  =  1  —  2aj  +  2a?  —  2aj»  +  etc. 

1  +  a? 

2.  Expand  »        ^  ^^^  *  series  of  descending  powers  of  a?. 

Ans.  -1—  =  1  +  (iy+  (ly  +  etc. 
3aj  —  1       3aj  ^  \3aj/  ^  \Sx/ 

8.  Expand  -t   ^  oq^  according  to  the  ascending  powers  of  a?. 

Ana.  i^2a^  =  1  —  3»  —  2a?  +  6aj>  +  4a^—  12aj»  —  8a?  + 

24aj'  +  16a?  -  etc. 

3  +  2aj 
4.  Develop  i  _^  ,  ^  into  a  series  of  ascending  powers 

of  a?. 

8  +  2aj 

^^-  1 TT-^  =  8  +  5»  +  2a?  —  8a?  —  5a?— 2a?  +  8a? 

1  —  X  -f-  or 

A-  6aj^  +  2a?  —  etc. 

8  +  2aj 
6.  Develop  the  same  fraction,  j^  __      .  ^,  into  a  series  of 

descending  powers  of  x. 

8  +  2x      _  2  .   5    .    8       3_6_8       2       6 

-^^-  l-a,4.a3  -  5  +  ^  +  ^-fl^     a?      a?'*"»^"^? 

,  8 
+  j-etc 
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6.  Conyert  i^2x4-a?  ^^  *  series  of  ascending  powers 

ofx. 

1 
^na.  1  _  2a?  4-  a?*  =  l  +  2a  +  8aj«  +  4<B»  +  6flJ*  +  etc- 

7.  Expand  i  +  to  +  3a?»  +  g»  ^^^  *  ^'^^^  ^^  ascending 
powers  of  0?. 

^^'l  +  S^  +  Sa?  +  ^  =  ^-Sx  +  6a?^l(hf  +  l&x^^ 
2lQf  +  etc. 

We  will  now  proceed  to  treat  of  some  cases  of  incomplete 
division,  which  will  enable  bb  to  change  certain  algebraic 
expressions  into  new  forms,  which  will  be  nsefdl  to  ns  here- 
after. 

EXAMPLES* 

Ex.  1. — To  divide  ax  +  bhj  x^m. 
Here  we  have 

x^in\ax  +  h\a 

CUD  —  dfth 


am  +  h 

=  the  remainder,  which  is  the  same  as  the  given  dividend 
if  we  put  m  for  x;  and  since  the  dividend  mnst  (from  the 
nature  of  division)  equal  the  product  of  the  divisor  and  quo- 
tient together  with  the  remainder,  we  shall  have  ax  +  b  s^ 
a{x  --m)  +  cMn  +  b  ;  so  that  ax  +  biB  changed  to  a{x^in) 
+  am  +  b. 

Ex.  2. — To  divide  aa^  +  bx  +  chyx  —  m 
Here  we  get 

x  —  m\as^  +  lx  +  c]ax  +  am  +  b 
ao?  —  am/x 

{am  +  b)x  +  c 

(am  +  J)aj  —  am^  —  tni 


[am*  +  mb  +  e 
=  the  remainder,  which  can  be  immediately  obtained  from 
the  given  dividend  by  changing  x  into  m. 

By  the  first  example,  we  can  change  the  quotient  ax  + 
am  +  b  into  a{x  —m)  +  2am  +  b-;  and  we  shall  of  course 
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have  aa?  +  hx  +  c  =  a(x  —  rnf  +  {2am  +  J)  (a?  —  w)  +  am* 
+  bm  +  eforik^  tmngformation  of  oa^  +  to  +  o. 

Ex.  3. — To  divide  aa?  +  ha?  +  ox  +  dhj  (o  —  m. 
Here  ve  have 

a?  — m|  oix?  +  h3(?  +  CX  +  d  \  aa?  +  {am  +  h)x  +  am^  +hm  +  c 


{am  +  h)a?  +  ex 

{am  -^  h)Q?  —  {arv?  +  hrip 

{ami?  +  hm  +c)aj-f-rf 

{arr?  +  hn  +c)x—am*'-h7ri?—€m 

am^+hwf^em+d 

=  the  remainder,  which  is  deduced  at  once  from  the  given 
dividend  by  changing  x  into  m. 

If  in  the  last  example  we  change  h  into  am  +  hj  and  o  into 
am?  +  lm  +  c^aa?  -{-hx  +  c  will  become  aa?  +  {am,  -f  J)»  -h 
am^  -\-im  +  c  =  a{x  —  rrCf  +  (8am  +  J)  (a?  —  m)  +  8am*  + 
2Jm  +  0  =  the  transformation  of  our  quotient. 

Hence,  we  deduce  a»'-f-Ja^  +  caJH-rf  =  a^x  —  nCf  +  {^am, 
+  J)(a?  —  rrCf  +  (3am*  +  2lm  +  c){x  —  m)  -h  am^  +  hw?  +  (w* 
-f  dy  which  is  the  transformation  of  aaj*  +  to*  -f  a»  +  rf. 

Ex.  4.— To  transform  Aaf"  +  Ba?"-^  4-  Caf -*  +....+  S» 
4-  T,  (A),  so  that  x  shall  be  changed  into  a?  —  m,  supposinj; 
»  to  stand  for  a  positive  whole  number,  and  the  coefficienta 
A,  B,  C,  ....  T  to  be  independent  of  x. 

The  transformation  may  clearly  be  effected  as  in  the  pre- 
ceding-examples ;  but  we  shall  give  another  method,  which 
is  in  some  respects  more  simple. 

Thus,  since  a?  =  »  —  m  +  m,  if  we  represent  a?  —  m  by  y, 
we  have  aj  =  y  +  m,  so  that  we  may  evidently  put  y  +  m 
for  X  in  (A),  which  will  change  it  to  A(y  +  m)"  -f  B(y  -|- 
mf'^  +  C(y  +  m)«-'  + +  S(y  +  m)  +  T,  (B). 

Because  (y  4-  ^nf  =  (y  +  m)  x  (y  +  m)**-^  =  y{y  +  m)"""* 
+  tniy  +  rnY-\  we  get  A(y  +  my  =  y[A(y  +  m)"-*]  +  Am 
(y  +  m)*-^  (1) ;  and  adding  B(y  -h  w)'*-*  to  both  sides  of  (1), 
we  get  A(y  4-  m)'»  +  B(y  4-  m)"-^  =  y[A(y  4-  m)"-^]  4-  {Am 
+  B)  (y  4-  w)"~S  (2) ;  .  • .  if  we  change  A  in  (1)  into  Am  +  B, 
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and  n  into  n  —  1,  we  get  {Am  +  B)(y  +  w)"""^  =  y[(Am  -f- 
B)(y  +  m)**"']  +  (Aw*  +  Bwi)(y  +  w)**"* ;  consequently,  if  we 
add  C(y  +  m)""'  to  both  sides  of  (2),  we  get  A(y  +  mY  -h 
B(y  4-  m)"-^  +  C(y  +  m)'»-«  =  ^[A^^  +  m)'^-^  +  (Am  +  B)(y 
+  m)«-«]  4-  (Am«  +  Bm  +  C)(y  +  m)"-*,  (3). 

If  we  put  Am'  +  Bm  +  C  for  A  in  (1),  and  change  n  into 
n  —  2,  it  becomes  (Am*  +  Bm  +  C)  (y  +  m)""'  =  y[(Am*  -|- 
Bm  4-  C)(y  +  m)"-«]  +  (Am»  +  Bm*  4-  Cm)(y  +  m)"-»;  con- 
sequently, if  we  add  D(y  4-  m)''~'  to  both  sides  of  (3),  we 
shall  get  A(y  4-  my  4-  B(y  +  mf'^  4-  C(y  +  m)"-*  +  D(y  4- 
m)*-*  =  y[A(y  4-  w)""^  4-  (Am  4-  B)  (y  4-  mf'^  4-  (Am»  4- 
Bm  +  C)(y  4-  m)"-«]  4-  (Am*  4-  Bm«  4.  Cm  +  D)(y  4-  •^i)**"*, 

It  is  easy  to  see,  ftom  the  law  of  the  preceding  transforma- 
tions, that  if  we  continue  the  above  process  until  it  has  been 
repeated  n  times,  we  shall  have  A(y  4-  my  4-  B(y  4-  m)*-*  4- 

C^  4-  mY'^  4- +  S(y  4-  m)  +  T  =  y[A(y  +  m)'*-^  + 

(Am  4-  B)(y  4-  m)"-*  +  (Am«  4-  Bm  4-  C)(y  4-  m)"-'  4-  (Am* 

4-  Bm»  4-  Cm  4-  D)(y  4-  ^n)"-*  4- 4-  (Am«-»  4-  Bm"-»  4- 

C»i*-*  4- 4-  E)  (y  4-  m)  4-  Am'-i  4-  Bm**-'  4-  Cm'*-'  4- 

4-  S]  4-  Am**  4-  Bm"-^  4-  Cm«-*  +  . . . .  4-  Sm  4-  T,  (C). 

The  quantity  Am"  4-  Bm"-*  4-  Cm"-'  4- 4-  Sm  4-  T, 

which  is  independent  of  y  in  (C),  is  evidently  the  remainder 
which  the  division  of  (A)  by  a?  —  ?n  would  give,  and  it  is  de- 
duced immediately  from  (A)  by  changing  x  into  m. 

Hence,  in  order  that  (A)  may  be  exactly  divisible  by 
a?  — -  m,  it  will  be  necessary  that  m  should  be  such  as  to  re- 
duce the  aforesaid  remainder  to  0 ;  or,  which  is  the  same,  m 
must  be  a  root  of  the  equation  Am"  +  Bm""*  4-  Cm""'  4- 
.  .  •  .  4-  Sm  4-  T  =  0 ;  which  is  in  conformity  to  the  remarks 
made  under  Ex.  4  of  the  third  case  of  Multiplication, 

The  quantity  A(y  4-  w)""*  4-  (Am  +  B)(y  4-  m)"-'  4-  (Am' 

4-  Bm  4-  C)(y  4-  m)""'  4-  etc 4-  (Am""'  4-  B7/i"-«  4- . . . . 

+  B)(y  +  m)  +  Am"-*  4-  Bm"-'  4- 4-  S,  which  is  with- 
in the  braces  in  the  right  member  of  (C),  and  which  is  mul- 
tiplied by  y,  is  evidently  of  the  same  form  as  (B),  and  may 
be  transformed  by  (C)  merely  by  putting  ti  — - 1  for  n^  Am 
4-  B  for  B,  Am'  4-  Bm  4-  C  for  C,  and  so  on ;  then  the  part 
of  the  transformation  which  is  independent  of  y  will  clearly 
be  the  coefficient  of  y  in  the  ti*aiisformation  of  (B),  as  re- 
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quired ;  and  it  is  easy  to  see  that  ^Am""*  +  {n  —  l)Bm*-'+ 

{n  —  2)0m*-»  + +  2iRm  +  S  is  the  coefficient  of  y. 

The  part  of  the  last  transformation  that  has  y  for  a  factor 
(as  in  (C))  being  transformed  as  before  by  (C),  the  part  of  it 
which  is  independent  of  y  will  clearly  be  the  coefficient  of 
y*,  and  so  on,  until  the  coefficients  of  all  the  powers  of  y  in 
the  transformation  of  (B)  are  obtained.  It  will  not,  however, 
be  necessary  formally  to  t)btain  them ;  for  we  see  from  what 
has  been  done,  that  they  can  easily  be  found  by  the  following 
very  simple  rule. 

•  RULE. 

Write  the  coefficients  of  (A)  or  (B)  in  a  horizontal  line^ 
supplying  any  term  tliat  may  he  toasting  in  the  given  quan- 
tity (A)  (^  make  the  exponents  of  x  decrease  by  a  unit  as  we 
pass  from  any  term  to  the  next  successive  tervi)  hy  0,  thz^ 
we  ha/oe  A  -h  B  +  0  + +  S  +  T,  (D), 

Then  multiply  Ahy  m,  according  to  their  signs^  and  add 
3  to  the  product^  and  denote  the  result  hy  W^  and  we  have 
Am  +  B  =  B* ;  multiply  B^  hy  w,  according  to  their  signsy 
and  add  C  to  the  product,  and  denote  the  resvU  hy  C^,  and  %Joe 
have  K.rf?  -f  Bm  +  C  =  B^m  +  C  =  C* ;  proceed  in  the  same 
way  as  before  with  C^  and  D,  and  so  on  ;  and  the  resttU, 
whose  number  is  denoted  hy  the  number  of  units  in  n,  wHl  he 
the  quantity  in  the  transformed  expression  of  (B),  which  is 
independent  of  y. 

The  coefficient  of  y  is  found  in  the  same  way,  by  using  B\ 
C\  etc.,  instead  of  B,  C,  etc. ;  observing  that  the  coefficient 
of  y  is  the  result  whose  number  is  »  —  1.. 

K  we  put  Am  -hB'=  B",  B"m  +  C'  =  C",  C°m  +  D'=  D« 
and  so  on ;  then  using  A,  6",  0",  etc.,  as  before,  and  taking 
the  result  whose  number  is  n  —  %  we  have  the  coefficient 
of  y*.  Proceeding  in  like  manner  with  the  preceding  results, 
we  get  the  coefficient  of  y*,  and  so  on,  for  the  coefficients  of 
y*,  y*,  etc.,  until  all  the  coefficients  are  found. 

By  writing  the  coefficients,  (D),  of  the  given  equation,  in 
the  form  of  a  dividend,  and  m  for  the  corresponding  quotient, 
we  may  expi'ess  the  rule,  and  the  manner  of  applying  it  to 
particular  examples,  in  the  following 
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80HBMB. 

A+B  +  0      +D  +E     +S      +T 

Am  +  B'm  +  Cm  +....+  Q'm  +  E'm  +  S^m 


B"  +  e    +  D'    + . . . 

Am  +  Wm  +  Cm  +  ... 

. +E' 

B"  +  0"    +  D"     +  . . . 
Am  +  Wm+  (y"m+  . . . 

. +R"' 

B™  +  C"   +  P™ 
Am  +  B"m+  etc. 

+  ... 
+  etc. 

.  +«■" 

m 


(E). 


B'^  +  Cr    -fete    -fete 

toA  flo  on,  until  we  arrive  aJt  the  ooeffieient  of  y*  in  th# 
transformed  equation,  which  (coefficient)  is  clearly  A,  tite 
coefficient  of  of  in  the  expression  to  be  transformed.  Where 
it  is  to  be  observed  that  T  is  nsed  to  express  the  term  of  the 
transformed  equation  which  i^  independent  of  y,  and  S"  ex- 
presses the  coefficient  of  y,  and  B"*  that  of  y*,  and  so  on. 

Remmk, — Our  rule  is  substantially  the  same  as  that  given 
by  W.  G.  Homer,  Esq.  (of  Bath,  England),  for  the  purpose 
of  solving  equations ;  but  it  has  been  obtained  by  a  much 
more  simple  and  obvious  method. 

Homer^s  method  consists  in  dividing  (A)  the  equation  to 
be  transformed  by  a?  —  m,  then  the  remainder  is  the  term  <A 
the  transformed  eqtiation  which  is  independent  of  y.  Tlien 
he  divides  the  quotient  by  a?  —  m,  and  the  remainder  is  the 
fioeffieient  of  y.  And  dividing  the  last  quotient  by  a;  —  m, 
the  remainder  is  the  coefficient  of  y*.  Proceeding  in  the 
aame  way  with  tibe  last  quotient,  we  get  the  coefficient  of  y, 
and  so  on  for  the  coefficients  of  y^,  y',  etc. 

Horner  abridges  the  required  divisions  very  much  by  de- 
.taching  the  coefficients  as  in  (D),  and  then  dividing  by 
1  —  m,  by  Synthetic  Division,  or  Rule  HI. 

We  will  now  illustrate  the  rule  by  some  particular  ex- 
amples, which  we  shall  perform  according  to  the  scheme, 
(E). 

BXA3CPLES. 

Ex.  1. — To  transform  8iB?  +  5a?  +  7,  supposing  that  x  = 
y  +  2. 

Here  we  have  n  =  3,  m  =  2,  A  =  8,  B  =  5,  0=7; 
then  by  (E)  we  have  the  following  process. 
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8  +  5+    712 
6  +  22  '— 

11+20 
6 


17 
Then,  since  29  corresponds  to  T  in  (E),  and  17  to  S°,  and 
that  8  is  the  coefficient  of  y*,  we  have  8y*  +  17y  +  29  for  the 
transformation,  as  required. 

Ex.  2. — ^To  transform  oj*  —  8ic?  +  2a?  — 11,  when  we  put 
»  =  y  +  2. 

Here  ti  =  3,  m  =  2,  A  =  1,  B  =  —  8,  0  =  2,  D  =  -  11, 
and  we  have,  bj  proceeding  as  in  the  scheme,  (E),  the  fol* 
lowing  work. 

1_8  +  2~11|2 
2-3+    0 

-1  +  0-11 

2  +  2 


1  + 


8 

Hence,  since  — 11  corresponds  to  T,  and  2  to  S°,  8  to 
B™  in  the  scheme,  and  that  the  coefficient  of  a?"  in  the  given 
expression  is  1,  we  shall  have  y*  +  3y*  +  2y  — 11  for  the 
sought  transformation. 

Ex.  3.— To  transform  of  —  lOaj*  +  6aj  +  1,  by  putting 
a?  =  y  —  8. 

Here  we  have  n  =  6, m=  —  8,  A  =  l,  B  =  0,  0=  —  10, 
D  =  0,  E  =  6,  F  =  l;  hence,  proceeding  as  in  (E),  we  get 
1+0-10+      0+      6+11-8 
-3+9+      3—     9+    9' 


— 

3-  1  + 
3  +  18- 

3  -   3  +  10 
51+144 

— 

6  +  17- 
3  +  27- 

48  + 141 
132 

— 

9  +  44- 
3  +  36 

12  +  80 
8* 

180 

-15 
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Since  10,  141,  — 180,  80,  — 15,  severally  correspond  to 
T,  S",  R"',  Q»^,  P,^  in  the  scheme,  and  that  A  =  1,  we  shall 
have  y"  —  15j^  +  80y"  —  ISOy*  -h  lily  +  10  for  the  required 
transformation. 

Ex.  4. — To  transform  a?,  when  x=^y  +  m. 
Ill  this  case  we  have  7i  =  2,  A  =  l,  B  =  0,  0  =  0;  conse- 
quently we  get 


1  +  0  +  0 
w  +m* 


m 


m 
m 

2m 

hence  ^  +  2fny  +  m*  is  the  required  transformation ;  and 
we  have  aj^  =  (y  +  tn)'  =  y*  +  2my  +  m%  a  well-lmown 
result 

Ex.  5. — ^To  transform  of  when  a?  =  y  —  w. 
In  this  instance  n  =  3,  and  for  m  we  must  use  —  m/  also 
A  =  l,  B  =  0,  0  =  0,  D  =  0;  consequently,  we  shall  get 

1+0+0  +  0 

—  w+  m^  —  m^ 

—  m+2w^ 


—  m 


—  2m+8m^ 


—  m 


—  8m 


Hence,  since  —  m*,  3m*,  —  3m  severally  correspond  to 
P,  8°,  R™  in  the  scheme,  and  that  A  =  1,  we  get  a^  = 
(y  -y  m)*  =  y*  —  8my*  +  Sm^y  —  m",  a  well-known  result. 

Ex.  6.— Transform  a?  —  36,  when  a?  =  y  +  6. 
Here  we  have  »  =  2,  m  =  6,  A  =  1,  B  =  0,  0  =  —  36 ; 
and  by  (E)  we  get 


1  +  0-36 
6  +  36 


6 


6  +  0 
6 


12 


Hence,  since  0,  12  correspond  to  T,  S°  in  (E),  we  get 
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y>  +  12y  for  the  sought  tranfiformation ;  and  we  Bhall  have 

If  a>^  —  86  s=  0,  or  a?  =  36,  then  we  must  hare  y*  4-  ISy 
=  (y  +  12)y  =  0,  which  is  satisfied  either  by  patting  y  =  0> 
or  y  -h  12  =  0,  When  y  =  0,  wegeta  =  y  +  6  =  0  +  6  = 
6,  and  since  ^  =  36,  it  fallows  that  iv  =  6  is  the  square  root 
of  36.  Also,  y  -h  12  =  0  gives  y  =  —  12,  and  since  a?  =  y 
+  6,  we  must  have  »=— 12  +  6=  —6;  consequently, 
—  6  must  also  be  a  square  root  of  36.  Hence,  we  see  that 
the  square  root  of  36  may  be  either  +  6  or  —  6/ 

Ex.  7. — Transform  a? —  27  when  »  =  y  -f  3. 

Here  m  =  3,  t^  =  3,  A  =  1,  B  =  0,  0  =  0,  D  =  —  27,  and 
by  (E)  we  get 

14-0+    0-2713 
3+    9  +  87| 

3+    9+    0 
8  +  18 


6  +  27 
8 


9 

Hence,  smce  0,  27,  9  correspond  to  P,  S",  R",  in  (E),  we 
get  y*  +*9y*  +  27y  for  the  sought  transformation.  Hence 
we  shall  have  y^  +  9y*  +  27y  =  a*  —  27,  and  if  a?*  —  27  =  0, 
or  ar"  =  27,  we  must  have  y^  +  9y*  +  27y  =  (y"  +  9y  +  27) 
y  =  0,  which  is  satisfied  by  putting  y  =  0,  or  y*  +  9y  +  27 
=  0 ;  the  expression  y  =  0  gives  »  =  y  +  8  =  0  +  3  =  3. 
Ck)n8eqaently,  since  a?  ss  27,  we  must  have  a;  =  3  =  the  third 
or  cube  root  of  27. 

Hema/Hk. — ^We  see  from  this  and  the  preceding  exampio 
that  our  rule  may  be  applied  to  the  extraction  of  the  roots 
of  numbers. 

Ex.  8.— Transform  a?  —  7a?  +  12,  when  a?  =  y  +  4. 

Here  n.  =  2,  m  =  4,  A  =  1,  B  =  —  7,  C  =  12,  and  by  (E) 
we  shall  get 

1-^7  +  12(4 
4--12| 

-3+    0 
4 
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Hence  we  have  ^  +  y  for  the  sought  transfixrmatioB ;  and 
cf  course  we  must  have  y*  -f  y  =  aj*  —  Ta?  +  12.  Conse- 
quently, if  aj*  —  7a?  +  12  =  0,  we  must  have  y'  +  y  =  (y+1) 
y  =  0,  which  is  satisfied  either  by  y  =  0,  or  y  H-  1  =  0. 

The  value  y  =  0  gives  a  =  y  +  4  =  4,  and  the  value  y  + 
1  =  0  gives  y  =  —  1,  and  a?  =  y  +  4  =  3,  and  we  have  x  — 
4  =  0,  or  a?  —  8  =  0.  Hence  a?  —  4  and  a?  —  3  must  be  the 
factors  of  aj*  —  7»  +  12  ;  indeed,  we  have  (a?  —  4)  (a  —  8)  = 
a?»-7a?  +  12. 

Ex.  9.— Transform  »*  —  3aj'  +  2a?  —  6,  when  a?  =  y  +  8. 
Here  we  have  n  =  3,  w  =  8,  A  =  1,  B  =  —  3,  C  =  3, 
D  =  —  6 ;  henccj  by  (E),  we  get 

8 


1-3  + 
3+. 

2-6 
0  +  6 

0  + 
8  + 

2  +  0 
9 

8  +  11 
3 

6 

Consequently,  since  0, 11,  6,corre6pond  to  P,  S",  E™i  and 
that  the  coeflScient  otaf  is  1,  we  have  y*  +  6y*  +  lly  for  the 
jrequired  transformation. 

Ifa?»  —  3«'  +  2a?  —  6  =  0,  then  y*  +  6y*  +  lly  =  (y»  +  6y 
-I-  ll)y  =  0 ;  which  is  satisfied  by  putting  y  =  0,  or  y*  +  6y 
H-  11  =  0 ;  the  value  y  =  0  reduces  a?  =  y  +  8toaj  =  8or 
w  —  3  =  0;  and  consequently  a?  —  3  is  a  factor  of  »*  —  Saj*  + 
2a?  —  6;  indeed  we  have  «j*  —  3a^  +  2aj  —  6  =  (aj  —  3)(aj'+2). 

Jiemark. — ^It  is  clear  from  this,  and  the  preceding  ex- 
amples, that  our  rule  can  be  applied  to  the  resolution  of 
equations ;  or,  which  comes  to  the  same  thing,  to  the  resolu- 
tion of  quantities  of  the  form  (A)  into  their  &ctora.  And  the 
principle  is,  so  to  assume  mhix  =  y  +  m^  that  the  term  which 
do^  not  involve  y  in  the  transformed  equation  shall  equal  0, 
or  differ  from  0  by  a  quantity  that  may  be  rejected  as  of  no 
consequence  in  the  required  degree  of  exactness  of  0. 

EXAMPLES  FOB  EXESCISE. 

1.  Transform  5aj*  —  7a?  —  50,  when  a?  =  y  +  4. 

Ana.  5y'  +  8Sy  + 2^  the  transformation. 
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2.  Transform  a^  —  9,  when  »  =  y  +  2. 

Ans.  y»  +  6y»-hl2y-l. 
8.  Tranefonn  oj"  —  7a  —  7,  when  x  =  y  +  3. 

Ana.  y*+V  +  20y-l. 

4.  Transform  a?  +  llaj^  —  102a  +  181,  when  a  =  y  —  17. 

Ans.  y»  -  40y*  +  391y  +  181. 

5.  Transform  a*  +  2aj*  -—  7aJ^  —  8aj  +  12j  when  a?  =  y  +  1. 

^7W.  y*  +  6y«  +  5y»  -  12y. 

6.  Transform  a*  —  19aj»  +  132a?'  —  302a;  +  200,  when  x  = 
y  +  2.  Ana.  y*  -  lly«  +  42j^  +  30y  -  12. 

7.  Transform  a?  +  2aaj  —  J,  when  a?  ==  y  —  a. 

-4w*.  y*  —  (a»  +  i). 

8.  Transform  a^  —  3aaj^  4-  Ja?  —  <?,  when  a?  =  y  +  <z. 

^w.  y»«-(3a»-%-(2a«-aJ  +  c). 


(11.)  APPENDIX  TO  MULTIPLICATION  AND   DIVISION. 

We  have,  m  Multiplication  and  Division,  supposed  the 
multiplier  and  divisor  (each)  iii  every  operation  to  retain  the 
same  form.  But  it  is  easy  to  see  that  we  may,  if  we  please, 
continually  change  the  form  of  the  multiplier  or  divisor  (at 
will)  in  any  case  or  during  the  same  operation;  provided 
always,  the  value  of  the  multiplier  or  divisor  is  not  changed. 

We  will  now  give  some  examples  for  the  purpose  of  show- 
ing that  it  will  often  be  useful  to  change  ^e  forms  of  the 
multiplier  or  divisor  (continually),  in  order  to  transform  ex* 
pressions  that  may  occur  in  calculation. 

EXAMPLES. 

Ex.  1. — Let  m  stand  for  any  positive  integer,  and  suppose 
it  is  required  to  find  the  sum  of  the  series  (m  —  1)  +  (m  —  2) 

+  (w2.  —  3)  +  (m  —  4)  + +1,  (1),  which  is  called  a 

decreasing  arithmetical  progression;  1,  the  difference  be* 
tween  any  two  successive  terms,  being  called  the  ratio  of 
decrease ;  also  (m  —  1)  and  1  are  called  its  first  and  last  terms, 
or  the  extremes  of  the  series,  and  since  {rn  —  1)  contains  as 
many  units  as  there  are  terms  in  the  series,  (m  —  1)  is  called 
the  number  of  terms  in  the  progression* 

To  find  the  sum  of  the  series  (1),  we  shall  multiply  each 
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of  its  terms  by  2,  when  pnt  under  the  form  2  =  m  —  (w  —  2) 
for  the  multiplier  of  the  first  term  (m  —  1)  of  the  series,  and 
under  the  form  2  =  (m  —  1)  —  (m  •—  3)  for  the  multiplier  of 
the  second  term  (m  —  2),  and  2  =  (m  —  2)  —  (^  —  4)  is  the 
multiplier  of  the  third  term  {m  —  3),  and  so  on ;  so  that  we 
continuallj  change  the  form  of  the  multiplier  without  chang- 
ing its  value. 

The  product  of  the  first  term  of  the  series  and  its  multiplier 
is  m(i»  —  1)  —  (w  --  l)(m  —  2)  ;  and  if  in  this  we  change  m 
into  7»  —  1,  we  shall  have  (m  —  l)(m  — 2)  — (7/1^—  2)(m—  3) 
for  the  product  of  the  second  term  of  the  series  and  its  multi- 
plier ;  and  if  in  the  last  product  we  change  m  into  wi  —  1, 
we  get  (m  —  2)(m  —  8)  —  (m  —  3)(m  —  4),  and  so  on  to  the 
last  product,  which  is  expressed  by  \m  —  (m  —  2)]  .  [m  — 
{frh  —  1)]  —  [m  —  (  m^  1)]  .  [w  —  w] ;  whose  last  term  is  0, 
since  its  factor  m  —  m  equals  0. 

Hence,  adding  the  preceding  products,  by  putting  corre- 
8i>onding  terms  in  vertical  columns  under  each  other,  we  get 
the  following  results. 

m(w— 1)— (7/i--l)(m— 2) 

(w-lXm-2)— (w-2Xm-3) 

(m— 2)(w— 3)— (m— 3)(77^— 4) 
(m— 3)(m— 4)— 
*       (m-4Xw-5) 


and  so  on  to  the  last  product  inclusive,  whose  sum  is  mJim  — 

1) ;  since  the  terms  in  vertical  columns  destroy  each  other, 

and  that  the  last  term  of  the  last  product  is  0. 

Hence,  since  twice  the  series  is  transformed  to  m(m  —  1), 

we  shall  have  (m  —  1)  +  (m  —  2)  +  (m  —  3)  +  (m  —  4)  + 

^      mhn  —  1)  ,  ,     - 

....  +  1  = 5 ,  (2),  as  required. 

Because  m  =  (m  —  1)  -h  1  =  the  sum  of  the  extreme  terms 
of  the  series,  and  that  m  —  1  —  the  number  of  terms,  we  de- 
duce from  (2)  the  following  rule  for  finding  the  sum  of  the 
terms  of  the  series. 

SULE. 

The  sum  of  the  terms  of  the  series  equals  half  the  product 
of  the  swn  rf  the  extreme  terms  hy  the  nv/mber  of  terms. 
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Ex.  2.— To  tranaform  the  serws  (m  —  1)  (m  —  2)  +  (ti^  —  2) 
(«*  —  8)  +  (m  —  S){m  —  4)  +  (f»  —  4)(w  —5)  +....+ 
[w  —  (m  —  2)]  .  [m  —  (m  —  1)],  (1),  in  guch  a  way  that  its 
sum  can  be  found. 

Here  we  multiply  each  term  of  the  series  by  S,  which  is  to 
be  put  under  the  form  f7t  —  (m  —  S)  for  the  multiplier  of  the 
first  term  {m  —  1)  (w  —  2)  of  the  series ;  and  (f»  —  1)  —  {m 
.  —  4)  is  the  multiplier  of  the  second  term  {m  —  2){ni  —  8) ; 
and  (m  —  2)  —  (77»  —  5)  is  the  multiplier  of  the  third  term 
{m  —  8)(m  —  4),  and  so  bn  to  [m  —  (m—  3)]  —  (m  —  m)j 
which  is  the  multiplier  of  the  last  term. 

The  product  of  (iie  first  term  of  the  series  and  its  multiplier 
is  fn{m  —  l)(m  —  2)  —  (m  —  l)(m  —  2)(w  —  8),  and  putting 
in  this  w  —  1  for  wi,  we  hare  {m  —  l){m  —  2){m  —  8)—  (f» 
.  —  2)(w  —  3)(m  —  4)  for  the  product  «f  the  second  term  of 
the  series  and  its  multiplier;  and  changing  in  this  last  pro- 
duet  m  into  7W  —  1,  we  have  {m  —  S){m  —  8)(m  —  4)  —  («* 
—-  d)(m  —  4)(m  —  5)  £(»r  the  product  of  the  third  term  of  the 
series  and  its  multiplier,  and  so.  on,  to  the  product  of  the  last 
term  of  the  series  and  its  multiplier,  which  is  [m  —  (m  —  3)] . 
[m  —  (m  —  2)]  .  [m  —  (w  —  1)],  »by  omitting  m  —  m^  0 
in  the  multiplier. 

Hence,  if  we  add  all  the  preceding  products,  as  in  the  pre- 
ceding example,  their  sum  will  be  reduced  to  m(m  —  IX^i  — 
2),  which  is  of  course  equal  to  8  times  the  sum  of  aJl  the 
terms  of  the  given  series ;  consequently  we  have  {m  —  l){fn 
—  2)  +  (772.  —  2){m  --  3)  +  (w  —  8){ni  -  4)+  (m  —  4)(w  ~ 

5)+....+[m^(m-2)].[m^(i7i.~l)]  =  ^^-y^'^'), 

8 

(2),  as  required. 

Ex.  3. — To  transform  the  series  (m  —  l)(w»—  2){m  —  8) 
-f  (w-  2)(m-  3)(m-4)  +  (m  — 8)(w-4)(m- 6)  + 
....  +[m-(m-3)].[7/^-(w  — 2)].  [w-.(m  — 1)]  (1). 

Here  we  must  multiply  each  term  by  4,  wliich  is  greater 
by  a  unit  than  the  number  of  factors  in  each  of  the  terms  of 
the  given  series. 

For  the  multiplier  of  the  first  term  of  the  series  we  must 
put  4  =  m  —  (m  —  4),  and  for  the  multiplier  of  the  second 
term  o£  the  series  we  must  put  4  =r  (iTt  _  1)  ~  (fj%  _  5),  and 
4  =  (m  —  2)  —  (i»  —  6)  is  the  multiplier  of  the  third  term, 
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and  80  on.  Heiice,'(a8  in  the  preceding  examples),  we  easily 
get  (m  —  l)(m  —  2)(m  ^  8)  +  (?»  —  2)(m  —  3){m  —  4)  + 
(#»-*  8)(w»  —  ^)(wi  -*  6)  + +[m^{m  —.8)]  x  [w  — 

(m~2].[m--(7/>^l)]  =  ^^--^H^^-"^M^-^),  (2), 

as  required. 

Universally,  if  it  is  any  positiye  integer,  and  we  hay«  the 
aeries  of  Buocessive  products,  each  containing  n  factors,  as 
(f»  —  1)  (wi  —  2)  (m  —  8)  X  ....  X  (m  —  »)  +  (m  —  2){m  — 
8)(7»  —  4)  X X  [w  — (7^  +  l)]  +  (m— 8)(w  —  4)(w*- 
5)  X  X  [m  —  (n  +  2)]  -f  (wi  —  4)(m  — |5)(m  —  6)  x  . . . . 

X  [»i  — (fk  +  8)]+  .•..  -f  [m--(m— ii)].[^'^(i»— «+l)]. 
[m  —  (tw.  —  71  -f  2)]  X  .  • . .  X  [»^  —  (m  — 1)3,  such  that  any 
teftn  of  the  series  is  deduced  from  the  preceding  term  by 
ehanglng  m  into  m  -^  1 ;  then  the  multiplier  of  each  term 
must  be  n  -f  1}  which  is  greater  than  the  number  of  facton 
in  each  term  of  the  series  by  a  unit. 

For  the  multiplier  of  the  irst  term  of  the  series,  we  maet 
put  »i  +  l  =s:m  —  (tn--«  —  1);  and  changing  m  into  w— 1^ 
we  have  n  -f- 1  =  (w*  *-  1)  —  (^  —  »  —  2)  fi>r  the  multiplier 
of  the  second  term  of  thcj^ries ;  and  changing  in  this  multi- 
plier m  into  m  —  1,  we  have  (?«-  —  2)  —  (m  —  »  —  8)  for  the 
multiplier  of  the  third  term  of  the  series,  and  so  on. 

Consequently,  if  we  denote  the  sum  of  all  the  terms  of 
the  series  (for  brevity)  by  S,  we  shall  have  (as  before)  S  = 

W  +  1' 

the  terms  of  the  series,  as  required. 

Ex.  4. — ^rising  m  to  represent  any  positive  integer,  as 
heretofore,  it  is  required  to  find  the  sum  of  the  series  m*  + 
(m  -  1)*  +  (m-  2)*  +  (7/1  -  8)«  + +  1?  (1). 

Since  m*  =  t/*  +  m*  —  tti,  we  get  tt^'  =  m  +  in{m  —  1) ; 
and  changing  m  into  tti  —  1,  we  have  [m  —  1)'  =  (tti  —  1) 
+  (t/i  —  l){m  —  2) ;  and  changing  m  into  m  —  1,  we  get 
(m  —  2)*  =E  (m  —  2)  +  (t/i  —  2)(77i  —  8),  and  so  on.  Conse- 
quently, by  adding  the  preceding  results^  we  get  m*  + 

{m-iy  +  {m-2Y  +  {m-Sf  + +  1»  ==  m  +  (tti  - 1) 

-f(m  —  2)  +  (^--8)+  *  .  .  .+1  +  n^fn  —  1)  +  («»  —  1) 

{m  —  2)  +\m  —  2)(m -  3)  + +2x1.     If  for  m  in 

(2)  of  Ex.  1  we  put  7»  +  1,  it  wiU  give  m  +  (m  —  1) 
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4.  (^-.2) +  (771-8)  +  ....  +l=^^ti);   and  if  in 

(2)  of  Ex.  2,  we  put  m  +  1  for  ??^  we  shall^  get  m(m— 1) 

+  (m  -  l){m  -  2)  +  (m  —  2)(m  —  3)+ +2x1  = 

{m  —  V)fn{m  +  1) 
3 
Hence,  we  deduce  w?  +  .(w  —  1)*  +  (m  —  2)'  +  (w  —  3)* 
^,__m(m+l)  ^(m— l>w<m+l)_yw<m+l)(2m+l) 
+  ....+1-       ^        "<'  8  "■  6 

(2),  as  required. 

Ex.  6. — ^To  find  the  sum  of  the  series  m*  +  (m  —  l/  + 
(»^^2)»  +  (m-8)«+ +1«  (1). 

Since  m'  =  m  +  7/**  —  m  =  m  +  m(m'  —  1),  and  that  m* 
—  1  =  (m  +  l)(m  —  l)y  we  of  course  get  m*  =  m  +  (m  +  1) 
m(wi  —  1) ;  and  changing  m  into  m-  —  1,  we  have  (m  —  !)• 
=  (?»'— 1)  +  77i(m  — l)(m-- 2);  and  changing  in  this,  nn 
into  m— 1,  we  get  (m  — 2)'  =  (tt*  — 2)  +  (m  — !)(»*  — 2) 
(m  —  3),  and  so  on.  Adding  the  preceding  results,  we  have 
7n?  +  {m^  ly  +  (m  —  2/  +  (m  —  Sy  +  .  .  .  .  +  1*  =  m  + 
(m  — l)  +  (m  — 2)  +  (w  — 3)+  .  ..^  +l  +  (m  +  l)7w{»^— 1) 

+  m{m  —  l)(w  —  2)  +  (w»  —  l)(m  —  2)(m  —  3)  + +3 

X  2  X  1. 

As  in  the  last  example,  we  have  m  +  l[m  —  1)  +  (m  —  2) 

+  (w  —  3)  + +1  =  ^^  — i;  and  by  putting  m  +  2 

for  m  in  (2)  of  Ex.  3,  we  get  (m  +  1) .  m(m  —  1)  +  m{m  —  1) 

(m  —  2)  +  (m  —  l)(m  —  2)(7»  —  3)+ +3x2x1  = 

(m  +  2)(m  +  IWm  —  1)     ^  ,   ,  .      , 
7 .    Hence,  we  deduce  ttt  +  (m  -- 1)' 


m^m  +  1)*  ,^.  .     , 

=  — ^2 ^  (2),  as  required. 


Ill 

Ex.  6. — To  find  the  sum  of  the  series  7 — k  +  s — g  +  q— j 

+  ••••+  -7 — r-7T  (1))  ii^  which  the  notation  1 . 2  is  used 
n{n  +  1)  ^  ^' 

to  signify  the  product  of  1  and  2 ;  also  2 .  3  is  used  to  express 

the  product  of  2  and  3,  and  so  on ;  also  n  is  usedlfor  a  whole 

number,  which  contains  as  many  units  as  there  are  units  in 
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the  number  of  any  term,  when  the  terms  are  counted  from 
the  left  t#  the  right 

To  find  the  sum  of  the  eeries,  we  multiply  each  term  by 

1 ;  when  put  under  the  forms  1  =  2  —  1  for  the  multiplier 

of  the  first  term,  1  =  8  —  2  for  the  multiplier  of  the  second 

term,  1  =  4  —  3  for  the  multiplier  of  the  third  term,  and  so 

on,  to  (^  +  1)  —  ^,  which  is  the  multiplier  of  the  term  whose 

number  is  n. 

1  2  11 

The  product  of  =-—5  and  2  —  1  is  j— ^ —  j— ^  ~  ■'"  "  5' 

and  the  product  of  the  second  term  and  its  multiplier  is 

2  —  g ;  the  product  of  the  third  term  and  its  multiplier  is 

3  "^  Z ;  ai^d  80  OD,  to  the  term  whose  number  is  n,  whose 

product  by  its  multiplier  is ^jj.    Hence,  by  adding 

the  preceding  products,  and  erasing  the  terms  that  are 
numerically  equal  and  affected  with  opposite  signs,  which 

destroy  each  other,  we  sh&ll  have  j— 5  +  0—3  +  0— j  +  . .  . . 

+    /^  ,  -^x  =  1  —  --T"!  (2)^  which  equals  the  sum  of  the 
series,  as  required. 

1  1 

Ex.  7. — ^To  find  the  sum  of  the  series 


1.2.3  '  2.3.4 


■^  ^i^  _l_  1\7«i  _i.  Q\  ^J' 


3.4.5  ^ '  n(n  +  l)(7i  +  2) 

Here  we  must  multiply  each  term  by  2,  which  is  less  by 
a  unit  than  the  number  of  factors  in  the  denominator  of 
each  term.  We  must  put  2  =  3  —  1  for  the  multiplier  of 
the  first  term ;  and  2  =  4  —  2  for  the  multiplier  of  the 
second  term ;  and  2  =  5  —  3  for  the  multiplier  of  the  third 
term,  and  so  on,  to  {n  +'2)  — ti,  which  is  the  multiplier  of 
tile  term  whose  number  is  n. 

The  product  of  the  first  term  and  its  multiplier  is  ifo"" 
- — 5 ;  and  - — 5  —  - — j  is  the  product  of  the  second  term 
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and  its  multiplier;  and  g — 2  —  j — r  is  the  product  of  the 
third  term  and  its  multiplier ;  and  eo  00^  to  the  term  whose 

number  is  71,  whose  product  by  its  multiplier  is     .      *  v  — 

1 
7 —     ..  w-       Qx'    Hence,  by  adding  the  preceding  produots, 

and  erasing  the  terms  that  destroy  each  other,  we  shall  have 
twice  the  sum  of  the  series  expressed  by  j — 5--/       ^w     "qv 

~  2 ""  {n  +  l)(ii  -f  2y  *^^  dividing  by  3,  we  get  the  series 


1.2.3^3.3.4      8.4.5      "••'  n(72.  +  l)(n+2)""4 

~  o7 — r~TT7 — n>\  for  the  sum  of  n  terms  of  the  series,  as 
required. 

Ex.  8. — ^To  find  the  sum  of  the  series  .,    q"  g   ■/      -^v 


2.3.4  X  ..,,  x(;?  +  2)'  8.4.5  x x  (^  -f  8) 

+  ••••  +  K»  +  l)(>^^^2)x....x(j>  +  «)  (^>'  ^"PP^"« 

^  to  stand  for  a  positive  integer,  such  that  ^  +  1  equals  the 
number  of  factors  in  the  denominator  of  each  of  the  frac- 
tional terms  of  the  series. 

Hci^  we  must  multiply  each  term  of  the  series  by^/  and 
we  must  put  jk>  =  (j?  4- 1)  —  1  for  the  multiplier  of  the  first 
term  of  the  series ;  and  put  jp  »  (^  +  2)  —  2  for  the  multi- 
plier of  the  second  term ;  also,  ^  =  (jp  +  3)  —  3  is  the  mul- 
tiplier of  the  third  term,  and  so  on,  to  ^  =  (je?  +  ti)  —  n, 
which  is  the  multiplier  of  the  term  whose  number  is  n. 

If  we  denote  the  sum  of  the  n  terms  of  the  series  by  S, 

then  (as  before)  we  shall  have  S  = — - — 

^  '  jpxl.2.3x....jp 

-^^+l)(n  +  2)x....x(j>  +  n)>  <^)'  ^"^  tbe  Bum  of 
the  series,  as  required. 

Ex.  9. — To  convert « into  a  senes. 
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I 


By  putting  2  nnder  the  form  2  =  f»  —  (m  —  2),  and  divid- 
ing m(m  —  1)  by  m  —  (w  —  2),  using  m  for  the  first  term  of 
the  divisor,  we  get 


«»—  (m  — 2) 


w  (m  —  1  —  (m  —  l)(w  —  2) 


(w— l)(m  — 2) 

=  the  remamder ;  so  that  —^^-rr — '-=^{7n—l)+- ^^ ^. 

If  we  now  put  2  =  (m  —  1)  —  (w  —  3),  and  divide  (m  —  1) 

(m  —  2)  by  (m  —  1)  —  (m  —  3),  using  (m  —  1)  for  the  first 

«    ,      ,.  .                            ,    .        (?7i  — l)(m  — 2) 
term  of  the  divisor,  we  get,  as  before,  -k = 

(^-.  2)  +  (^-^)(^~3).    and  putting  2  =  (m  -  2)  - 

j  (m  —  4),   we    also   have    - — "^    ^ — ^^^^^^  =  (w  —  8)  + 

.(m  — 3)(w  — 4) 

2 ^j  ^"^^  ^  ^^' 

Hence,  we  get  ^-i:i)  =  (m-  1)  +  (m- 2)  +  (m-3) 

+  etc.  (1),  which  will  clearly  never  terminate  when  m  is  not 

a  positive  integer. 

If  in  any  calculation  we  meet  with  the  infinite  series 

(m  —  1)  +  (tw-  —  2)  +  (m  —  3)  +  etc.,  we  may  evidently  put 

m^nh  —  1)    -      .      ,  ,  .      .      ,  .         « 
2 for  it;  because  the  series  is  the  expansiop  of 

2 >  ^  ^*®  h^eti  shown. 

«     -^     m  ,^m  — l)(m  — 2), 

Ex.  10. — ^To  expand  — ^ -^- mto  a  series. 

Here  we  put  3  =  m  —  (w  —  3),  and  divide  m(m— l)(m— 2) 
by  m  —  (^  —  3),  using  m  for  the  first  term  of  the  divisor, 

and    we    have    — — -—k^ — — — ^  =  (m  —  1)  (m  —  2)  + 

(m  — l)(m  — 2)(m  — 8)  ,.,,.. 

-^ ^^^/     J^ov ■;  and  m  the  divisor  m  — (m  — 3) 

(m-l)(m~2)(w-3) 
changmg m  into  m - 1,  we  have       ^rn-^i)^{m -^^ "^ 
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■ 

/  n\f  o\  .  (^  — 2)(m-~8)(m  — 4  j  .  •  .1  ,.  . 
(m-  2)(m-  8)  +       (^  J.\)_(^1.4)     ;  and  in  the  divi- 

Bor  (m  —  1)  —  (m  —  4),  if  we  change  m  into  m  —  1,  we 
have  (w  —  2)  —  (m  —  5)  =  (m  —  1)  —  (w  —  4),  and  then 
(^^2)(m^3)(m-~4)  _  ._g.._^.     (^^3)(m-4)(m~5) 

and  80  on. 

Hence,  ^^-f"^-^)  =  (^  - 1)(^  _  2)  +  (m  -  2)(m 

—  3)  +  (w  —  3)(m  —  4)  +  etc.,  (1),  which  will  never  termi- 
nate if  m  is  not  a  positive  integer.  If  we  meet  with  the 
infinite  series  (w  —  l)(m  —  2)  +  (w  —  2)(m  —  3)  +  etc.,  in 

1     1    .                           .11             ^(^  —  1)  (m  —  2) 
any  calculation,  we  may  evidently  put  — ^^ -^ -' 

for  it 

Universally,  if  n  is  any  positive  integer,  and  we  meet  with  ; 

the  infinite  series  (m  —  l)(m  —  2)(m  —  3)  x  ....  x  (m^n)  t 

+  (m  —  2)(m  —  3)(m  —  4)  x x  (m  —  n—  l)+(m  —  3)  1 

(m  —  4)  (m  —  6)  X  ....  x  (m  —  n  —  2)  +  etc.,  in  any  cal-  i 

,      ,        ^  m(m— l)(m— 2)  x  . . . .  x  (m— n) 
culation,  we  may  clearly  put ^  ,  j^ ^>' 

(1),  for  the  series,  because  the  series  is  the  expansion  of 

7n{m  —  l)(m  —  2)  x x  (m  —  n)  .         . ,     ^    . 

— ^ — —-^ ^ \  as  18    evident   fronri 

what  has  been  done. 


SECTION   VL 
OF  IHTEOEBS;  THEIB  SIVISOBS,  F0BM8,  ETC. 

(l.)  Whei7  an  integral  number  is  snch  that  it  can  not  be 
produced  by  the  multiplication  of  any  whole  numbers  except 
unity  and  itself,  it  is  called  a  prime  number.  Thus,  1,  2,  3, 
5,  7, 11,  13,  17, 19,  23,  etc.,  are  prime  numbers. 

{%.)  Any  whole  number  which  can  be  produced  by  the 
multiplication  of  whole  numbers,  which  are  different  from 
unity  and  the  number  itself,  is  called  a  composite  numJber^ 
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and  the  namber  is  said  to  be  a  multiple  of  any  one  of  its 
factors.  Thus,  4,  6,  8,  9,  10, 12,  14, 15,  etc.,  are  composite 
numbei-s ;  and  4  =  2  x  2  is  a  multiple  of  2,  and  6  =  2x3 
is  a  multiple  of  2  or  3,  and  so  on. 

(3.)  Any  divisor  of  an  integral  number,  including  unity 
and  the  number  itself  among  the  divisors,  is  called  a  measure 
of  the  number.  Thus  1  is  a  measure  of  1, 1  and  2  are  meaa- 
ures  of  2,  1  and  3  are  measures  of  3 ;  1,  2,  4  are  measures  of 
4,  and  so  on. 

(4.)  If  we  include  unity  among  the  factors  of  any  integral 
number,  and  exclude  the  number  itself,  or  do  not  consider 
the  number  as  a  factor  of  itself,  then  any  integral  divisor  of 
the  number  is  often  called  an  aliquot  part  of  the  number. 
Thus  1  is  the  half  of  2,  because  2  contains  1  twice;  also 

2  is  the  third  part  of  6,  because  6  contains  2,  3  times,  and 
so  on. 

(5.)  Any  two  or  more  integers  or  integral  quantities  that 
have  one  or  more  common  factors  are  said  to  have  any  one 
of  the  common  factors  for  a  common  measure  or  divisor,  and 
the  product  of  all  the  common  factors  is  called  their  greatest 
coTnmon  measure  or  divisor, 

(6.)  If  unity  or  one  is  the  greatest  common  divisor,  the 
numbers  or  quantities  are  said  to  \^^  prime  to  each  other. 

Thus,  2  and  3  are  measures  and  divisors  of  6,  18,  and  30, 
and  6  is  tlie  greatest  common  measure  or  divisor  of  the  same 
numbers  ;  also  8  and  15  are  prime  to  each  other,  since  1  is 
tlieir  greatest  common  divisor. 

(y.)  Any  integer  or  integral  quantity  that  can  be  divided 
by  two  or  more  integers  or  integral  quantities,  is  called  their 
common  rmMipU  ;  and  the  least  integer  or  integral  quantity 
that  can  be  divided  by  two  or  more  integers  or  integral  quan- 
tities, is  called  their  least  common  multiple. 

Thus,  since  45  can  be  divided  by  3  and  5,  45  is  a  common 
multiple  of  3  and  5 ;  but  the  least  integer  that  can  be  divided, 
by  3  and  5  is  15,  so  that  15  is  the  least  common  multiple  of 

3  and  5. 

(S.)  Any  quantitv  (whether  it  is  integral  or  not)  when  mul- 

9 
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tiplied  by  an  integer,  gives  a  product  that  is  often  called  a 
mnltiple  of  the  quantity.  Thus,  7a,  d&,  2e  are  called  mul- 
tiples of  a,  J,  Cy  without  reference  to  the  natures  of  a,  J,  c. 

(9.)  We  will  now  proceed  to  establish  the  following  im- 
portant proposition.  J^a  and  h  denote  any  two  whole  nunv- 
hers  J  each  greater  than  tmity,  andp  any  prime  ntmiber  which 
does  not  divide  either  aor  b,  then  the  product  al  qf  a  and  h 
is  not  divisible  hyp. 

For  if  we  take  either  of  the  numbers  as  a,  then  if  a  ia 
greater  than  jp,  we  may  put  a  =  mp  +  a^  supposing  m  to  be 
the  quotient  of  the  division  of  a  hyp^  and  a^  the  remainder, 
which  by  the  nature  of  division  is  less  than  the  divisor^. 

Hence  we  have  ab  =  mpb  +  a%  and  if  ai  is  divisible  by 
Py  its  equal  mpb  -f  a^b  must  be  divisible  by  p;  and  since 
mpb  is  a  multiple  of  j?,  it  is  of  course  divisible  by  p^  conse- 
quently a^b  must  be  divisible  by  p.  Hence,  in  a&  we  may 
suppose  a  to  be  less  than^y  and  since  ^  is  a  prime  number, 
it  will  not  be  divisible  by  a  without  a  remainder ;  hence,  if 
we  put  m^  for  the  quotient  of  the  division  of  p  by  a,  and  a^ 
for  the  remainder,  we  shall  have^  =  m^a  +  a\  and  of  course 
pb  =  m^ab  +  a^b;  then,  since  pb  is  divisible  by^,  its  eqjial 
m^db  +  a^b  must  be  divisible  by  p;  consequently,  if  aJ  ia 
divisible  by^,  a^b  must  be  divisible  byjp. 

In  like  manner,  if  we  divide  p  by  a\  and  use  a^'  for  the 
remainder,  we  may  show  that  a"&  must  be  divisible  byjE>  when 
a^b  is  divisible  hyp,  and  so  on. 

Hence,  if  ai  is  divisible  by  p,  then  must  each  of  the  pro- 
ducts a%  a^by  af°by  a"by  and  so  on,  be  divisible  by  p.  But 
since  a^  is  less  than^,  and  a°,  the  remainder  of  the  division 
of  p  by  a\  is  less  than  a^ ;  and  in  the  same  way  a™  less  than 
a",  a^  lees  than  a™,  and  so  on,  it  is  evident  that  we  shall  soon 
have  one  of  these  integers  equal  to  unity ;  for  there  can  not 
be  an  infinite  number  of  different  positive* integers,  as  a,  cf^ 
(^y  a™,  etc.,  each  less  than  p.  Consequently,  if  in  a^ft  we 
have  a^  =  1,  we  must  have  a^b  =-ft,  divisible  by^,  which  ia 
against  the  hypothesis,  since  b  is  not  divisible  hyp;  hence 
ab  is  not  divisible  by^,  as  was  to  be  shown. 

(lO.)  It/oUowsfrom  what  has  been  done,  that  if-p  divides 
the  product  ab,  and  does  not  divide  a,  that  it  must  of  neces- 
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9i^  divide  b,  cmd  the  proof  is  the  same  as  in  the  prop- 
osiium. 

(11.)  Also,  if  P  is  the  product  of  any  number  of  whole 
numbers  which  is  not  diyisible  by  p^  and  c  another  whole 
nnmber  which  is  not  divisible  by  jp,  then,  by  the  proposition, 
Pe  is  not  divisible  by  j?. 

Hence,  if  the  integers  a  and  h  are  not  divisible  byjp,  since 
their  product  ah  is  not  divisible  by^,  we  may  put  ah  for  P, 
and  we  shall  have  abc  not  divisible  by^. 

In  the  same  way,  if  the  integer  d  is  not  divisible  by  je>, 
the  product  abed  is  not  divisible  by  ^,  and  so  on  for  any  num- 
ber of  integers. 

(l«.)  Reversely,  if  ^  divides  the  product  abcd^  etc.,  of  any 
number  of  integers,  it  must  divide  one  or  more  of  the  inte- 
gers ;  for  if  it  does  not,  it  can  not  divide  their  product,  which 
is  against  the  hypothesis. 

(18.)  If  each  of  the  numbers  a,  i,  c^  d^  etc.,  is  a  prime 
number,  and  A  another  prime  number  different  from  unity, 
which  does  not  enter  into  the  product  abcd^  etc.,  then  A  can 
not  divide  the  product;  for  it  can  not  divide  either  of  the 
prime  numbers  a,  J,  (?,  <?,  etc.,  and  of  course  can  not  divide 
their  product. 

(14.)  Still  supposing  a,  ft,  o^  d^  etc.,  to  be  prime  numbers, 
and  n,  »',  n'',  n''',  etc.,  any  positive  integers,  one  or  more  of 
which  may  equal  unity,  should  the  case  require  it ;  then  a", 
J*',  d^%  d^'\  etc.,  which  is  the  product  of  the  n'*  power  of  a  by 
the  n'**  power  of  J,  by  the  n"^  power  of  c,  and  so  on,  can  not 
be  divided  by  the  prime  number  A.  For  since  a"  =  the 
product  a^aaa^  etc.,  to  n  factors,  and  that  A  does  not  divide 
either  of  these  factors,  it  does  not  divide  their  product  a**/ 
and  in  the  same  way  A  does  not  divide  J"',  o"'',  <?*"',  etc., 
consequently  it  does  not  divide  their  product. 

(l«.)  Again,  the  product  a^1f'(f^\  etc.,  is  of  course  divisible 
by  fl^*,  but  it  is  not  divisible  by  a^  if  m  is  greater  than  n/ 
for  let  m  =  n  +  1,  then  a^  =  a""*"^  =  a^a;  and  to  divide  by 
a^a  is  the  same  as  to  divide  by  aJ^^  and  then  to  divide  the 
quotient  by  a  /  dividing  the  given  product  by  a^  reduces  it 
to  y^<f^\  etc.,  which  can  not  be  divided  by  «,  since  a  does  not 
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enter  it  as  a  factor,  and  because  hy  Cy  etc.,  being  prime  num- 
bei-8,  5'*'c'*'',  etc.,  can  not  be  divided  by  the  prime  number  a, 
which  does  not  enter  their  product;  consequently  a'*J"'ef*", 
etc.,  can  not  be  divided  by  a"*  if  m  is  greater  than  n^  but  if  m 
equals  71,  or  is  less  than  n,  then  the  product  (Hf^l^\  etc.,  is 
clearly  divisible  by  a"*.  And  similar  remarks  are  applicable 
to  the  division  of  a^l/^d^^^  etc.,  by  any  integral  power  of  any 
one  of  the  prime  numbers  5,  c,  rf,  etc. 

(16.)  If  we  put  a^S^V,  etc.,  =  P^,  and  suppose  that  the  pro- 
duct of  the  integers  A,  B,  C,  D,  etc.,  is  equal  to  P\  we  shall 
get  ABCD,  etc.,  =  P^  Then  it  is  evident,  from  what  has 
been  shown,  that  A,  B,  C,  D,  etc.,  can  not  contain  any  prime 
numbers  that  are  different  from  the  prime  numbers  a,  J,  <?, 
rf,  etc. ;  also  the  sum  of  the  exponents  of  a  in  A,  B,  C,  D, 
etc.,  must  equal  n,  the  sum  of  the  exponents  of  h  must  equal 

n',  and  so  on  for  the  exponents  of  c,  rf,  etc. 

• 

(17.)  It  follows,  from  what  has  been  done,  that  any  inte- 
gral number,  P^,  can  be  put  under  the  form  «'*&"'<?*",  etc.  For 
if  we  divide  P^  by  a^  and  the  quotient  by  «,  and  so  on,  as 
often  as  it  can  be  done,  then  the  number  of  divisions  will 
give  the  value  of  n,  the  exponent  of  a/  and  in  the  same  way 
by  dividing  by  h  we  get  the  exponent  of  J,  and  so  on  (for 
the  exponents  of  (?,  d^  etc. ;  the  simplest  way  will  be  to  divide 
the  last  quotient  of  the  division  by  a  by  J,  and  the  quotient 
by  5,  and  so  on),  aa  often  as  it  can  be  done ;  and  then  to 
divide  the  last  quotient  of  these  divisions  by  c,  in  the  same 
way  as  before,  and  so  on  for  all  the  prime  divisors.  Thus,  to 
put  324  under  the  above  form,  we  divide  by  2  and  get  162 
for  the  quotient,  which,  divided  by  2  again,  gives  81  for  the 
quotient,  then  we  have  324  =  2*  x  81. 

And  dividing  81  by  the  prime  3,  we  get  27  for  the  quo- 
tient, which  divided  by  3  gives  9  for  the  quotient,  and  9 
divided  by  3  gives  3  for  the  quotient,  and  3  divided  by  3 
gives  1  for  the  quotient ;  and  since  there  are  four  divisions, 
we  have  81  =  3^  consequently  we  have  324  =  2'  x  3^ ; 
and  a  is  represented  by  2,  and  its  exponent  n  is  also  repre- 
sented by  2 ;  also  h  is.  expressed  by  3,  and  its  exponent  is 
expressed  by  4,  and  the  other  primes,  e?,  d^  etc.,  are  each 
equal  to  unity,  so  that  we  have  324  =  2'  x  3*  expressed  in 
the  form  a'*J"',  etc. 
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In  the  same  way,  we  can  express  1890  by  the  form  1890 
=  2  X  3*  X  5  X  7 ;  and  25^2  is  expressed  by  2692  =  2*^x3*; 
we  also  have  234  =  2  x  3'  x  13. 

(18.)  Now,  since  2  and  3*  =  9  are  factors  of  all  the  num- 
bers, it  follows  that  2  and  3^  =  9  are  common  measures  or 
divisors  of  the  numbers ;  and  2  x  3'  =  18  is  the  greatest 
common  measure  or  divisor  of  the  same  numbers. 

(19.)  Also,  2*x3*x5x7xl3  =  1179360  is  the  least 
common  multiple  of  the  same  numbers ;  which  is  found  by 
taking  2  with  the  greatest  exponent  that  it  has  in  any  one  of 
vthe  numbers,  and  3  with  the  greatest  exponent  that  it  has  in 
any  one  of  the  numbers,  and  so  on;  then  the  product  of  all 
the  powers  of  2,  3,  etc.,  thus  found,  is  the  least  common  mul- 
tiple of  all  the  numbers,  as  is  evident  from  the  nature  of  the 
least  common  multiple,  as  has  heretofore  been  defined. 

(ao.)  In  like  manner y  if  we  resolve  any  whole  numbers 
into  products  of  powers  of  prim^  number s^  and  select  the 
ffreai^t  power  of  each  prims  that  is  commxm  to  all  the  pro- 
dtictSy  then  the  product  of  the  powers  of  the  primes  thus  ob- 
tained win  be  the  greatest  common  measure  or  divisor  of  the 
numbers. 

(«1.)  If  1  is  the  only  prims  that  is  oommKyn  to  theproducts^ 
the  numbers  will  of  course  have  no  other  com/mon  divisor  than 
1 ;  and  if  no  two  products  have  any  other  dimsor  than  1,  the 
numbers  are  said  to  beprvtne  to  each  other. 

(«2.)  Again,  supposing  the  members  resolved  into  products 
qf  powers  of  primes  as  before  ^  if  we  select  the  greatest  power 
of  each  prims  in  the  products^  then  the  product  of  all  the 
powers  thus  obtained  will  be  the  least  commwn  multiple  of 
the  numbers  ;  observing  that  the  same  power  of  any  prime  is 
to  be  taken  but  once  in  the  product.  It  hence  follows^  if  the 
numbers  are  prime  to  each  other^  that  their  product  will  be 
their  least  corrmion  multiple. 

(«a.)  It  is  dear  that  we  may  proceed  in  a  similar  way  to 
fmd  iJve  greatest  algebraic  divisor  and  least  common  multiple 
qf  algebraic  expressions  of  integral  forms^  by  resolving  them 
into  products  of  powers  of  algebraic  prvmss^  wad  then  proceed- 
ing  as  before^ 
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EXAMPLES. 

Ex.  1. — To  find  the  greatest  common  diTisor  and  least  com- 
mon multiple  of  27  and  72. 

Here  we  have  27  =  8*,  and  72  =  8*  x  2»,  and  3*  is  the 
greatest  power  and  the  only  power  of  any  prime  (except  1) 
which  is  common  to  the  resolved  numbers ;  consequently 
8*  =  9  is  the  greatest  common  divisor  of  the  numbers,  as  re- 
quired. Also  3*  is  the  greatest  power  of  the  prime  3  that 
enters  into  the  resolved  numbers;  and  2*  is  the  only  power 
of  the'prime  2  that  enters  into  the  resolved  numbers;  con*' 
sequendy  2*  x  8*  =  216  =  the  least  common  multiple  of  the 
numbers,  as  required. 

Ex.  2. — ^To  find  the  greatest  common  divisor  and  least 
common  multiple  of  91,  819,  2146,  and  2431. 

Here  we  have  91  =  13  x  7,  819  =  8«  x  7  x  13,  2145  = 
8  X  5  X  11  X  13,  2431  =  11  x  18  x  17. 

The  only  power  of  aity  prime  that  is  common  to  all  the 
resolved  numbers  is  13^  =  13 ;  consequently  13  is  the  greatest 
common  divisor  of  the  numbers,  as  required. 

Also,  since  8',  6\  7\11S  13^  17*  are  the  greatest  powers  of 
the  primes  thpt  enter  into  the  resolved  numbers,  we  have 
8»  X  5  X  7  X  11  X  13  X 17  =  765765,  which  equals  the  least 
common  multiple  of  the  numbers,  as  required. 

Ex.  3. — ^To  find  the  greatest  common  divisor  and  least 
common  multiple  of  7, 19,  36,  37. 

Since  the  numl/ers  have  no  common  divisor  except  1,  it  is 
of  course  iheir  greatest  common  divisor. 

And  to  find  the  least  common  multiple  of  the  numbers, 
we  have  7  x  19  x  36  x  87  =  177156  for  the  least  common 
multiple,  as  required. 

Ex.  4. — ^To  find  the  greatest  common  divisor  and  least 
common  multiple  of  af^l^c,  Sa^hdj  ^Tfd^e. 

Since  a'  and  h  are  the  only  factors  common  to  all  the  quan- 
tities, we  have  a'J  for  their  greatest  common  measure. 

And  selecting  the  highest  powers  of  the  prime  factors  of 
the  quantities,  we  have  lx3x4xa*^xyxcx<?X6  = 
12a^b*c€Pe,  which  is  the  least  common  multiple  of  the 
quantities. 

Ex.  5. — To  find  the  greatest  common  divisor  and  least 
common  multiple  of  4:2a^Vc\  54a^5V,  and  6a^b^(P. 
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Since  42  =  6  x  7,  54  =  6  x  9,  the  greatest  common 
diyiaor  of  the  coeflScients  i&  6,  and  a^V  being  the  only  powers 
of  prime  literal  factors  that  are  common  to  all  the  quantities, 
we  of  course  have  6a*V  for  .the  greatest  common  measure. 
And  since  2^  x  3*  x  7^  =  378  =  the  least  common  multiple 
of  the  coefficients  .of  the  quantities,  and  that  d^Vi^d^  =  the 
least  comnK>n  multiple  of  the  literal  part6  of  the  quantities, 
we  evidently  have  ^T^cfVt^cP  for  the  required  le^t  common 
multiple  of  the  quantities. 

.  Ex.  6. — ^To  find  the  greatest  common  measure  and  leaat 
common  multiple  oTa*  —  &',  a*  +  J',  {a  +  b)\ 

From  what  was  formerly  shown,  we  know  that  a  +  lis  the 
greatest  common  divisor  of  all  the  quantities,  for  a*-^l^=z 
(a  +  5)  ((J  ^  J),  and  a?  +  y  =  (a  +  i)  {a'^ai  +  V),  {a  +  h)\ 
=  (a  +  b){a-\'h). 

Also,  (a  +  &)»x(a-^J)(a*-a5  +  J^)  =  (a«-5«)(a»  +  y) 
is  evidently  the  least  common  multiple,  as  required. 

SXAKPLES  FOB  XXBBOISB. 

1.  Find  the  greatest  common  divisor  of  119,  323,  and 
1088.  Ans,  17. 

2.  Find  the  least  common  multiple  of  13, 17,  and  19. 

Ans.  4199. 

3.  Find  the  least  common  multiple  of  13aj'y*s^  Sda^y',  and 
26a?V&.  •  Ans.  ISa^bxy^. 

4.  Find  the  greatest  common  divisor  of  114a*&*c',  437a'JV, 
133a''¥*<^d.  Ans.  19a^W. 

6.  Find  the  greatest  common  divisor  of  3(a^  —  i^),  6{a?  — 
y),  daV"  -  9¥.  Ans.  3(a  -  i). 

(«4.)  Since  it  is  necessary  to  have  prime  numbers,  in 
order  to  find  the  greatest  common  measure  and  least  com- 
mon multiple  of  integers  J)y  the  methods  that  have  been 
given,  we  shall  here  inseij;  the  common  way  of  determining 
tJiem. 

Write  down  the  odd  numbers  as  follows,  viz.,  1,  3,  5,  7, 

9, 11,  13,  15,  17,  19,  21,  23,  25,  27,  29,  31,  33, 35,  37,  89, 41, 
48, 46,  47,49,  51,  53,  55,  57,  59,  61,  63,  65,  67,  69,  71,  78, 
75,  77,  79,  81,  83,  85,  87,  89,  91,  93,  95,  97,  -99.  101 ;  then 
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mark  all  the  multiples  of  8,  5, 7,  etc.,  with  a  dot  above  them, 
and  all  the  nmnbere  not  marked  will  plainly  be  prime 
numbers. 

Thus  we  have. found  1,  3,  5,  7,  11, 13, 17, 19,  23,  29,  31, 
87,  41,  43,  47,  53,  59,  61,  67,  71,  73,  79,  83,  89,  97,  101  all 
to  be  prime  numbers ;  and  by  carrying  the  series  of  odd 
numbers  sufficiently  far,  we  may  find  as  many  prime  num- 
bers as  we  please. 

(95.),  There  is  a  method  of  determining  whether  a  given 
number  is  prime  or  not,  which  it  may  be  well  to  notice.  K 
a  number  is  not  prime,  it  will  have  two  factors  at  least,  which 
will  equal  each  other  when  the  number  is  a  square ;  but 
when  the  number  is  not  a  square,  one  of  the  factors  will 
clearly  be  less  than  the  square  root  of  the  number,  and  the 
other  will  be  greater. 

Hence,  if  we  find  that  the  number  is  not  divisible  by  any 
prime  number  that  is  less  than  its  square  root,  we  may  infer 
with  certainty  that  the  number  is  prime.  Thus,  to  determine 
whether  79  is  a  prime  number  or  not,  we  find  that  it  is  not 
divisible  by  either  of  the  numbers  2,  3,  6, 7,  .  *.  it  is  a  prime 
number ;  also  131  is  not  divirible  by  either  of  the  numbers 
2,  3,  5,  7,  11,  .*.  it  is  a  prime  number;  but  91  is  divisible 
by  one  of  the  numbers  2,  3,  5,  7,  viz.,  by  7,  . ' .  91  is  a  com- 
posite  number. 

We  shall  soon  give  another  method  x)f  finding  the  great- 
est common  measure,  or  least  common  multiple,  of  two 
or  more  numbers,  which  does  not  require  the  use  of  prime 
numbers. 

(96.)  Again,  in  order  that  an  integral  quantity  may  be 
resolved  into  any  number,  n,  of  equal  factors,  it  is  evidently 
necessary  (from  what  has  been  done)  that  it  should  have 
been  formed  by  taking  the  product  of  n  equal  factors ;  if  it 
has  not  been  formed  thus,  or  if  it  does  not  consist  of  the  pro- 
duct of  n  equal  factors,  it  of  course  can  not  be  resolved  into 
n  equal  factors,  except  approximately ;  and  the  quantity  is 
called  a  surd  or  an  irrational  quantity. 

Thus,  if  we  have  to  take  the  cube  root  of  the  integral  quan- 
tity a',  supposing  a  not  to  consist  of  three  equal  factoi-s,  it 
evidently  can  not  be  done  except  approximately,  for  the  cube 
root  requires  a*  to  be  resolved  into  three  equal  factors,  and 
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one  of  the  factors  to  be  taken ;  and  it  is  evident  that  if  af 
consists  of  three  eqnal  factors,  each  of  them  mnst  equal  the 
square  of  a  factor  of  which  a  consists  of  three  that  are  equal 
to  each  other. 

CJonsequently,  if  fl^  is  not  a  cube,  or  if  it  does  not  consist 
of  three  equal  factors,  we  saj  that  d^  is  an  irrational  quantity 

with  respect  to  the  cube  root ;  that  is,  that  Vc?  ==  («*)%  which 
denotes  the  cube  root  is  an  irrational  quantity.  Now  the 
square  root  of  a'  is  evidently  a,  or  —a/  so  that  a  quantity 
which  is  irrational  with  respect  to  a  root  of  one  kind,  may 
sometimes  be  rational  with  respect  to  a  root  of  another  kind. 

(aT«)  To  make  what  has  been  said  more  evident,  we  ob- 
serve if  a  denotes  any  positive  integral  quantity  which  does 
BOt  consist  of  n  equal  integral  factors,  that  it  does  not  con- 
sist of  the  product  of  n  equal  fractions,  whose  numerators 
and  denominators  are  composed  of  a  finite  number  of  figures. 

JL       m 
For,  if  possible,  let  a"  =  — ,  where  m  and  p  are  finite  and 

integral ;  by  taking  the  n**  power,  we  get  (a")*  =  a  =  -^,  an 

impossible  result,  for  the  fraction  — -  may  be  supposed  to  be 

in  its  lowest  terms,  or  such  that  its  numerator  and  denomi- 
nator have  no  common  factor  except  unity;  consequently, 
from  what  has  been  proved,  m**  and  ^"  have  no  common 
factor  except  unity ;  so  that  we  have  the  integral  quantity  a 

equal  to  the  irreducible  fraction  — ;^,  which  is  impossible. 

Hence^  hy  (4)  of  the  defmitiona^  ya  =  a**,  which  denotes 
the  n'*  root  of  a^  is  an  irrational  quantity. 

(«8.)  Now,  although  a"  can  not  be  expressed  by  a  frac- 
tion whose  numerator  and  denominator  are  finite  integers, 
yet  two  fractions,  whose  denominators  are  equal,  and  whose 

numerators  diflfer  only  by  a  unit,  may  be  found,  so  that  a* 
shall  be  greater  than  the  smaller  fraction,  and  smaller  than 
the  greater  fraction ;  and  the  fractions  thtis  found  are  said 

to  he  limits  of  a". 

For,  if  we  suppose  r  to  be  the  greatest  integral  n^  root 
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contained  in  afj^^  whenjp  is  fiupposed  to  be  a  positive  inte- 
ger >  1,  then,  since  ofj^  is  not  an  exact  n^  power,  we  shall 
have  aj^  >  r"  and  ap'*  <  (r  +  l)**,  or,  which  is  the  same 

1,,  ,          ir       ,ir  +  l         ,rr-fl 
thing,  we  shall  have  a**  >  -  and  a"  < ;  and  -, 

are  said  to  be  limits  of  a\    If  r  and^  are  indefinitely  great 

r  r  +  1 
nnmbers,  it  is  evident  that  the  fractions  -,  — — —  will  diflfer 

P     P 

infinitely  little  from  each  other ;  for  their  difference,  -,  will 

become  an  infinitely  small  quantity,  since  jp,  the  divisor  of  1 
the  numerator,  is  indefinitely  great. 
It  is  customary  in  practice  to  find  t  and^  to  a  great  num- 

ber  of  figures,  and  to  take  -  for  the  value  of  a",  and  to  say 

that  the  value  of  a"  is  correctly  found  to  within  the  fraction  -- ; 

but  it  is  evident  that  a  more  correct  value  of  a^  will  often 

3      2r  + 1  X 

be  obtained  by  taking  — —  =  — g- —  for  the  value  of  a". 

From  what  has  been  done,  it  follows  that  a"  can  not  be 
expressed  by  a  fraction  whose  numerator  and  denominator 
are  finite  integers. 

To  illustrate  what  has  been  said,  we  shall  find  some  of  the 
limits  of  the  square  root  of  2 ;  or,  which  is  tlie  same,  shall 
find  limits  for  V2. 

If  we  assume  p  =  10,  then  2p^  =  200,  and  the  greatest 
integral  square  contained  in  200  is  196  =  14'  ==  r*,  .*•  V^ 

^14       ,     ^ .        16        ,         ^ ,      14         15  ^ 

>  Jq,  and  V2  is  <  jq,  so  that  r2  has  jq  and  jq  for  two  of 

141  143  ^ 
its  limits ;  and  by  assuming  p  =  100,  we  get  j^,  jqq  for 

closer  limits  of  V2,  and  j^,  j^j^  are  nearer  limits,  and 

14142  14143  ,.    .       .    /K        :.  .     .1.. 

iOOOO'  10000  *^^  y®*  nearer  limits  of  r  2 ;  and  m  this  man- 
ner we  may  proceed  indefinitely  to  find  nearer  limits  of  V^ 
(»9.)  Again,  if  we  represent  any  irrational  quantity  by  €(, 
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and  let  m  denote  any  very  small  rational  quantity  of  the 
eame  kind,  as  a,  then  by  taking  m,  2f7i,  Snhy  4mj  etc,  we  may 
evidently  find  Bome  whole  number,  asjp,  such  that  the  ine- 
qualities, ^7971*  <a^fm  +  m  >  a  shall  have  place ;  then  a  will 
have  jim  and^>m  +  m  for  its  limits.  Kow  it  is  manifest  that 
by  supposing  w  to  be  very  small,  and  consequently  p  very 
great,  we  may  bring  these  limits  as  near  to  equality  as  we 
please ;  for  we  may  suppose  ttif  to  be  diminished  ad  mfrnkm^y 
and^  increased  accordingly. 

In  like  manner,  if  h  represents  any  irrational  quantity,  and 
n  a  very  small  rational  quantity  of  the  same  kind  as  J,  we 
may  find  the  integer  q  such  that  the  inequalities  qn  <  J, 
gn  +  n'>h  shall  have  place ;  in  which  we  may  suppose  q  to 
be  taken  so  great  that  n^  the  difierence  of  the  limits  qn^ 
jw  4-  n,  of  &,  shall  be  less  than  any  given  quantity, 

(so.)  We  are  now  prepared  to  show  that  the  product  ah  is 
equal  to  the  product  ha;  which  may  be  done  as  follows, 
viz.,  9\no%pm  is  less  than  a,  and  qn  less  than  i,  we  have  j>972r 
X  jn  <  ai  and  qn  x  pm  <  ha^  and  since  jwi,  qn  are  rationid 
quantities,  we  have,  by  what  has  been  proved  in  Multiplica- 
tion and  Division,  pm  x  qn^qn  xpm^  .'.pm  x  qn  <db 
BXidipm  X  qn  <.ia  have  place  at  the  same  time. 

We  may  show,  in  a  similar  way,  that  the  inequalities 
(jwi  +  m)  .  {qn  +  n)  >  a  J,  {pm  +  m)  .  (^  +  n)  >  Ja  have 
place  at  the  same  time.  Hence,  the  products  o^,  ha  have 
the  same  limits,  which  are  pm  x  qn  and  {pm  +  m) .  (q[n-\-n) 
=:{pm  -\-m).qn  -^  {pm  +  m)  .  n^pm.qn  -{-pm.n  +  qn, 
fn  +  m,.nf  in  which jpm,  qn,  represent  rational  finite  quan- 
tities, and  m,  n  indefinitely  small  quantities,  liow pm.n+ 
qn.7n-\'  m.nv&  the  difference  of  the  limits,  which  will  be 
diminished  indefinitely  by  diminishing  m  and  n  indefinitely ; 
for  since  the  finite  quantity  pm  is  multiplied  by  the  indefi- 
nitely small  quantity  n^  the  product  pm .  n  will  be  indefi- 
nitely small ;  in  the  same  manner  the  product  ^n .  m  is  in- 
definitely small,  and  the  product  m.n  ia  also  indefinitely 
smaller  than  the  other  products,  since  each  of  its  factors  is 
indefinitely  small.  Hence,  evidently,  by  supposing  m  and  n 
to  be  less  than  any  given  quantities,  the  difference  of  the 
limits  wiU  be  less  than  any  given  quantity';  consequently, 
since  d^  and  ha  differ  lesd  from  each  other  than  their  limits, 
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it  follows  that  they  diflfer  less  from  each  other  than  any  given 
difference ;  consequently  (Ax.Vn.)we  must  have  ah  =:^a,  as 
required. 

A  similar  demonstration  is  applicable  when  one  of  the 
quantities,  a^  h^  is  rational,  and  the  other  irrational.  And  in 
like  manner  it  may  be  shown  that  the  product  of  any  num- 
ber of  irrational  quantities,  or  of  quantities  some  of  which 
are  rational  and  others  irrational,  is  independent  of  the  order 
of  the  factors. 

(81.)  Since  dU  real  quanUties  are  either  roHonai  or  irra- 
tional^ it  follows^  from  what  has  been  shown^  together  with 
what  Was  formerly  proved,  that  the  product  of  any  nv/mher 
of  real  quantities  is  independent  of  the  order  of  the  factors. 

Hence,  according  to  custom,  the  product  of  litei'ol  quanti'- 
ties  TTiay  he  indicated  by  writing  the  letters  alphaheticaUy. 
Thus,  the  product  of  a,  v,  «,  ^,  os  is  expressed  by  a^i/ox^  and 
bpqr  expresses  the  product  of  r,  5,  q,  p. 

(S9.)    OF  THE  GREATEST  COMMON  MEASURE   OR  DIVISOR. 

The  product  of  all  the  particular  divisors  that  are  common 
to  two  or  more  numbers  or  quantities  of  the  same  kind,  is 
called  their  greatest  common  measure  or  divisor. 

Thus,  if  we  have  two  numbers  or  quantities,  am  and  bm^ 
such  that  m  is  their  greatest  common  divisor,  then  a  and  h 
can  have  no  other  divisor  than  1 ;  for  if  they  can,  m  will  not 
be  the  greatest  common  divisor  of  am  and  Jm,  which  is 
against  the  hypothesis.  If  we  suppose  amfi  to  be  greater  than 
Jm,  and  divide  a/m  by  bm^  using  jp  to  represent  the  integral 
part  of  the  quotient,  then  we  shall  have  the  remainder  of  the 
division  expressed  by  am  —  pbm  =  {a—  pb)my  which,  by  the 
nature  of  division,  is  less  than  the  divisor  bm. 

Since  a  and  b  can  have  no  other  common  divisor  than  1, 
it  is  clear  that  b  and  a—pb  can  have  no  other  divisor  than 
1 ;  for  if  they  can,  since  it  divides  b  and  a  —pb^  and  as  it 
divides  b  in  —  ^,  it  must  divide  a,  for  otherwise  it  can  not 
divide  a  —pb;  hence,  if  b  and  a  —pb  can  have  any  other 
common  divisor  than  1,  a  and  b  must  also  have  a  common 
divisor  other  than  1,  which  is  against  the  hypothesis. 

It  hence  appears  that  m  is  the  greatest  common  divisor  of 
ftm  and  the  remainder  of  the  division  of  am  by  Jm,  which  is 
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expressed  by  (a  —  j?})m,  bo  that  m  is  i^%  greatest  common 
divisor  of  arn^  hm^  and  {a  —  jp&)m. 

In  the  same  way,  if  we  divide  hm  by  {a  --jp^pi^  we  may 
show  that  m  is  the  greatest  common  divisor  of  the  remainder 
of  this  division,  Jym,  and  (a  —pbym  and  am  ;  also,  if  we  divide 
(a  —pb)ni  by  the  last  remainder,  m  will  still  be  tlie  greatest 
conmion  divisor  of  the  remainder  and  the  corresponding 
divisor  and  dividend,  and  so  on,  so  long  as  the  division  can 
be  continued.  Hence,  in  order  to  find  the  greatest  common 
measure  or  divisor  of  two  numbers  or  quantities  of  the  same 
kind,  we  haVe  the  following 

RULE. 

Divide  the  greater  number  or  quantity  hy  the  less,  and  the 
last  divisor  hy  the  last  remainder,  and  so  on,  till  nothing  re- 
mains, then  the  last  divisor  will  be  the  greatest  common  meas- 
ure or  divisor  required. 

If  the  gy^eatest  common  divisor  equals  1,  the  numnbers  or 
quantities  are  prime  to  each  other. 

Also,  if  the  successive  divisors  and  remainders  decrease  in- 
definitely ^  so  as  ultimately  to  become  less  than  any  given  quamr 
tities,  without  any  remainder  having  actuaUy  become  equal  to 
0,  the  quantities  will  have  no  common  measure,  and  are  said 
to  be  incommensurable. 

(8S.)  If  the  greatest  common  divisor  of  three  or  more 
numbers  or  quantities  is  to  be  found,  then  we  find  (by  the 
rule)  the  greatest  common  divisor  of  any  two  of  them ;  and 
then  we  find  (as  before)  the  greatest  common  divisor  of  the 
common  divisor  just  found,  and  of  any  one  of  the  remaining 
numbers  or  quantities,  and  so  on,  for  any  common  divisor 
found  and  any  one  of  the  remaining  numbers  or  quantities, 
until  all  the  numbers  or  quantities  have  been  used ;  then  will 
the  last  divisor  found  evidently  be  the  greatest  common 
divisor. 

(34.)  Rernark. — ^In  finding  the  greatest  common  divisor 
of  two  numbers  or  quantities,  we  may,  if  we  please,  omit  any 
divisor  of  one  of  them,  provided  it  is  not  a  divisor  of  the 
other;  for  the  divisor  tlius  rejected  evidently  can  not  afi^cct 
the  common  divisor;  we  may  also  multipjy  one  of  the  miin- 
bers  or  quantities  by  any  factor  which  is  not  a  divisor  of  the 
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remaining  number  or  qnantity ;  for  it  is  evident  that  the 
factor  thus  introduced  can  not  affect  the  common  divisor. 

It  may  also  be  observed  that  the  common  divisor  of  anj 
two  numbers  or  quantities  of  the  same  kind  is  clearly  a  com- 
mon divisor  of  tlieir  sum  and  difference.  And  analogous 
observations  will  have  place  when  we  have  to  find  the 
greatest  common  divisor  of  more  than  two  numbers  or 
quantities. 

EXAMPLES. 

Ex.  1. — ^To  find  the  greatest  common  divisor  of  27  and  Y2. 

Dividing  72  by  27  we  have  the  quotient  2,  and  remainder 
18  ;  then  dividing  the  last  divisor,  27,*by  the  remainder,  18, 
we  have  the  quotient  1  and  remainder  9 ;  and  dividing  the 
last  divisor,  18,  by  the  remainder,  9,  we  have  the  quotient  2 
and  remainder  0;  consequently  9  is  the  greatest  common 
divisor  required. 

Ex.  2. — ^To  find  the  greatest  common  divisor  of  11648  and 
and  12051. 
Proceeding  as  in  Ex.  1,  we  have  the  following  process. 
11648  1 12051  [!_ 
11648 
403 1 11648 1 28 
806 

3588 
3224 


364|403|1 
364 
39|364[9 
351 

0 
and  18  is  the  greatest  common  divisor  required. 

Ex.  3. — To  find  the  greatest  common  divisor  of  826  and  897. 

Dividing  897  by  826,  we  get  the  quotient  1  and  remainder 
71.  Since  71  is  a  prime  number,  which  does  not  exactly 
divide  826,  it  is  unnecessary  to  continue  the  division  any  fur- 
ther ;  for  the  greatest  divisor  sought  must  be  a  divisor  of  71 
and  826,  and  since  71, and  l,are  the  only  divisors  of  71,  and 
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88  71  does  not  divide  836,  it  follows  that  1  is  the  greatest 
common  divisor  of  71  and  826.  Hence,  since  the  greatest 
divisor  of  71  and  826  mnst  be  the  greatest  divisor  of  826  and 
897,  1  is  their  greatest  common  divisor,  and  they  are  of 
course  prime  to  each  other. 

Ex.  4.— To  find  the  greatest  common  divisor  of  301,  864, 
and  819. 

Here,  by  proceeding  as  in  the  preceding  examples,  we  find 
91  to  be  the  greatest  common  divisor  of  864  and  819.  And 
in  the  same  way  we  get  7  for  the  greatest,  common  divisor 
of  91  and  301,  and  of  course  7  is  the  greatest  common 
divisor  of  the  three  given  numbers.  If  we  divide  the 
given  numbers  by  their  greatest  common  divisor,  7,  the  quo- 
tients will  be  43,  52,  and  117,  which  clearly  have  no  otiier 
common  divisor  than  1,  and  the  numbers  are  said  to  be  re- 
duced to  their  lowest  terms^  with  reference  to  their  greatest 
common  divisor. 

Ex.  5. — ^To  find  the  greatest  common  divisor  of  1  and 
V2,  if  possible. 

We  have  heretofore  shown  that   V2  has  iqqqqqqq  ^^^ 

14142136  ^     .     _  .         ,     y    ., 

iOOOOOOO  greater  hmits. 

Hence,  dividing  V2  by  1,  and  the  divisor  1  by  the  re- 
mainder, and  so  on,  according  to  the  rule,  we  shall  have  the 
following  process. 

ljV2|_l 
1 

j»^-ljl[2_ 

2^2-2 

8-2  4^1  V2-1  [2_ 

6-4  4^ 


10  4^-14 


17-12  V2 1 6  4^-7  [2_ 
84-24  4^ 
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and  80  on,  indefinitely ;  for  it  is  manifest  that  we  shall  never 
arrive  at  a  remainder  which  is  0. 

I(  is  easy  to  see  that  the  remainders  successiyely  diminish, 
and  that  they  will  ultimately  become  indefinitely  small. 
For  the  first  remainder,  V2  —  1  =  0.4142135  +,  the  second 
remainder  3  —  2  V^  =  0.17157  +,  the  third  remainder  5  V2 
-T  7  =  0.07106 -f,  and  so  on,  the  remainders  continually 
diminishing  without  limit.     Hence  we  conclude  that  1  and 

V2  are  incommensurable,  or  that  they  have  no  common 
divisor. 

The  same  conclusion  may  be  obtained  in  the  following 
manner,  viz.,  it  is  easy  to  see  that  the  greatest  common 
divisor  of  1  and  V2  must  be  the  same  as  that  of  1  and  V2 
—  1  and  of  1  and  V^  +  1.     Hence,  instead  of  dividing  1  by 

</2  —  1,  we  may  divide  1^2  H- 1  by  1,  and  we  shall  have 

J^l  V5  +  1  [2_ 
2 

i^2~l|  1  1^ 


and  instead  of  dividing  1  by  V2^—  1,  we  may  again  divide 
V2  +  1  by  1,  and  so  on,  so  that  we  have  continually  to 
divide  i^  +  1  by  1.  Hence,  since  tlie  division  never  termi- 
nates, it  follows  that  1  and  V2  are  incommensurable. 

Tliis  method  coincides  with  the  process  given  by  Legendre 
in  his  Geometry,  for  the  purpose  of  showing  that  tie  diagonal 
and  side  of  a  square  have  no  common  measure. 

liernark, — From  what  has  been  done  in  tlie  solution  of 
this  example,  we  may  be  enabled  to  conceive  of  the  division 
of  quantity  into  parts  that  are  less  than  any  given  quantities. 

Ex.  6. — ^To  find  the  greatest  common  divisor  of  15flf*  + 
15a»&  -  21a'h'  -  -laJ^  and  6a'  -  7aW  +  5arh\-  W. 

Since  Za  is  a  common  factor  of  the  terms  of  the  first 
quantity,  and  not  of  the  terms  of  the  second  quantity,  it 
may  be  rejected  because  it  does  not  enter  into  the  couimor^ 
divisor.  Hence,  dividing  each  temi  of  the  fii-st  quantity  by 
3a,  and  using  the  result  as  the  divisor  of  the  other  quantity, 
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and  arranging  the  terms  of  the  divisor  and  dividend  accord- 
ing to  the  descending  powers  of  a,  we  have,  by  Bale  I.  of 
Division,  the  following  process. 

5a?+5tf*J—       I 

7fly-7y|5g^+0     -7a»y+  5a'y+0-7y  |g'-a&+y 
5a»+5a*5-7aW-  7a«J^ 

-5a^J+0      4-12a«J«+0 
-6a*i-5aW4-  7a'y4-7a5* 

5aW+  5a«y-7ai*-7J» 
f  .  5aW+  5a«J»-7a**-7&« 

0+0+0+0 

Hence,  since  the  division  is  exact,  So®  +  5a'J  —  7(xi^  —  7J^  is 
the  greatest  common  divisor. 

The  process  is  so  evident  that  it  needs  no  other  explana- 
tion than  to  observe  that  we  have  supplied  the  terms  that 
were  wanting  in  the  dividend  by  naughts. 

Ex.  7. — ^To  find  the  greatest  common  divisor  of  3a'  +  5a'J 
+  6ai^  +  10i»,  and  7a'  -  9a?b  +  Uab*  -  18i'. 

Since  3  does  not  divide  the  first  quantity,  we  shall  multi- 
ply the  second  quantity  by  3,  and  it  becomes  21a'  —  27a'J 
+  4:2a J'  —  54&' ;  whose  first  term  210*  can  now  be  exactly 
divided  by  the  first  term  3a'  of  the  other  quantity.  Hence, 
taking  the  firet  quantity  for  a  divisor,  and  three  times  the 
second  for  a  dividend,  and  arranging  according  to  the 
descending  powers  of  a,  we  have  (by  Kule  I.  of  Division)  7 
for  the  quotient,  and  —  62a?J  —  124J?  for.  the  remainder. 
Since  —  62b  does  not  divide  the  fii*st  divisor,  it  must  be 
rejected  in  the  remainder,  which  will  be  reduced  to  a'  +  2b\ 
which  is  the  greatest  required  divisor,  since  it  divides  the 
firet  divisor. 

Ex.  8. — ^To  find  the  greatest  common  divisor  of  9a'J^  — 
2^1^  +  54a*J^  -  60a'i*  +  67a^i«  -  21ai\  and  36a'J- -  60a*J' 
+  13Sa*J*  -  90a'J'  +  126a'J*. 

Since  SaV^  is  a  factor  of  each  term  of  the  given  quantities,, 
it  is  consequently  a  factor  of  the  sought  divisor.  And  to 
find  if  the  quantities  have  any  compound  common  divisor, 
we  divide  2  times  the  first  by  3ai^  and  the  second  by  6aW ; 
then  dividing  the  first  result  by  the  second,  we  get 

10 
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6tf^lO(r»J+28rf 


6g'^-10flg*ft+23a'y~lto'y+21aft* 
-  6^J+13a»J»-25a«J»+17aJ*-14y 


3aW-  2aW+  2ai*+  7^ 

==  the  remainder.  And  taking  the  last  divisor  for  a  divi- 
dend, and  the  remainder,  after  the  useless  factor  b^  has  been 
rejected,  for  a  divisor,  we  get 

8g>-2g«ft+2ay+7y|6dg*-10a«&+23a»y-15ay+2iy|2a-2ft 
6a*-  4a^J+  4a»J«+14ay  . 

-  ea»i+19aW-29aJ«+215* 

-  6a«J+  4a«J»-  4ay-14ft* 

15(»W-25aft»+35J* 

=:  the  remainder.  Then,  taking  the  last  divisor  for  a  divi- 
dend, and  the  last  remainder  for  a  divisor,  after  the  factor 
6V  has  been  rejected,  we  have 

3a»..5fl^-f,7y|  Z(^  -  2a*S  +  2a5*  +  W  \a-\-h 

3a»J  -  5ay  +  7 J» 
8a»J-5aJ»  +  7y 

0  +  0  +  0 

=  the  remainder.  Hence,  the  last  divisor  3a*  — 5aft  +  78^ 
is  the  required  compound  divisor,  because  the  last  remainder 
is  0.  If  we  now  multiply  the  compound  by  the  simple 
divisor,  we  have  (3a*  —  5aJ  +  76*)  x  30^  =  QcfV  —  16aW  + 
21aJ*  for  the  required  greatest  common  divisor  of  the  given 
quantities. 

Ex.  9. — ^To  find  the  greatest  common  divisor  of  6(a  +  h)3f 
—  (2a  +  2J  —  9<?  +  9^  —  8(<?  —  rf  —  ^)fl?  —  ^,  and  2(a  +  Jy 
+  (2a  +  2J  +  3(?  —  M)of  +  (2a  +  2ft  +  3<?  —  Sd:  +  6^  + 
{Zc  —  M  +  eyc  +  e. 

By  taking  9  times  the  second  quantity  for  a  dividend,  lind 
the  first  quantity  for  the.  corresponding  divisor,  and  using 
the  vertical  bar  for  the  parenthesis,  we  get 
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t 


+ 


I 


+ 


9i  a  dk 


+ 

1j 


+ 


+ 
^ 


00  GO 


CO  CO  o5 

I 

+ 


-'SS^'S 


I    I 


c^o» 


+ 


CDO 


=  the  remainder. 


Bejecting  the  naeleBfl  factor  18  in  the 


remainder;  it  become*  oj   ^"^  — 3rf 

S{c  —  d)x  +  ey  which  will  be  found,  on  trial,  to  divide  the 
last  diviaor,  and  of  conrae  it  is  the  required  divisor  of  the 
giv^en  qnantitieB* 

Ex.  10. — To  find  the  greatest  common  divisor  of  a^  —  (^V 
+  (^V^V,  a^  +  c^V  +  a'V  +  V,  and  cf  +  V. 
The  greatest  conmion  divisor  of  the  first  two  quantities  is 
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a*  +•  y,  and  the  greatest  common  divisor  oicf  +  V  and  (f  +  V 
ha  +  h  ;  consequently,  a  +  J  is  the  required  divisor. 

(Sft.)  It  may  be  proper  here  to  notice  that  there  are  some 
particular  methods  bj  which  the  greatest  common  divisor 
can  often  be  found  with  more  facility  than  bj  the  general 
rule. 

1.  One  of  these  methods  consists  in  resolving  the  quanti- 
ties into  factors,  and  then  t^ing  the  product  of  the  factors 
that  are  common  to  them  for  their  greatest  common  divisor. 
Thus,  if  we  take  the  quantities  3fl?  —  2a  —  1  and  4sof  —  2a^ 

—  3a  +  1,  given  in  Bonnycastle's  Algebra,  Case  I.  of  Frac- 
tions, since  the  quantities  are  both  reduced  to  0  by  putting 
a  =  1,  we  infer  that  they  involve  a  —  1  as  a  common  fac- 
tor ;  and  dividing  each  of  them  by  a  —  1,  we  easily  find  that 
we  shall  have  8a*  —  2a  —  1  =  (3a  +  1) (a  —  1),  4a^  —  2a*  — 
3a  +  1  =  (4a'  +  2a  —  1)  (a  —  1),  which  show  that  a  —  1  ie 
the  greatest  common  divisor. 

Again,  in  the  same  case,  Bonnycastle  requires  the  great- 
est common  divisor  of  7a*  —  23ai  H-  65*  and  6a'  —  18a*5  + 
lla5*-65^ 

Since  the  quantities  are  both  reduced  to  0  by  putting 
a  =  3i,  it  follows  that  they  have  a  —  3&  for  a  common  fac- 
tor. And  it  is  easy  to  put  the  expressions  in  the  forms, 
7a*  -  23a5  +  65*  =  (7a  -  25)  (a  -  35),  5a»  -  18a*5  +  lla5^ 

—  65»  =  (oa*  —  3a5  4-  25*)  X  (a  —  35),  which  show  a  —  35  to 
be  the  greatest  common  divisor. 

As  this  method  has  been  heretofore  used,  we  shall  not 
prosecute  it  any  farther. 

2.  Another  method  is  deduced  from  the  circumstance,  that 
any  factor  which  is  common  to  any  two  quantities  is  com- 
mon to  any  number  of  times  one  of  them  increased  or  di- 
minished by  any  number  of  times  the  other. 

Tliufi,  in  the  same  case  from  Bonnycastle,  it  is  required  to 
find  the  greatest  common  divisor  of  a*  —  a5  —  25*  and  a*  — 
8a5  +  25*. 

It  is  easy  to  see  that,  if  we  take  the  sum  of  the  quantities, 
we  shall  have  2a  (a  —  25),  and  if  we  take  their  difference  we 
have  25  (a  —  25) ;  it  hence  follows  that  a  —  25  is  the  sought 
divisor. 

Again,  in  Case  II.  of  Bonnycastle,  the  greatest  common 
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divisor  of  the  quantities  6a*  +  7ax  —  So?  and  6a^  +  Uaa  + 
8aj^  m  required.  Here,  proceeding  in  the  same  way  as  be- 
fore, we  get  2a  +  3x  for  the  sought  divisor. 

EXAMPLES  FOB  EZEEGIBB. 

1.  Find  the  greatest  common  divisor  of  1143  and  1791. 

Ans.  9. 

2.  Find  the  greatest  common  divisor  of  637,  889,  and 
4949.  Ans.  7. 

3.  Find  the  greatest  common  divisor  of  jb*  —  2xy  +  y*  and 
a?  — y*.  Ana.  x  —  y. 

4.  Find  the  greatest  common  divisor  of  3aj"  —  2a?y  —  Sxj^ 
+  2^  and  ^  —  2a?y  +  Sxt^  —  2y*.  Ans.  3»  —  2y. 

5.  Find  the  greatest  conmion  measure  of  a®  —  J®  and  a^  — 
a»J  +  ay.-J».  Ans.  a^-V. 

6.  Find  the  greatest  commoft  measure  of  21a?*  —  69aj*  + 
61a?  -  99aj  and  lOaf  -  174a^  +  238a?  -  322a?  +  148aj  -  88. 

Ans.  7a?  —  2a?  +  11. 

7.  Give  the  greatest  common  measure  of  2a?  4-  4a?  +  3a? 

+  2aj  +  1  and  8a?  4-  12a?  +  6aj  +  2.  Ans.  a?  +  1. 

8.  Give  the  greatest  common  divisor  of  18^?  +  45«^  — 
&5j^  —  20y"  and  548?  +  1352^^  —  16^3^  —  40y*. 

Ans.  60*  +  ll^^y  —  lOy*. 

9.  Determine  the  greatest  common  divisor  of  a*  +  a^h  -f- 
ai^  +  l\af  +  afl  -^ah^  — 1\  and  a^  +  a^h  —  ab^  —  V. 

Ans.  {a  +  h)\ 

10.  Determine  the  greatest  common  divisor  of  a?  +  2a?  — 
4flj  +  1,  a?  +  5a?  —  7a?  —  11a?  +  2a?  +  10,  and  a?  —  3a?  —  5a? 
+  7.  Ans.  a?  —  1. 

11.  Find  the  greatest  common  divisor  of  (y*  +  l)a?  —  Twa? 

—  (y»  +  l>»+w,  and  (^-l)(y»+l)a?+[n(y*-l)-m(;>-l)]a? 

—  mn,  by  using  the  vertical  bar  for  the  parenthesis. 

Ans.  (y*  +  l)a?  —  m. 

(86.)  OF  THE  LEAJ3T  COHHON  MULTIPLE. 

The  least  common  multiple  of  two  or  more  numbers,  or 
quantities  of  the  same  kind,  is  the  least  number  or  quantity 
which  can  be  divided  by  each  of  them  without  a  remainder. 
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TfwejhBeam  and  hm  to  stand  for  two  numbers  or  quanti- 

ties  of  the  same  kind,  having  m  for  thedr  greatest  common 

diyisor,  it  is  easy  to  see  that  their  least  common  multiple 

must  be  the  product  of  a^  J,  and  m,  or  ohm.    For  the  least 

common  multiple  must  inyolve  a  and  tn  as  factors,  in  order 

to  bo  divisible  hy  amy  and  it  must  involve  i  and  m  as  factors 

in  order  that  it  may  be  divisible  by  hm. 

c^,         ,         am  X  hm     am      ,         bm  „ 

Smce  aim  = —  =;  —  x  m  ==  —  x  am,  we  easily 

m  m  m 

find  the  least  common  multiple  of  two  or  more  numbers,  or 

quantities  of  the  same  kind,  by  the  following 

BULK, 

JDivide  ths  product  of  any  ttoo  qf  ths  nuvibers  or  quaflf^- 
ties  ly  their  greatest  common  divisor  ;  or  divid'C  one  of  them 
by  their  greatest  comfnon  divisor ,  and  multiply  the  quotient 
hy  the  other y  amd  the  result  is  the  least  common  multiple  of 
the  two  numbers  or  quantities.  Then  the  lemt  cenrnwn  mnilr 
tiple  of  one  of  the  remaining  numbers  or  gruantittes  and  the 
least  common  multiple  jvst founds  is  ctea/rVy  the  least  co^rfwn 
multiple  of  the  three  numbers  or  quantities  used. ,  ^  there 
are  m>ore  than  three  numbers  or  quantities^  we  proceed  in  the 
same  v)ay  to  jmd  the  least  commton  vmUiple  of  one  of  the 
remaining  nwnbers  or  qua/ntitieSy  and  if  ths  least  common 
multiple  of  the  three  just  found  ;  and  so  onyfor  any  mimber 
of  quantities, 

BXAMPLES. 

Ex.  1. — ^To  find  the  least  common  multiple  of  36  and  48. 

Since  12  is  the  greatest  common  divisor  of  36  and  48,  we 
have  36  -r- 12  ^  3,  and  3  x  48  =  144=  the  required  least 
common  multiple. 

Ex.  2. — ^To  find  the  least  common  multiple  of  36,  48, 
and  33. 

By  the  first  example,  144  is  the  least  common  multiple 
of  36  and  48 ;  and  since  3  is  the  greatest  common  divisor 
of  144  and  33,  we  have  33  -^  3  =  11,  Nand  by  die  rule 
144  X  11  =  1684,  is  the  least  common  multiple  required. 

Ex.  J.— To  find  the  least  common  multiple  of  a*  —  J*  and 
«^  +  J^. 
It  is  easy  to  see  that  a  +  i  is  the  greatest  common  divisor 
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of  the  qnantitieB;  and  sinee  a^^V  =  {a  +  l){a--l)y  we 
hiave  (a*  — y)-t-(a  +  J)=?a  — J.  Hence  we  Aall  hare 
(<j?  +  ^  (a  —  J)  =  <<*  —  «^ft  +  <bJ*  —  i*  for  the  least  common 
multiple. 

Ex.  4.-^Te  And  the  least  common  multiple  of  a^-^Vy 
i»  +  y,  and  «•-}•. 

By  Ex.  3,  (a*  +  y)(a  — -  h)  is  the  least  common  multiple 
rf  ^  —  y,  a^  +  J«;  and  since  «•  —  6*  is  divisible  hj{(af  +  V) 
{a  —  i),  we  shall  hare  of  -^  V  for  the  songht  least  common 
multiple. 

Ex.  5. — ^To  find  the  least  common  multiple  of  8a*  — 2a— 1 
and  4fl^  --  2a*  --  8a  +  1. 

Since  a  —  1  is  the  greatest  common  divisor  of  the  quanti- 
ties, and  that\  (8a^  — 2a— l)-4-(a  — l)  =  3a  + 1,  we  get 
(4a^-  2a*  -  8a  +  l)(8a  +  1)  =  12a*  -  2a»  -  IJa*  +  1  for 
the  sought  least  common  multiple. 

KXiJCFLBS  FOB  XXESOISS. 

1.  Find  the  least  common  multiple  of  13  and  19. 

Ans.  19  X  18  =  947. 

2.  Find  the  least  common  multiple  of  6,  7,  and  21. 

Ans.  42. 

3.  Find  the  least  common  multiple  of  a  +  ft  and  x-^y. 

Arts,  {a  +  J)  (a?  —  y). 

4.  FiAd  the  least  common  multiple  of  ^  +  y  and  x^y. 

Ans,  flj*  — y*. 

5.  Find  the  least  common  multiple  of  a*  -f  2aJ  +  h\  a*  — 
2aJ  +  y,anda*^}^.    '  Am.  {(^^I^\ 

6.  Find  the  least  common  multiple  of  a*  +  ft^  and  c^  +  V. 

Ans.  {a^  +  l^){c^  +  V). 

7.  Find  the  least  common  multiple  of  a*  +  V^  cfi  +  ¥j  and 
a'  +  V. 

Am.  {a^  +  V^{a''^€fl^-a'V---ai^  +  h^{a^^ab  +  V). 

8.  Find  the  least  conmion  multiple  of  d^-^db^H^  and 
^  — 8aJ  +  2J^.  Ana.  (a*- oJ-^  2*0 (»"-•*). 

9.  Find  the  least  common  multiple  of  6a*  +  7a»  —  3a?  and 
6a*  +  lloo?  +  3aj».  Ana.  (6a*  +  7aa?  —  3aj*)  (3a  +  x). 

(SY.)  Remark. — ^Many  arithmetical  and  algebraic  ques- 
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tions  are  eajsilj  solved  by  the  nee  of  the  least  common  mul- 
tiple.   For  examples,  take  the  following  questions. 

1.  A  and  B  denote  two  individuals,  such  that  A  alone  caii 
do  a  piece  of  work  in  12  days,  and  B  alone  can  do  the  work 
in  14  days ;  then,  in  what  time  can  A  and  B  together  do  the 
work? 

The  least  common  multiple  of  12  and  14  is  84.  And  since 
84  -T- 12  =  7,  and  84  -^  14  =  6,  it  follows  that  A  alone  in  84 
days  can  do  7  times  the  work,  and  B  alone  in  84  days  can  do 
6  times  the  work ;  consequentiy,  both  together  in  84  days 
can  do  13  times  the  work.    Hence,  if  we  divide  84  by  13, 

we  shall  have  tq  =  6—  =  the  number  of  days  in  which  A 

and  B  together  can  do  the  work,  as  required. 

2.  Two  pipes,  A  and  B,  are  such  that  A  will  fill  a  certain 
cistern  in  an  hour  and  a  half,  and  B  will  fill  it  in  two  hours 
and  a  quarter.  In  what  time  will  A  and  B  together  fill  the 
cistern  ? 

Take  a  quarter  of  an  hour  for  the  unit  of  time,  then  6  and 
9  will  respectively  represent  the  times  in  which  A  and  B  can 
fill  the  cistern. 

Kow  18  is  the  least  common  multiple  of  6  and  9;  and 

since  18  -t-  6  =  3  and  18  -~  9  =  2,  it  follows  that  A  alone 

will  fill  the  cistern  3  times  and  B  alone  will  fill  the  cistern  2 

times  in  18  units  of  time ;  consequently  A  and  B  together 

will  fill  the  cistern  5  times  in  18  units  of  time.    Hence,  if  we 

18       «3 
divide  18  by  5,  we  have  "F  ~  ^  units  of  time  in  which  A 

and  B  together  will  fill  the  cistern ;  or,  since  our  unit  of  time 
equals  15  minutes,  we  have  3^  x  16  =  54  =  the  number  of 
minutes  in  which  A  and  B  together  will  fill  the  cistern. 

3.  A  man  and  his  wife  usually  drank  out  a  cask  of  beer  in 
12  days,  but  when  the  man  was  from  home  it  lasted  the 
woman  80  days.  How  many  days  would  the  man  alone  be 
in  drinking  it? 

The  least  common  multiple  of  12  and  30  is  60 ;  and  since 
60  -r  12  =  5  and  60  -r-  30  =  2,  it  follows  that  the  man  and 
woman  would  drink  out  the  cask  of  beer  6  times  in  60  days, 
and  that  the  woman  alone  would  drink  out  the  cask  of  beer 
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2  times  in  60  days.  Hence,  hj  subtraction,  5  times  —  2  times 
=  3  times,  is  the  number  of  times  that  the  man  atone  would 
drink  out  the  cask  of  beer  in  60  days.  Consequently,  if  we 
divide  60  by  3,  we  have  60  -^  3  =  20  =  the  number  of  days 
in  which  the  man  alone  would  drink  out  the  cask  of  beer. 

4.  Let  A,  B,  and  C  denote  three  individuals,  such  that  A 
can  do  a  certain  piece  of  work  in  the  time  a,  and  B  can  do 
the  same  piece  of  work  in  the  time  ly  and  C  can  do  it  in  the 
time  c.  Eequired,  the  time  in  which  A,  B,  and  C  can  jointly 
perform  the  work? 

Since  a,  h^  and  c  are  under  the  form  of  primes,  or  are  not 
explicitly  composed  of  factore,  their  product  abc  must  be 
taken  for  their  least  common  multiple.  Hence,  aio  -r-a^^ 
he,  abc  -s-  fr  =  acy  abc  -r-  c  =  abj  and  Jc  -f  at?  +  aJ  =  the  num- 
ber of  times  that  A,  B,  and  G  together  can  do  the  work  in 

abc  days.    Hence,  we  shall  have  ^  t    =  the  time  in 

which  A,  B,  C,  jointly,  can  perform  the  work. 

Tf  a  =  6  days,  J  =  8  days,  c  =  24  days,  then  putting  6 

abc 
for  a,  8  for  J,  and  24  for  c,  we  shall  have     i   ,    .     ,  t    = 

6x8x24  1152      ^        .  I.       4^A       '      ^.'i. 

48-M44  +  192  =  ^84  =  ^  =  *^  ^^"'^^^  of  daysm  which 
A,  B,  and  C  can  jointly  perform  the  work. 

5.  If  A  and  B  can  perform  a  piece  of  work  in  a  days,  A 
and  C  in  ft  days,  B  and  C  in  c  days,  then  in  what  time  can 
A,  B,  and  C  jointly  perform  the  work  ? 

Here,  abc  expresses  the*least  common  multiple  of  a,  ft,  and 
c.  And  abc  -^  a  =  ftc  =  the  number  of  times  that  A  and  B 
can  do  the  work  in  abc  days ;  also,  abc  -^1  =  ac=r  the  num- 
ber of  times  that  A  can  do  the  work  in  abc  days ;  and  abc  -r- 
(?  =  oft  =  the  number  of  times  that  B  and  C  can  do  the  work 
in  abc  days. 

Hence,  A  and  B,  A  and  0,  B  and  0,  or  2A  4-  2B  +  20, 

can  perform  (aft  +  ao  +  ftc)  times  the  work  in  abc  days,  or 

oft  +  o^  +  ftc 
A  -h  B  +  0  can  perform  s times  the  work  in  abc 

days.    Hence  we  shall  have  abc  -. =  —f-. rr 

^  2  ao-^-ac+oc 

z=i  tbe  time  in  which  A,  B,  and  C  together  can  perform  the 
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work.    If  a  =  8,  6  =  9,  «  =  10,  then  the  time  iu  which  A,  B, 
and  0  cdh  jointlj  perform  the  work  will  be  found  to  be 

Sjjjdays. 

cib  +  uo  +  io 
Again,  since  A  +  B  +  O  can  do g times  the 

work  in  abo  days,  and  B  +  0  can  do  the  work  ab  times  in 

db  '{'  ao  +  ho        , 
abo  days,  we  shall  get,  by  Bubtraction, g — ^  —  w  =?= 

5 =  the  number  of  times  in  which  A  alone  can 

do  the  work  in  dbc  days.    Hence,  ^  .  ^  __  ^  =  the  tune 

in  which  A  alone  can  perform  the  work ;  and  in  like  manner 

hi.  he  — ^ —  ^  ^®  ^^^  ^  which  B  alone  can  do  the  work, 

*^^  ^is  ■   ., n  ifl  the  time  in  which  0  alone  can  do  the 

ao  +  ao  —  oe 

work. 

If  flj  =  8,  J  =  9,  (?  =  10,  it  will  be  found  that  A  can  do 

84  28 

the  work-in  14to  days,  and  that  B  can  do  the  work  in  17tj 

r 

days,  and  C  can  do  the  work  in  23qt  days. 


SECTION    VII. 

OF   FBACTIOHS. 


(l.)  If  we  represent  any  quantity  by  1,  and  wish  to  show 
that  the  quantity  is  to  be  divided  into  a  equal  parts,  and 
that  h  of  the  parts  are  to  be  used,  we  proceed  as  followQ| 
viz.: 

Conceive  the  quantity  to  consist  of  a  equal  parts ;  then, 

since  1  stands  for  the  quantity,  it  is  clear  that  -  will  9tand  for 
one  of  the  equal  parts  into  which  the  quantity  is  to  be 
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divided,  since  the  quotient  -  expresses  one  part  ont  of  the  a 

parts  which  are  supposed  to  compose  the  quantity. 

Since  h  of  the  equal  parts  are  to  be  used,  we  must  multiplj 

-  b J  i,  and  we  shall  hare  -  x  ft  for  the  proper  expression  of 
the  portion  of  the  quantity  that  Is  to  be  used.'    Because 

-  X  ( is  an  expression  for  h  equal  parts  out  of  the  a  equal 

parts  into  which  the  quantity  (that  is  represented  by  1)  is  sup- 
posed to  be  broken  or  divided,  it  is  called  2^fracti(m;  and 
fluioe  a  denominates  or  shows  into  bow  many  equal  parts  the 
qnantity  is  to  he  diyided,  it  is  called  the  denominator  of  ths 
Jraction;  and  because  j  enumerates  or  shows  how  many  of 
the  equal  parts  into  which  the  quantity  is  divided  are  to  be 
taken,  it  is  called  the  numerator  of  the  fraction;  and  sinoe 
the  value  of  the  fraction  depends  on  its  numerator  and  de- 
nominator, we  caU  the  numerator  ami  denomin(xtar  the  terms 
of  the  fraction. 

Because  -  x  >  is  the  same  as  -  +  -  +  --  -h  etc.,  to  J  tenxis, 
a  a     a     a  ^  ^ 

111 
and  since  -  +  -  +  ^  +  etc,,  to  ft  terms  (by  addition)  equala 
a     a     a 

-,  we  shall  have  -  x  ft  =  -,  which  shows  that  the  fraction  can 
a  a  a^ 

be  expressed  by  writing  the  denominator  below  the  numera- 
tor, with  a  right  line  between  them ;  and  it  is  clear  that  the 

ft 
fraction  -  expresses  the  quotient  of  the  division  of  the  numer- 
ator by  the  denominator.  Henoe,  generally,  any  qnotient 
which  is  indicated  by  writing  the  divisor  below  the  dividend, 
with  a  right  line  between  them,  is  called  a  fraction^  partic- 
ularly if  the  quotient  expresses  a  portion  of  some  quantity 
tliat  is  represented  by  1 ;  ^A^  dividend  heinff  called  the  nvmer- 
atoT  a/nd  the  dimeor  the  denominator  of  the  fraction;  otUo 
the  num^atoT  and  denominator  a/re  called  the  terms  of  the 
fraction. 

(«.)  Any  fraction  whose  numerator  is  less  than  its  denom- 

8  4  7 
inatOT  is  called  a  jnvper  fraction.    Thus,  Z>  k?  Tq  *^  proper 

fractions. 
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(s.)  Any  fraction  whose  numerator  is  not  less  than  its  de- 

2  3  8 
nominator  is  an  inymfper  /ractian.    Thus,  oj  q>  5  are  im- 
proper fractions. 

(4.)  Any  quantity  which  is  not  of  a  fractional  form  is  said 
to  be  of  ^\r  integral  form.    Thus,  2,  8,  a^  h  are  integral  forma. 

{5.)  Any  quantity  whose  expression  is  partly  integral 
and  partly  fractional  is  called  a  mixed  nurnber  or  form. 

1  o^  ^  Q  —  * 

Thus,  2gj  ^5'  ^  "^  I'-P  "•■  ^  .  ^  are  mixed  numbers  or  forms, 

(6.)  Any  single  expression  which  denotes  any  number  of 

parts  of  the  quantity  which  is  expressed  by  1,  is  called  a 

^   b  a  0  —  d 
single  or  mrvple  fraction.    Thus,  j,  5,  j ,       .  7  are  single 

fractions. 

(y.)  A  fraction  of  a  fraction  is  called  a  compovmd  fraction. 

rrn       S    ^7      ^a     c  1  A      . 

Thus,  7  of  g  and  r  ^  5  are  compound  fractions. . 

(8.)  Because  the  value  of  a  quantity  is  not  affected  by 
dividing  it  by  1,  we  may  express  any  integer  or  integral 
quantity  in  tiie  form  of  a  fraction,  by  writing  1  under  it. 

Thus,  for  3  and  a,  we  may  write  ^j  t. 

(9.)  It  is  evident,  from  the  rule  of  signs  in  Division,  if  the 
entire  numerator  and  denominator  of  a  fraction  have  like 
signs,  that  the  fraction  is  positive;  but  if  they  have  unlike 
signs,  the  fraction  is  negative. 

And  it  is  clear  that  we  may  change  the  signs  of  the  entire 
numerator  and  denominator  of  a  fraction  without  affecting 
its  sign. 

(to.)  If  any  term,  either  of  the  numerator  or  denominator 
of  a  fraction  has  no  sign  expressed,  the  sign  +.is  to  be  under- 
stood. Also,  if  no  sign  is  prefixed  to  the  line  that  separates 
the  numerator  from  the  denominator  of  a  fraction,  the  sign 
+  must  be  understood. 

(11.)  If  the  sign  —  is  prefixed  to  the  line  that  separates 
the  numerator  from  the  denominator  of  a  fraction,  the  mean- 
ing is  th^t  the  fraction  is  to  be  subtracted,  or  that  the  signs 
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of  its  entire  numerator  or  denominator  mnst  be  changed. 
Thus,  T f  requires  the  sign  of  o  —  {?  or  ois—f  to  be 

a      --c  +  d  a       c  —  d 

changed,  and  is  equivalent  to  j  +    ^^f   or  to  j  4-  _^  ,   >» 

(19.)  Fractions  are  said  to  be  reduced,  when  they  are 
changed  from  one  form  of  expression  to  any  other  equivalent 
form. 

(is.)  BEDTTCTION  OF  FRACTIONS. 

CASE    I. 

To  reduce  fractions  to  their  lowest  terms. 

BULE. 

Erase  all  the  fa^ctora  that  are  common  to  the  ndmieraior 
and  denominator;  or^  which  comes  to  the  same  things  divide 
both  the  numerator  and  denomA^nator  Jyy  their  greatest  camr 
tnoTk  divisor^  and  the  fraction  will  he  reduced  as  required. 
According  to  what  was  shown  in  Division^  the  reduced  frac- 
tion will  he  equivalent  to  the  given  fraction. 

,^       a^h      h  .  .       1     /.  .A 

Thus,  "i"  ==  "  by  erasmg  the  factor  c^  from  the  numerator 
a  c      c 

and  denominator. 

Also,  a  _  y  —  — a--h —  ^^  dividing  the  numerator 
and  denominator  by  their  greatest  common  divisor  a  +  J. 

EXAMPLES. 

5863      .  143 

1.  Reduce  ^737  to  its  lowest  terms.  Ans.  t^^' 

^  -  J*      . 

2.  Reduce  -3  ,  y  to  its  lowest  terms. 

^^-        a'^ab-^V      • 
aV  4-  2aa?  +  a^ 

3.  Reduce  ^f  J^Za^x  +  Zaa?  +  o?  ^  '^^  ^^^®^*  *®™^- 

Ans. 


a  +  x 
4.  Reduce  ^__u  to  its  lowest  terms. 

^^'*"  a*  +  a'h  +  (j^S*  +  oV  +  h'' 
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IMiHt?  —  «*)* 
5.  Beduce -:  to  its  lowest  tenns. 

«.  Bednoe  /^'  .  i»  ji  __  o»  _  it  <»  '*•  lowest  tenaos. 

a^  — 2a>  +  8 

^"*-  «?  +  »'  +  8a»  +  6* 
a*  _  <^  +  <^J»  _  y 

7.  Eeduce  a»  +  g.y  +  a»  4.  >  *«>  »*»  lowest  tenns. 

a^  -f.  fl3  4.  a,  ^  1 

8,  Eedttce  ^^^^^  ^^  ^  ^jj  ^^^  ^  to  its  lowest  terms. 

^"^^  a^  +  fl?  +  r 
^   -,  ^  6a*-  10a»J  +  28aW-  16«J*  +  21J* 

its  lowest  terms.  ^n^.  2^^at»^:J:f^^  gftr 

OAfiE    II. 

To  reduce  a  mixed  quantitj  to  a  fractioii,  nsnallj  called 

BULE. 

MuUiplAf  the  integral  pwrt  ly  the  denominator  of  the  frao- 
Uon;  then  -edd  the  prod/act  and  the  n/utnerator  of  thefrao- 
ticriy  according  to  their  eigne  /  amt  the  reevU  being  placed 
over  the  denominator^  with  a  line  dra/um  between  them^  wiU 
be  the  fraction  required. 

mi  .  b      ac±b     -       .  ao  J.       ,  i 

Thus*  a  ±  -  = ;  for  smce  a  =  -r-,  we  cet  a  ±  -  = 

'         c  0    ^  c^        ^  c 

—  ±  -  = /  for  clearly  the  sum  of  the  quotients  of  ao 

divided  by  c,  and  ±  b  divided  by  Cjvmust  equal  the  quotient 
of  00  ±  J  divided  by  c. 

EXAMPLES. 

1.  Beduce  1  +  -  to  a  fraction. 
a 
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Here  l+|«£li;  for  1  =  2  and  l  +  l^^+i^ 
a        a    '  a  a     a     a 

* «-. 

a 

2b 
2.  Eeduce  Sa  —  ^-^  to  a  fraction. 

K    X 

8.  Eednce  6  Va^^y^  +  j-.  to  a  fraction. 

Since  6  V^?^  =  ^*S^J^EI  ^  we  diaU  hare  6  fSCIj? 
5a^_24^4^a^  — y»  +  5(^ 

4.  Reduce  27  -  |j  to  a  fraction.  ^ni.  ^. 

6.  Eednce  2  Vs^^ff  —  -—-^  to  a  fraction  or  integer. 

An..  ^  =   ,^+1?. 

e.iwu<»i5-^to.tacti(»i.      j«.i5^l£^. 

^'^  BediMje  19aic*  +  -^^^^  to  a  fraction, 

ISabc* 

247a"J*d»  +  17^ 
Ana.    51 ^ 

She 

8.  Beduce  12  Vao  —  jg^  to  a  fiwction. 

.        166mp  Vac  —  bbo 
^^-   13^^ 

9.  Reduce  a  +  J  —  ^  t  x   to  a  fraction.         Ana.    ^^ 


a  +  b  '  m  +  b 

10.  Reduce  2a s- —  to  a  fraction.       Ane.     Z^    . 
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11.  Reduce  3a*  —  SJ*  +  z-j =^rt  to  a  fraction. 

14a— 196 

.^  42a^  -  (576  -  T)a'  -  70^^  -  liy  +  95^ 

.     14a -196  ' 

CASE    III. 

To  reduce  an  improper  fraction  to  an  integral  or  mixed 
quantity. 

BULE. 

Divide  the  numerator  hy  the  denominator  for  the  integral 
jpartj  and  if  tJtere  is  a  remmnder  vyrite  it  over  the  denomi- 
nator^  with  its  proper  aign^  for  the  fractional  part.         ^ 

This  case  is  the  reverse  of  the  last,  and  the  reason  of  the 
rule  requires  no  explanation. 

EXAMPLES. 

.    T,   ,        18    15    a«H-6    ,    .  ,       ,  .     , 

1.  Keduce  -^  >  x  >  j  to  mtegral  or  mixed  quanti- 
ties. 

TT  ,  18      ^     15      ^3    a«H-6  .6 

Here  we  get  -^  =  8,   —  =  87,   =  «-{--. 

o  4         4a  a 

a«__j3  a»  +  6* 

2.  Eeduce   ^  ,  t    and        ,  ^    to  integral  quantities. 

Ans.  a  —  h  and  a*  —  06  +  6*. 
^    _  ^         66aj«  -  Taj*  4-  9a?  -  11 

3.  Keduce  iSar*  — .  3a?  -l  5 ^  *  mixed  form. 

.        .        8aj»-16aj-ll 
Ans,  ox  + 


4.  Eeduce    ,  .  ,.  to  a  mixed  form, 
a*  +  6* 

(g  +  6)6' 


13aj»  —  3»  +  6  ' 


Ana.  a ,  .  ,« ,  or  a = ,   .  ,^, 

a'  +  6"  a'  —  06  +  6* 

.    -r.  .        13a*-15a'6-ra6'  +  6*  .     _ 

5.  Keduce  13^  _  gqA  1  U ^^  *  mixed  form. 

-  15a«6  +  6a'6  -  8a6»  +  6* 

_^  2a^-3y  14a' 4-6* 

6.  Keduce      .  ,  y    and   ^  a  _  y "  to  mixed  forms. 

Ans.  2 3      ^  ^nd  2  + 


a«  +  6«  '•"^  -^7a'-8*" 


.       FRACTIONS.  161 

12a?  +  6aJ  —  2** 
7.  Sedace  g- to  a  mixed  form. 

Am.  2a»  +  5— S-. 
oa 

8-  ^^"**  a»  +  2ai  +  5»         *°<*         2a-2b *^ 

integral  forms.  Ans.  a  +  b  and  2a  ~  2h. 

CASE    IV. 

I 

To  reduce  fractions  to  a  common  denominator,  without 
altering  their  values. 

BULB      I. 

Multiply  each  nwmerator  ly  all  the  denominators  except 
its  ovm^for  a  new  numerator  ;  and  multiply  all  the  denomi- 
nators  together  for  a  new  denomvnator. 

BULB  II. 
(Which  gires  the  least  common  denominator.) 
Take  the  least  cam/mon  multiple  of  all  the  denominator s  for 
a  new  denominator.  Then  divide  the  new  denominator  hy 
the  denominator  of  each  fra^ction^  a/nd  multiply  the  quotient 
hy  the  nuTnerator^  and  the  product  will  he  the  new  nuTnerator 
of  the  fraction. 

The  reason  of  the  first  rule  is,  that  the  numerator  and 
denominator  of  each  fraction  is  multiplied  by  the  product 
of  all  the  other  denominators,  so  that  the  values  of  the  frac- 
tions remain  unchanged. 

And  the  reason  of  the  second  rule  is  much  the  same ;  for 
the  numerator  and  denominator  of  each  fraction  is  multiplied 
by  the  quotient  obtained  from  the  division  of  the  new  (or 
common)  denominator  by  the  denominator  of  the  fraction. 

EXAMPLES. 

8         5 

1.  Keduce  ?  and  ;^  to  a  common  denominator. 

^       8x7      3        ,5x5      5       ^,21       ,25         . 
Here  ^ — =  =  ^,  and  ^ — =  =  =,  so  that  j.^,  and  ^^  are  the 
5x75'         5x77'  35         35 

fractions  when  reduced  to  a  common  denominator. 

»  2.  Beduce  p  %f^^  common  denominator. 

11 
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By  Eule  I.^  multiply  a  and  }>  by  tiie  prodact  df^  and  we 

adf  . 

get  ^^  for  the  first  new  fraction ;  and  in  the  same  way,  if 

we  multiply  c  and  d  by  the  product  ^f,  we  get  ra*  for  the 

led 

second  new  fraction ;  and  in  a  similar  way  we  get  g^  for 

Oidf  hcf  bde 
the  third  new  fraction ;  so  that  t^  tj^  r^  are  the  new 

fractions,  or  the  fractions  when  reduced  to    a   cominon 
denominator. 

ab    de    gh 
8b  Beduce  -^9  -^9  ^  to  the  least  common  denominator. 

The  least  common  multiple  of  the  denominators  is  eaaily 

found  to  be  cfkx^y  which  is  to  be  the  common  denominator 

of  the  new  fraction,  or  of  the  fractions  when  reduced  to  a 

common  denominator.    Dividing  (by  Kale  II.)  cfka^  by  cas^, 

the  denominator  of  the  first  fraction,  we  get  fha?  for  the 

quotient,  and  multiplying  this  quotient  by  ah^  the  numerator 

of  the  first  fmction,  we  get  cAfksx?  for  the  new  numerator  of 

the  first  new  fraction ;  in  like  manner,  the  new  numerator  of 

the  second  new  fraction  is  found  to  be  cdekxy  and  that  of  the 

ahfka? 
third  fraction  is  cfgh^  so  that  the  new  fractions  are    QfhgM 

^-— ,  -^?^?— ,  which  are  easily  seen  to  be  equivalent  to  the 

given  fr4ictioiis. 

2a  Sc  8c2 

4.  Beduce  qjj  7"?  5/  *^  *^  common  denominator. 

^^'  106b^  lOSbef  106be/ 

^    _.  ^       2«  4-  8J  4g»-6y     6abc    ,    ,,     ,      , 

5.  Keduce    >  __7a,      8__   y,    «  .  y  to  the  least  common 

denominator. 

(2a  +  8b)  ja'  +  a'S"  +  ft*)    (4a^  -  5^)  (g^  +  y) 
^^-  (a^-J«)(a?  +  y)  '       (a«-J»)(a»  +  6^    ' 

Qabc{cf  —  V) 
(a»-J«)(a?  +  i« 
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6.  Bednce  -» -^  .^-^  -^  to  a  conmeQ  dencmiixuttor. 


2  8  7^  9^ 

200py  imfy"  625pV  54<y£ 

-*^-  soopy'  300py  3oqpy'  300// 

7.  Reduce  — ^,  ^"^  ■,,      ~,,  to  a  common  denominator. 

{a  +  g) V  +  y)  (g  ^ »)»(«»  ^  y)  (a^-y)(a»-y) 

8.  Bednce  ?,  |,  ^-i^,  =-i-^,  ^^^  to  a  common  denomi- 

nfttor. 

(45  -f  5a)  (2a?  —  a?»  —  g»)  (36  +  4a)  (2y  —  ay  —  Q^y) 
^^-     20(9  +  a)(2-aj--a:»)  '      20(9  +  a)(2  -  a?- a;*)    ' 

(60  4-  20a)  (2  ~  a?  -  a?^     (180  +  20a)  (2  +  3a?  +  a?) 
20(9  +  a)(2-a;-a?^     '  20(9  +  a) (2 -a?- a?*)        ' 

(180-f  20a)(2~3a?  +  a;^) 
20(9  +  a)(2  — a?  — a? 

9.  Eeduce  --,  — ,  —5,  -— -  to  the  least  common  denomi- 

27  81  9a*  Scfg 

ZOcfg     Wcfg    1 26a«y    185^g 
™**^  ^'^^  162^  162ay  i62?^'  162^' 

10.  Rednce  6.  6,    ^  "^ — ,  ^'^  "~  ,    to  a  common  denomi- 

17  11m* 

nstiK.         AmjL  ??^*  1122m*  m»(33fl^+55y)  17^-~17&g 
^^  187m«'    187m?'        TSTm^^        '       187m*     ' 

CASE   V. 

To  add  fractional  quantities  together. 

Reduce  the  fractions  {when  necessary)  to  a  common  denom- 
inator ;  then  write  the  svmi  of  the  numerators  (added 
according  to  their  signs)  over  the  common  denom/inatoTj  4md 
the  result  wiU  he  the  sum  requdred. 

To  show  the  correctness  of  the  rule,  we  shall  take  the 

ah         c 
fractions  ^j  r^  ""  IJi?  baring  m  for  flieir  common  denomina- 
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tor;  then  we  ehall  hare  — I = .     For 

731        ITh        m  TJV 

am   ^      hnh  cm        ,        .   ^ 

smce  a  =  — ,  o  =  — •   —  o  = ,   ana  a  -r  o  —  o  = 

m'  m^  m^ 

m         ^        ^     ^  ^  'mm 

cm      {a-^h  —  cym  i..  v  .      i      i 
=  -^ ^— /  or,  onutting  m,  wnieh  ib  clearly  a 

a       i       c 

common  factor  of  these  equab,  we  have  tt  +  zr ""  :ir  = 

*       '  mi      THf      mi 

fl^  +  J  —  c 

^ ,  agreeably  to  the  rule ;  and  it  is  clelar  that  a  simi- 
lar proof  is  applicable  in  all  cases  of  the  addition  of  frac- 
tions, after  they  have  been  rednced  to  a  common  denomi- 
nator. 

EXAMPLES. 

2  4  6  a         a 

1.  Add  3'  5»  /r ;  also  add  g  and  g* 

2  X  5  X  7  =  70  1 
Here  4x3x7  =  84>   are  the  new  numerators  of  the 


2  X  5  X  7  =  70  ) 
4x3  x7  =  84V 
6  X  3  X  5  =  90  ) 


first  fractions,  and  3x5x7  =  105  =  their  common  denom- 

70        84        90 
inator.     Hence  the  sum  is  expressed  by  TfTR  +  ttTk  +  Tak  = 

105  "^"^  105'^^^^^^- 

Also  ^  X  6  =  5a  [  ^^  *^®  ^^^  numerators  of  die  second 
fractions,   and   5  x  6  =  30  =  their  common  denominator. 

Hence  the  sum  is  expressed  by  ht:  +  sk  =  "htt  =  ^^  s^™ 

o\j       o\j        o\j 

as  required. 

9    a  a  a  d  a  *       87^  9<i 

2.  Add  the  fractions  5'  S'  i>  «>  g'        ^^'  "gn"  ~  ^  "^  20* 

*  a  +  h  a  —  J>        s  +  d  s  —  d 

8,  Add  the  fractions         7>      .  t  and  — g— >  — 5 — 


A^.^^,^,. 


8  +  d  s  —  d 

Since  — o —  ^  ^^  1"^  ^^^  ^^  *  ft^^d  ^j  ^^^     q      ^  ^® 
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half  difference  (supposed  positive)  of  s  and  d^  and  since  their 
snm  gives  a  the  greater  quantity,  we  see  that  the  half  sum 

of  injDo  guantideSy  when  added  to  their  half  difference^  gives 

84-3      8  —  3 
the  greater  quarkHty,    Thns,  — q—  +  — 5 —  gives  8. 

.     ...   ^    ^     .       3a~5J  lla-eJ  13a-.5J 

4.  Add  the  fractions  — ^ — *  — TL — '  — 01 — • 

na-58S              ,   .  Zha-W> 
Aruf.  —^ =  a-  6  H- ^ . 

5.  Add  9a,  11a,  ««  +  8^>  *^-  6?j  ^^^18?' 

^       ^^        (42Jc'»-27Jc-13y) 
J.7W.  85a  +  -^ jg-g . 

O       AAA         ^  1  ^11 

*a  +  fta*  —  oJ  +  J'  a  —  6a  +  J 

a^-a(J-l)  +  ft(ft  +  l)      ^   -Sa 
^''*- ^?TF ^^  ¥^^' 

^^^3aJ*-5aj»+6  2a^-5aj  +  7  6aj»-3 

7.  Add ^ ,  jg^        ,  -^^-. 

47a?*  -  40a>  —  29a3»  4-  28a  H-  48 
^rw.  ^2^ . 

5a?'~4a?4-2    2a?~S   5a? -11  7 

8.  Add      33j8_4     '4aj»-l'  2aj  +  l'8- 

824a?^  -  440a^  -  5a^  -  408a^  +  832a;  -  180 
^^'  8(4a^-l)(3aJ»-4) 

CASE    VI. 

To  subtract  one  fractional  quantity  from  another. 

BULS. 

Zet  the  fractions  he  brought  to  a  common  denomdnator,  as 
in  Addition.  Then  subtract  the  n^imerator  of  the  fraction  to 
he  9tM/raeted^from  the  numerator  of  the  other  fraction  ;  and 
the  result  J  when  toritten  over  the  common  denominator^  will 
give  the  required  difference. 

EXAMPLES. 

1.  From  2  take  g,  or  reduce  7  —  5. 

„      868x95x4      27      20      7 
Herej-"g  =  -3g 36"  =  86  ""  36  "=  36>  ^ '^^'"^- 
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2.  Reduce  ^  —  t  a^<i 


3       5         a  —  b     a  +  & 
Here---  =  ^*-"^*  =  ->aa  required.    And  ^ 

_  «-^  _      (g  +  W (g  -  ^)*       _  <t»  +  2o&  +  y 

o  + J~(a  — J)(«  + J)      (a  — J)(a  +  J)  a*  — J* 

a'-gg^  +  y  ^  ^t>_  ^        i^^ 
o»  _  j»       -  a«  _  J»»  *"  "«l"^ 

3.  Reduce -^y j^-.  «"*  -g g— 

4a?  —  1 
J.7W.  — :rj —  and  d.    If  we  suppose  «  to  be  greater  than 

.     .       8  -hd 
dj  so  that  s  —  diB  positive,  then,  since  — o^"  ^  *^®  ^^^  ^^°^ 

*  — <?  . 
of  «  ajad  ^  and  — ^  is  the  half  difference  of  s  and  dy  and 

i  '^  d     B  —  d 
smce  — 2 o^  =  <?,  w^  «^  th(it  the  half  difference  of 

two  grucmtUieSy  when  etibtracted  from  their  half  wmy  gi/t>e8 

8+3      8—8 
the  less  grucmMty.    Thus,  — 5 q—  gives  8, 

4.  Reduce'^'^+«^-g-g«^-'^^~^. 

2iB  — 1  2»  +  l 

lOsB'  +  leaj"  +  26a!»  -  15a>  -  8 


^««. 


i**-! 


6.  Eeduce ^(jz:^ " 3(^^rjry      ^«»-       eCo'-J')     • 
6.  Reduce  9a +  ^-(«a  +  g). 


Am.  da  —  r-^  = 3 *^* 


7.  Eednoe 


/a      c\      /^  _  8£\ 


a    ,  7(J      2ad+7ho 

AnS.  KX  +  T3  =  • 


4<i""       4W 


8.  Eeduce- — z^kz — ^^^ 


a  — a     8<»— 2a>         a  — i&     a  +  a? 


(«  — »)(3a— Sx)        t^-^t/^ 
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Bemark^ — PoeitiTe  q^oftntitke  lumng  the  sign  +  Mther 
expressed  or  understood,  and  negative  quantities  (or  qaanti- 
ties  to  be  subtracted)  having  the  sign  ^,  it  is  evident  that 
we  may  reduce  the  rules  of  Addition  and  Subtraction  under 
the  general  rule  of  Addition,  as  follows;  viz.,  coDect  the 
quantities  into  one  sum  (or  whole)  by  adding  them  according 
to  their  signs ;  and  that  whether  they  are  integral  or  irac- 
tioaal,  or  if  some  are  integral  and  others  fractional.  Gen- 
erally, in  the  addition  of  mixed  quantities,  it  will  be  advisable 
to  add  the  integral  quantities  into  one  sum,  and  then  to  add 
the  fractional  quantities  into  another,  after  they  have  been 
reduced  to  a  common  denomiiuilor ;  then  the  sum  of  the  in 
tegral  quantities  and  that  <A  the  fractional  quantities  being 
written  together  with  their  proper  signs  will  be  the  smm 
required. 

4  3 

Thus,  suppose  it  is  required  to  subtract  11^  from  ITk,  or, 

2  4 

which  is  the  same  thing,  to  add  Vl-  and  — 11^.    Here  we 

have  17~"  +  3-5-«  +  f5-i-5==«-r5  =  *r5  ^ 
required. 

0 

Also,  if  we  have  to  add  3a,  5&,  ^,  and  from  the  sum  sub- 
tract 2a,  3J,  and  j^,  we  get  8«  +  5J  +  ^  —  2a  —  3J  —  j^  = 

^  "'"*"''  45  ^  ^  "^^^  "^  **  "^  il'  ^  required. 

CA8B    VII. 

To  multiply  fractional  quantities  together. 

BVLX. 

Observing  the  rule  of  signs,  the  product  of  the  wumeftators, 
tohen  written  over  that  of  the  denammatorsj  in  the  form  if  a 
fraction^  wiU  he  the  required jproduct. 

Before  the  rule  is  applied,  it  will  generally  be  advisable  to 
i^uce  mixed  quantities  to  improper  fractions,  and  integral 
quantities  to  a  fractional  form,  by  writing  1  under  them ; 
also,  to  erase  any  factor  which  is  common  to  the  numerator 
of  any  fraction  and  the  denominator  of  any  other  fraction ; 
and  to  reduce  each  fraction  to  its  lowest  terms  by  erasing  all 
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the  factors  that  are  common  to  its  numerator  and  denomi- 
nator. 
This  rule  has  been  proved  to  be  true  in  Division. 

EXAMPLES. 

1.  Multiply  ||,  *  ||,  I  together. 

Here  the  product  is  expressed  by  -,?,-,-,  L  -  =  - .  - 

ITT 
=  z .  1  =r  _,  as  required. 
3    9      27'  ^ 

We  have  drawn  a  line  across  the  factors  that  are  to  be 

erased,  since  they  will  be  common  factors  to  the  numerator 

and  denominator  of  the  product    We  have  also  in  the  first 

2      1 
result  reduced  g  to  g  by  erasing  the  factor  2  that  is  common 

to  its  terms ;  then  the  product  of  1  and  7  gives  7  for  the  nu- 
merator, and  that  of  3  and  9  gives  27. for  the  denominator  of 
the  sought  product. 

2.  To  find  the  product  of  ^  ^,  11.    Here  ^,  |^, 

^  Scct^  Uh    a  -3e*'  Ui! 

—  =  6,  as  required. 
8.  Find  the  product  of  | .  | .  ?^  .  ^.  ^^-  ^• 

4.  Find  the  productof  ^±5,  ^^,  (^H^^  ^±^. 

a^  +  ax  +  or 
6.  Find  the  product  of  -,  -,  _,  -^,  _-,  \^, 
3a— 2(0  8a  +  2a; 

16{a^  -(^b  +  a*b*  -al^  +  b*)  (26a»  -  16a!»)' 

2a           2a  2J  2J 

6.  Find  the  product  of  8  +  — ,  3 ,  «  —  3TJ  **  +  oj 

7a    6«V  ^/q      4a'W.      4S\ 

8a 
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,.  Find  4e  p^...  .f  5^,  jj^jj,  ^  +  8^, 

8.  Find  ihe  product  of  ^Jfl±^^   ^^±^^   ifl-V)\ 

^t   '    a-J*  ^"^^       685m»ny2*     * 

9.  Find    the    product    of    5±^,   ^Jt^;,   ^^^1^, 

13(a^  +  y^   \Uflf  +  ^0  .        14(8a"  -  27^) 

«^  +  j^   '    15(a  +  J)'  ^'**'       ISCa+l)"" 

Rema/rks. — A  compound  fraction  is  reduced  to  a  single 
one  by  the  rule  of  Multiplication.    Thus,  if  we  wish  to  take 

_  of  -,  it  is  clearly  the  same  as  to  multiply  the  numerators 

8      5 

together  for  a  new  numerator,  and  the  denominators  to* 

gether  for  a  new  denominator,  and  we  shall  have  -  of  -  = 

3      5 

—  for  the  result.    Also,  if  we  have  _  x  -,  it  will  clearly  be 
15  0      d 

a  compound  fraction,  and  we  shall  have  t  ^  3  =  r3  ^'^r  the 

correct  result. 

If  we  wish  to  put  an  integral  form  under  the  form  of  a 

fraction  having  a  given  denominator,  it  can  be  done  in  much 

the  same  way.    Thus  if  we  would  put  6  under  the  form  of  a 

fraction  having  13  for  its  denominator,  we  multiply  6  by 

13  78 

:j-5  =  1,  and  we  shall  get  6  =  r^,  as  required.    In  like  man- 

lo  lo 

ner,  if  we  would  put  a  —  x  under  the  form  of  a  fraction 

having  a  +  x  for  its  denominator,  we  have  a  —  »  =  (a  —  a?) 

?Jl?  =  ?JZ — ,  and  so  on  in  like  cases.    So  thai,  we  muUi- 
a  +  x       a+ X 

jH/y  the  gi/oen  quamMty  hy  the  given  denornvncUor^  and  take 
tJie  product  for  the  nvmerator  of  the  sought  fraction^  and  the 
given  denornmator  for  its  denomMiator. 
CASK    VIII. 
To  divide  one  fractional  quantity  by  another. 
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AULS. 

If  the  dividend  or  dimior  is  mixedy  reduce  if  to  an  im- 
proper  fracUon;  or^  m  case  either  of  them  is  integral^ 
reduce  it  to  the  form  of  a  fraction^  homing  Ifor  its  denomi- 
nator. Then,  if  the  rvwmeraioT  of  the  dividend  is  exactly 
dimisible  hy  tluU  of  the  divisor ^  and  the  denominator  of  the 
dividend  is  exacUy  divisiMe  by  that  of  the  divisor,  take  the 
quotient  of  the  division  of  the  numerator  of  the  dividend 
hy  that  of  the  divisor  for  the  new  numerator y  and  the  quo- 
iient  of  the  division  <f  the  denoTnvnator  of  the  dividend  hy 
that  of  the  divisor  for  a  new  denomincstoTy  aiid  the  resulting 
fraction  wiU  be  the  sought  quotient.  If  the  num^erator  of 
the  dimdend  is  not  am,  exact  multiple  of  that  of  the  divisor j 
etc.,  we  7nay  invert  the  divisor,  and  then  proceed  as  in  Mul- 
tipUooMon;  which  process  is  applicabte  in  aU  cases.  Observ- 
ing in  aU  instances,  thai  it  will  he  advisable  to  erase  all  the 
factors  that  are  com^mon  to  the  numerators  of  the  dividend 
and  divisor,  and  also  those  that  are  common  to  their  denomi- 
neUors,  before  the  rule  is  applied.  This  rule  was  proved  in 
Division. 

EXAMPLES. 

1-  Divide  2l  ^y  f  ^^  ^  ^^f- 

Here  4-r  2  =  2,  21^T  =  3,«id  a'-r-a  =  «,  y-i-i  =  J; 

consequently,  we  get  21  "^  7  ^  3' *^^  {?  "^  fr^  J'  **  '^ 
quired. 

3.  Divide  i- by?,  and  ^' by?. 
15    "^  7  c       b 

Here  4-s-2  =  2,  and  2  x  7  =  14;  so  that  :;^ -r- 1  =  ^, 

1»       7       15 

wbicb  is  the  same  aa  to  invert  the  divisor,  or  change  it  to 

7  4       7      14 

-,  and  then  multiply,  which  gives  Tk  ^  5  =  f^'  *•  be&wre. 


€?  a  oib  c?  b 
—  =  —  X  — 
c        c       a 


In  like  manner, =-y  =  — -  =  --  x  - 

'  c        b 


8.  Divide  ^J^±4  by  ^±^,  and  ^±*!  by  ^±h. 


2'         3      a*  +  ai  +  ^ 
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1  0 


h      ao  —  b 
a 

6.  DiTiae  1+? b7^±^,  and^;  +  g«'  +  ^by'^'  +  ^. 

^««  l,«id?x£±^. 
a      a  —  2a? 

6.  Divide  ^^^±^  by -^  and  ^±* by  iri. 

5      y»  +  yaj  +  a^'         2      o  — J 

7.  Divide  -gnlll  by  |^,  and  ^^^  by  ^±^*. 

Ane.  ^  +  «^  +  »^ ,  and  ^''"-^ 

8.  Divide  i^4  by -T^  and  1  bj  ?±^. 

^,w.  ^^?,aBd?:xi:z5. 
2iVs"         2     .a  +  w 

9.  Divide  1  by  iH^,  and  1"^'  by  ^zJ*. 

^«a.l+f,and«'  +  *' 


a  —  a?  d!  — 6 

10.  Divide??-*^  by  ??  +  ^.  ^/i^.  ^^-^^^. 

Bemarkd, — IKnce  Divifiion  ia  the  yeverse  of  Multiplica- 
cation,  we  may  reduce  the  rule  of  DiviBion  to  that  of  Mul- 
tiplicatioii,  by  changing  the  signs  of  the  exponents  of  the 
tttrms  of  the  divisor,  and  then  proceeding  as  in  MnltlpUca- 
tion. 

__  ...  -     a*  -     a  ,  d^      a"^     a'~*      a 

Thoiy  to  divide  -^  ^7  j>  ^^  ^^^  -p  ^  gzr=3=r  =  y 
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4  Q 

the  same  result  as  found  above.    Also,  to  divide  —  by  -• 

21    •^  7' 

4       2        2"        2-1        2*-^  2 

^ehaYe^^-^^  =  3-^x^  =  ^-^  =  ^-^o;  or,  since 

7*  =  1,  we  have  o?  "^  7  =  oj  *"*  found  above. 

The  product  of  any  number  of  equal  fractional  quantities 

2  2 

is  called  a  power  of  one  of  the  fractions.    Thus,  -  x  -  is 

3  3 

called  the  second  power  or  square  of  -,  and  is  denoted  by 

(|y.or|;8othat|x|  =  (2y=J 
\3/         3'  3      3       W      3* 

2^     2      2  2 

Also  5  X  K  X  5  is  called  the  cube  or  third  power  of  — 

000  o 

/2\*     2' 
and  is  denoted  by  1^1  =  ^.    And  generally,  by  the  expres- 

(/»\»        /»» 
j  ,  or  --J  we  are  to  understand  the  product  arising 

from  taking  ^1  &8  ft  factor,  n  times,  supposing  n  to  be  a  posi- 
tive integer.  And  since  the  product  of  an  even  number  of 
negative  quantities  is  positive,  and  the  product  of  an  odd 
number  of  negative  quantities  is  negative,  it  follows  that  the 

nf^  power  of  ?  is  the  same  as  that  of  —  ?,  when  n  is  an  even 
0  0 

number,  and  that  the  sign  of  the  n^  power  of  —  ^  is  — , 
when  n  is  an  odd  number. 


Beversely,  when  any  fraction,  as  ^,  is  to  be  resolved  into 


a 

V 

the  product  of  n  equal  fractions,  one  of  these  equal  fractions 

X       1 

is  called  the  n^  root  of  ?,  and  is  denoted  by  ( ? )  *=  — . 


-Uif- 


Thus,  —  =  (  ~ )  ,  means  that  two  equal  fractions  are  to  be 
found,  such  that  their  product  shall  equal  - ;  or,  which  is  die 
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same  thing,  thflt  2  is  to  be  resolved  into  two  equal  factors, 
and  that  3  is  to  be  resolved  into  two  equal  factors ;  and  that 
we  are  to  use  one  of  the  factors  of  2,  divided  by  one  of  the 
factors  of  3. 


SECTION    VIII. 
OF  ABTCHMETICAL  FROFOBTIOHB  AHD  FB0OBESSI0H8. 

(l.)  Thb  difference  of  two  numbers  or  quantities  of  the 
same  kind  is  called  their  arithmetical  ratio  or  difference. 

(9.)  Four  numbers  or  quantities  of  the  same  kind  are  said 
to  be  in  arithmetical  proportion  when  the  difference  of  the 
first  and  second  is  equal  to  the  difference  of  the  third  and 
fonrth ;  the  first  and  last,  terms  being  called  the  eoctremes^ 
and  the  other  terms  the  meams  of  the  proportion. 

(S.)  A  series  of  numbers  or  quantities  of  the  same  kind 
that  continually  increase  or  decrease  by  a  constant  difference 
are  said  to  be  in  continued  arithmetical  proportion,  or  to 
constitute  an  arithmetical  progression;  and  if  the  successive 
terms  increase,  the  progression  is  said  to  be  increasing,  but 
if  the  successive  terms  decrease,  the  progression  is  said  to  be 
decreasing. 

(4.)  If  four  numbers  or  grtumtities  of  the  swme  hind  are  in 
oriihTnetical  proportion^  the  sum  of  the  exi/rem^es  is  equal  to 
the  sum.  of  the  m^ans. 

For,  let  a,  J,  <?,  d  denote  four  numbers  or  quantities,  such 
that  we  have  a  —  i  =  c  —  rf,  then  if  we  add  b  +  d  to  these 
equals,  we  shall  have  a  —  b-\-l  +  d  =  e  — d  +  h  +  d,  or 
(since  —  J  +  5  =  0,  and  -^d  +  d  =  0)  we  have  a  +  d=: 
J  4-  c,  as  was  to  be  proved.  Thus,  if  we  take  the  numbers 
12,  8,  10,  and  6 ;  since  12  —  8  =  4  =  the  arithmetical  ratio 
of  12  to  8,  and  that  10  —  6  =  4  =  the  arithmetical  ratio  of  10 
to  6,  and  since  these  ratios  are  equal,  it  follows  that  12  —  8 
=  10  —  6 ;  and  w^  have  12  +  6  =  8  +  10  =  18,  as  it  ought 
to  be,  for  12,  8,  10,  and  6  severally  correspond  to  a,  J,  c,  d. 
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Since  a^  i,  c,  d  are  connected  by  tJte  eqiiation  -a+d  =  &+«, 
it  follows  that  if  any  three  of  them  are  ^en^  ihef&urth  <xm 
be  found.  For,  suppose  a,  by  c  iii«  given  to  find  A^  then, 
since  a4-<Z  =  J  +  c,  ifwe  subtract  a  from  these  equals,  i« 
geta  +  rf  —  a==&  +  o  —  a,  ord!  =  5  +  c  —  a. 

Hence^  if  we  take  either  of  the  extremea  from  the  sum  of 
the  means  of  am,  arithmeticcA  prt^portum^  we  ehaU  get  the  other 
extreme;  wnd  if  from  the  sum  of  the  extremeswe  taJceoneqf 
the  meam^^  we  shall  get  the  other  m^an. 

(5.)  Jf  three  numbers  or  quantities  of  the  sam^  kind  are  in 
aritiiMMtioal  proportion^  tie  nm^^  ^  ex^fremes  is  epical  io 
tfwice  the  meoAfi. 

For  let  a^  ft,  e  be  sucb  numbers  or  quantities  diat  we  bave 
a  —  J  =  ft  —  I?,  then  by  adding  i  +  c  to  these  equals,  we  shall 
have  a  —  6-fJ  +  ^  =  J  +  i  —  c  +  (?  or  a  +  (?  =  2J,  as  re- 
quired. Thus,  since  15  — 11  =  11  —  7,  we  get  15  +  7  = 
8x11  =  22. 

Since  a,  ft,  -<?  are  connected  by  the  equation  a  +  o  =  2ft,  it 
will  be  sufficient  to  know  aaiy  two  of  them  in  order  to  find 
the  third.  For  if  the  mean  ft  is  given,  and  either  extreme,  as 
a,  is  also  given,  then  subtracting  a  from  Ae  equals  a  +  e?  and 
2ft,  we  get  the  other  extreme  c  =  2ft  —  a/  that  is  to  say,  if 
we  subtract  either  extreme  from  twice  the  meajn^  the  remmndet 
will  equcd  the  otiier  extreme.  ^ 

Thus,  if  the  mean  is  10,  and  one  of  the  extremes  is  7,  then 
we  ^hall  have  10  x  2  —  7  =  20  —  7  =  18  for  the  other  ex- 
treme ;  and  it  is  easy  to  see  that  13, 10,  and  7  are  in  arith- 
metical proportion,  as  they  ought  to  be. 

Again,  when  tiie  extremes  a  and  c  are  given,  if  we  divide 

a  "4*  G 
the  equals  2ft  and  a  +  c  by  2,  we  shall  have  ft  =  — ^—:  that 

is,  the  meam  equals  hcdf  the  sum  of  the  extremes.    Thus,  if 

the  extremes  are  11  and  17,  we  have  — - —  =  -—  =  14  = 

2  2 

the  mean ;  and  it  is  easy  to  see  that  11, 14, 17  are  in  arith- 
metical proportion,  so  that  14  is  an  arithmetical  mean  between 
11  and  17,  as  it  ought  to  be. 

It  may  be  observed  that  the  common  method  of  finding 
the  woerage  of  two  numbers  or  quantities  of  the  same  kii^ 
(which  consists  in  taking  the  half  sum  for  the  average)  is  the 
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Mma  M  i&  take  the  withme^iioal  mecm  of  the  two  mmAer$  or 
quaMiMes, 

Again,  resuming  the  equation  «  +  c  =  'SJ;  if  we  add  ft  to 
both  sides,  we  get  (t  +  ft  +  ^  =  8ft,  and  dividing  these  equals 

by  3,  we  get =  6. 

Hence,  when  three  nwmbern  or  qiuintittes  of  the  same  hind 
are  in  a/rUhmetieal  proportiony  the  mean  is  equal  to  one  third 
of  the  sum  of  the  numhera  or  quantities^  and  it  is  clear  that 
the  meam,  is  the  a/oerage  of  the  numbers  or  quantities. 

Hence,  we  often  call  one  third  of  the  sum  of  wrvy  three 
wumhers  or  quantities  of  the  sams  kind  their  average  or  meanj 
and  one  fourth  (f  the  sum  of  four  numbers  or  qua/rdities  of 
the  sams  kind  is  called  their  average  or  mean  ;  and  gener- 
allj/y  ifn  is  any  positive  integer^  the  n^  part  of  the  sum,  ^fjn 
ntmAers  or  quantities  of  the  sa/ms  kind  is  caUed  their  amragte 
or  mean. 

Thus,  if  20 .  23, 20 .  24,  20 .  26,  30 .  28,  lepresent  four  values 
of  a  certain  quantity,  as  Ibund  by  observation  or  experi- 
ment ;  then  dividing  the  sum  of  these  numbers  by  4,  we  get 

20.23  +  20.24  +  20.26  +  20.28       81.01 
-^ =  —^  =  20 .  2525  = 

the  average  of  all  the  quantities,  supposing  the  above  num* 
bers  to  have  been  correctly  found  to  four  decimal  places ;  i^ 
however,  they  have  been  correctly  found  only  to  two  decimal 
places,  we  must  take  20 .25  for  tlie  average  of  the  quanti- 
ties. And  it  is  clear  tlwi  the  an)erage  oughl  to  he  taken  as  the 
mosftprobijMe  valus  of  the  quantity  as  determined  from  the 
four  observations  or  eaperiments. 

It  is  plain  that  we  may  proceed  in  a  similar  way  in  all 
cases  to  find  the  most  probable  values  of  qiiantities  as  determr 
ined  hy  observation  or  eaperiment^  supposing  equal  skill  amd 
care  to  have  been  used  in  each  instance^  amd  supposing  amy 
result  thai  differs  much  from  the  others  to  he  rejected, 

(••)  If  a  denotes  the  first  term  of  an  arithmetical  progres* 
sion,  and  d  the  difference  of  any  two  of  its  successive  terms, 
then  by  the  definition  iA  an  arithmetical  progression,  if  the 
progression  is  increasing,  we  shall  have  the  progression  ex- 
pressed  by  the  series  a,  a  +  (2,  a  +  2<2,  a  +  Zd^  a  +  4d, 
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fl^  +  5d!,  .  .  . .  a  +  (^  —  l)dy  (a),  in  which  n  denotes  the  num- 
ber of  the  term  a  -f  (^  —  1)^^. 

It  is  easy  to  see  tha^  we  m^y  represent  any  term  qf  the  series 
{a)hy  a  -{-  {n  —  l)d;  for  if  we  put  n=^lj  a  +  {n  —  l)d  be- 
comes a,  the  first  term  of  the  series ;  and  if  we  put  n  =  2, 
a  +  (n  —  T)d  becomes  a  +  d^  and  i{n  =  S,  a  -h  {n  —  l)d  be- 
comes 0  +  2dj  and  so  on  to  any  extent ;  hence,  since  any  term 
of  {a)  results  from  a  +  {n  —  l)d  by  putting  n  equal  to  the 
number  of  the  term,  a  +  (n  —  l)d  is  called  the  general  term 
of  the  series. 

(7.)  Again,  if  in  {a)  we  put  —  (i  for  +  dy  we  shall  have  the 
decreasing  arithmetical  progression  a,  a  —  (^,  a  —  2ei,  a  —  Sdj 
a  —  4^,  a  —  5(Z, . .  .  .  a  —  (wr  —  l)rf,  (a^),  whose  general  term 
is  expressed  by  a  —  (^  —  l)d. 

(§•)  It  is  easy  to  see  that  we  may  write  (he  series  {a)  and 
(a^)  in  one  series,  by  writing  a,  adod^  a±,  2^,  a  ±  Sd^ 
a  ±  4{Z,  a±:  5dy  .  .  .  .  a±{n  —  l)rf,  (A) ;  observing  that  for 
±  we  must  use  -f  when  the  series  is  increasing,  and  for  ± 
we  must  use  --  when  the  series  is  decreasing. 

(9.)  It  is  easy  to  see  that  in  the  series  (A)  we  have  to  con- 
sider a,  which  is  called  the  first  term,  and  a  ±  (n  —  l)rf, 
which  is  called  the  last  term,  and  n  which  is  supposed  to 
denote  the  number  of  terms,  together  with  ±^  which  is  called 
the  arithmetical  ratio,  or  the  common  difference  of  any  two 
successive  terms ;  and,  in  addition  to  these,  it  is  often  neces- 
sary to  consider  the  sum  of  all  the  terms. 

(lO.)  K  we  represent  the  last  term  by  I,  we  shall  have 
Z  =  a  ±  (/I  —  l)d,  (1),  for  the  equation  that  connects  the  first 
term,  last  term,  common  difference,  and  number  of  terms 
with  each  other;  observing  that  for  ±  we  must  use  +  when 
tlie  series  is  increasing,  and  —  must  be  used  for  ±  when  the 
series  is' decreasing. 

(11.)  If  we  know  a,  the  first  term,  the  cormnon  difference 
±  d,  amd  the  number  of  terms  n,  it  is  easy  to  find  I,  the  last 
or  »**  term  from  (1) ;  for  it  requires  ics  to  multiply  the  com- 
mon difference  ±,d  hy  the  number  of  ter^ns  less  one,  amd  to 
add  thefi/rst  term  to  the  product  [according  to  tlieir  signs)  for 
the  last  term. 

Thus,  if  the  first  term  a  =  2,  the  common  difference 
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dod=3j  and  the  niaiober  of  terms  n  =  T ;  (1)  gives  Z  =  2 
-h  (T  —  1)  X  3  =  2  4-  6  X  3  =  20  =  the  last  or  seyenth  term, 
which  i0  clearly  correct,  for  the  series  is  2,  5,  8, 11,  14,  IT, 
20,  23,  etc.,  whose  seventh  term  is  20,  as  it  ought  to  be. 

Again,  if  we  put  a  =  40,  ±  d!  =  —  5,  n  =  8,  we  have, 
from  (1),  i  =  40-(8-l)x5  =  40-Tx5  =  5  =  thelagt 
term,  as  required ;  for  the  series  is  40,  35,  30,  25,  20,  15, 10, 
5,  0,  —  5,  —  10,  — 15,  etc.,  whose  eighth  term  is  5. 

(19.)  Since  the  last  term  of  the  series  (A)  is  represented 
by  Ij  it  is  easy  to  see  that  the  last  term  but  one  will  be  ex- 
pi-essed  by  /  =F  ^9  ^^^  the  last  term  but  two  will  be  expressed 
by  Z  T  2rf,  and  so  on,  to  the  n'*  term,  which  will  be  express- 
ed by  i  ^  (71  —  l)d.  Hence,  if  we  add  the  sum  of  the  series 
(A)  to  the  -sum  of  the  same  series  when  taken  in  a  reverse 
order,  we  shall  have  a  -{-  {a±d)  -{-  {a  ±  2d)  +  .  .  .  .  +  (»  ± 
{n  ^l)d)  +  I  +  {l:f  d)  -{-  {IT  2d)  +  .  .  .  .  +  {I  T  {n--l)d) 
z^na-i-  rU;  since  tiie  terms  that  involve  d  destroy  each  other 
OQ  account  of  the  opposition  of  signs,  and  that  there  are  n 
terms  in  the  series  (A),  so  that  a  and  I  must  each  be  taken  n 
times  in  the  sum.  Uence,  if  a  denotes  the  sum  of  the  series 
(A),  then  2«  will  equal  the  sum  of  the  series  (A)  together 
with  the  sum  of  the  same  series  taken  in  reverse  order ;  con- 
sequently we  shall  have  28  equal  to  na  +  nl  =  n{a  +  Q,  and 

dividing  these  equals  by  2,  we  have  8  =;  -^-^ — -j  (2). 

(18.)  (2)  18  tlie  equation  that  connects  «,  /i,  a^  and  Zy  and 
shows  that  in  &rder  to  find  the  8um  of  a  aeries  ofnumbera  in 
arithmetical  progreaaian,  we  must  take  one  half  of  the  fro- 
duet  of  the  aum  of  the  extfremea  {or  of  the  first  and  last  terms 
added  according  to  their  signs)  a/nd  the  nwrnber  of  terms. 

Thus,  if  a  =  13,  Z  =  119,  n  =  40,  we  have  a  +  Z  =  182, 

,         n{a-\'l).                     40  X  132      ^^.^  .     , 

and  s  =  -^ — -  becomes  a  = ^ =  2640,  as  required. 

Again,  if  a  =  3,  ±  <Z  =  4,  ti  =  21,  we  get  by  (1)  Z  =  a  ± 
(7i  —  1)^  =  3  -f  20  X  4  =  83 ;  and  then  by  (2)  we  shall  have 
^  ^  «(«+J)  ^  21  X  (3  +  83)  ^  3^3^  ^^^^  ^  ^^^  ^^^  ^^  21 

terms  of  the  series  whose  first  term  is  8  and  ratio  of  in- 
crease 4. 

For  another  example,  we  shall  find  the  sum  of  the  series 

12 
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12, 10,  8,  6,  4,  2,  0,  —  2,  —  4,  —  6,  —  8,  whose  first  term  is 

12  and  last  term  is  —  8,  and  number  of  terms  11.     Here 

a  =  12,  Z  =  —  8,  n  =  11,  and  by  (2)  we  shall  have  s  = 

n{a-hr)      11(12-- 8)       oo       i,.  i.  •         m  .    v 

^  Q    -  =  — ^— ;r ^  =  22 ;  which  is  easily  seen  to  be  cor- 

rect,  by  actually  adding  the  terms  of  the  given  series  accord- 
ing to  their  signs. 

(14.)  If  a  and  I  together  with  n  are  known,  then  we  may 
find  db  d^  and  thence  determine  the  terms  of  the  series  that 
are  situated  between  the  first  term  a  and  last  term  2,  which 
ia  GoUed  the  method  offithdMig  mea/na  between  gi/oen  extremes^ 
or  intercalating  defiment  terms. 

For,  since  (1)  gives  ?  =  ct  ±  (ti  —  l)rf,  we  easily  find  ±  rf  = 
I  —  a 
~~ZIv  ^^)'  which  is  evidently  true,  from  the  law  of  formation 

of  the  terms  of  an  arithmetical  progression.  Since  n  denotes 
the  number  of  terms  in  the  series,  n  —  1  is  one  less  than  the 
number  of  terms,  or  one  more  than  the  number  of  terms  that 
are  situated  between,  the  extremes ;  hence  it  follows  from  (3), 
that  if  we  divide  the  difference  between  the  extremes  by  the 
number  of  terms  to  be  intercalated  increased  by  1^  the  quotient 
will  be  the  common  difference  of  amy  two  successi/oe  terms. 

Thus,  if  a  =  Y,  Z  =  22,  n  =  6,  we  have  ±  <i  =  -^^  = 

n  —  X 

22 7       15 

-^ — q-  =  -^  =  8,  and  ?i  —  2  =  the  number  of  means  to  be 
b  —  1         o 

found  =  4.  Hence,  since  ±  e?  =  3,  we  have  a  ±  c?  =  7  + 
3  =  10,  a  ±  2rf  =  13,  a  ±  3<?  =  16,  a  ±  4rf  =  19,  for  the 
terms  that  are  to  be  intercalated  between  7  and  22 ;  and  we 
shall  have  7,  10, 13,  16, 19,  22  for  the  series,  when  it  is  com- 
pleted by  intercalating  the  terms  that  have  been  found. 

For  another  example,  we  shall  suppose  that  seven  terms 
are  to  be  intercalated  between  12  and  —  12.  Here  a  =  12, 
;  =  — 12,  and  n  — 1  =  7  +  1  =  8;  and  we  shall  have  ± d  = 

Y  =  — ^ —  =  3.     Hence,  as  in  the  last  example,  we 

get  12,  9,  6,  3,  0,  —  8,  —  6,  —  9,  —  12  for  the  series  as  com- 
pleted by  intercalating  the  seven  terms,  as  required. 

(15.)  Because  a,  ±  d^  Z,  n,  and  s  are  so  connected  with  the 
arithmetical  progression  that  its  terms  may  be  made  to  de- 
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pend  upon  them,  they  are  often  called  its  otmdiHons  or  terms. 
And  since  a,  Z,  n,  and  ±  d  are  connected  by  (1),  and  *,  n,  Oj 
and  I  are  connected  by  (2),  it  is  evident  that  any  two  of  the 
above  five  terms  may  be  found  from  the  solution  of  equa- 
tions (1)  and  (2),  in  terms  of  the  other  tliree ;  so  that  only 
three  of  the  above  terms  can  be  assumed  at  will ;  in  other 
words,  only  three  of  the  above  five  terms  can  be  regarded  as 
independent  of  each,  other. 

(16,)  It  is  easy  to  see  from  (A),  that  any  three  successive 
terms  of  an  arithmetical  progression  are  in  arithmetical  pro- 
portion ;  so  that  we  may  regard  an  arithmetical  progression 
as  being  a  continued  arithmetical  proportion. 

(IT.)  It  follows^  alao^from  (A),  if  we  take  any  three  terms 
of  a/n  arithmetical  progression^  such  that  the  intermediate 
term  is  equidistant  from  the  other  twoj  that  the  three  terms 
will  he  in  arithmetical  proportion^  so  thai  the  sum  of  the  ex- 
treme is  equal  to  t/wice  the  m^am,.  Tlius,  if  we  add  the  second 
and  eighth  terms  of  (A),  the  sum  will  equal  twice  the  fifth 
term.  It  is  also  clear  thai  if  we  take  four  terms  of  am,  arithr 
metical  progression^  such  thai  the  intermediate  tertns  are  equir 
distant  from  the  corresponding  extreme  terms^  that  the  sum 
of  the  extreme  terms  equals  the  sum,  of  the  two  m^an  terms. 

Thus,  if  we  add  the  second  and  ninth  terms  of  (A)  for  the 
extremes,  and  the  fifth  and  sixth  terms  which  are  equidistant 
from  them  for  the  means,  we  shall  "find  that  the  sum  of  the 
extremes  equals  the  sum  of  the  means. 

(19.)  Again,  if  we  have  the  arithmetical  proportion  a^b 
=  J  —  c,  then,  by  the  definition  of  an  arithmetical  progres- 
sion, a,  hy  c  will  be  three  successive  terms  of  an  arithmetical 
progression.  Thus,  since  20  —  16  =  16  —  12,  it  follows  that 
20, 16,  12  are  three  successive  terms  in  an  arithmetical  pro- 
gression, whose  ratio  of  decrease  is  4 ;  and  it  is  easy  to  con- 
tinue the  progression  to  any  extent. 

(19.)  But  if  we  have  the  arithmetical  proportion  a  —  J  = 
c  —  rf,  then  a,  J,  c,  d  can  not  be  in  arithmetical  progression 
if  a  —  J  is  not  equal  to  J  —  (?,  and  the  proportion  is  said  to  be 
discontinued ;  so  that  a,  &,  o,  d  are  said  to  be  in  discontinued 
arithmetical  proportion.  Thus,  12,  10,  6,  4  are  in  discontin- 
ned  arithmetical  proportion. 
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{«♦.)  If,  howeTer,  we  hare  a  —  J  =  c  —  d,  and  at  the  same 
time  a  —  J  =  J  —  <?,  we  shall  of  courBe  have  <»  —  ft  =  J  —  c 
s=  c  —  6?/  and  a,  J,  c,  d  will  be  in  continued  proporti<m,  or 
tkey  will  be  four  Buccessive  terms  of  an  arithmetical  pro- 
gression. Thus,  12,  10,  8,  6  are  in  continued  arithmetical 
proportion,  and  thej  are  four  successive  terms  of  an  arith- 
metical progression,  whose  ratio  of  decrease  is  2. 

(91.)  Finally,  it  may  be  proper  to  notice  that  in  an  arithmet- 
ical proportion,  the  first  and  thi/rd  terms  are  sometimes  called 
the  antecedentSj  the  first  term  being  caUed  the  first  antecedent^ 
and  the  third  term  being  called  the  second  antecedent;  also  the 
second  and  fourth  terms  are  called  the  consequentSj  the  second 
term  being  called  the  first  conseque7it^  a/nd  the  fourth  term  the 
second  consequent.  Thus,  in  the  proportion  12  —  10  =  24  — 
22,  12  is  the  first  antecedent,  and  10,  that  is  subtracted  fi'om 
it,  is  the  first  consequent ;  24  is  the  second  antecedent,  and 
22,  which  is  taken  from  it,  is  the  second  consequent. 

QtJESTlOKS  FOB  EXEBCISE. 

1.  Find  a  third  arithmetical  proportional  to  13  and  16. 

Ans.  16  X  2  -  13  =  19. 

2.  Find  a  fourth  arithmetical  proportional  to  27,  33,  78. 

Ans.  38  +  78  -  27  =  84. 

3.  Find  an  arithmetical  mean  between  62  and  92. 

62  +  92  _ 
Ans.  — 2 —  =  TT. 

4.  Find  an  arithmetical  mean  between  62  and  —  92. 

Ans.  — 2 —  ^  ""  ^^' 
6.  Find  an  arithmetical  mean  between  a  and  ±  c. 

Ans.  — a — • 

6.  The  first  term  of  an  arithmetical  progression  is  6,  the 
ratio  of  increase  3 ;  to  find  the  eleventh  term. 

Ans.  5  +  10  X  3  =  36. 

7.  The  first  term  of  an  arithmetical  progression  is  25,  and 

the  last  term  is  125,  and  the  number  of  terms  is  50 ;  to  find 

25  -f  125      ^-      ^^^^ 
the  sum  of  all  the  terms.  Ans.  ^ x  ^^  =  3750. 
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8.  The  first  term  of  an  arithmetical  progression  is  100,  the 
ratio  of  decrease  7 ;  to  find  the  nineteenth  term. 

Am.  100  -  18  X  7  =  -  26. 

9.  A  man  trayeled  7  miles  the  first  day,  14  miles  the 
second  day,  21  miles  the  third  day,  and  so,  in  increasing 
arithmetical  progression ;  to  find  how  many  miles  he  traveled 
the  tenth  day,  and  the  whole  distance  traveled. 

Atis.  He  traveled  70  miles  the  tentli  day,  and  the  whole 
distance  traveled  was  385  miles. 

10.  A  man  has  traveled  600  miles,  of  which  he  traveled 
10  miles  the  first  day  and  60  miles  the  last  day ;  to  find  how 
many  days  he  was  on  his  journey,  supposing  his  daily  travel 
increased  in  arithmetical  progression. 

Ans.  Jfn  stands  for  the  required  number  of  days,  we  get 

10  +  50 
n  X  — ^ —  =  30n  =  600 ;  and  dividing  these  equals  by  30, 

there  results  n  =  20  =  the  required  number  of  days. 

11.  Given,  the  increasing  arithmetical  progression,  4j  10, 
16, 22,  28,  34,  etc.,  whope  ratio  of  increase  is  6 ;  to  insert  two 
arithmetical  means  between  4  and  10,  also  to  insert  two  arith- 
metical means  between  10  and  16,  and  so  on. 

Subtracting  4  from  10  we  get  6,  which  is  to  be  divided  by 

the  number  of  means  to  be  inserted  (between  every  two 

ft  ft 

terms)  increased  by  one,  and  we  havQ  2471  ~  3  ~  ^'  ^^^^^ 

is  the  common  difference  between  the  two  means,  and 
between  them  and  the  terms  lliat  correspond  to  them  among 
the  terms  between  which  they  are  to  be  inserted.  Hence, 
if  we  add  2  to  4,  and  2  to  die  sum,  we  get  the  first  two 
means ;  and  in  the  same  way  by  adding  2  to  10,  and  2  to  th^ 
su^,  we  have  the  two  means  to  be  inserted  between  10  and 
16,  and  so  on. 

The  means  being  inserted  as  required,  the  answer  is  4,  6, 
8, 10,  12, 14, 16, 18,  30,  23,  34,  36,  28,  etc.  Hence,  we  see 
if  we  insert  the  same  number  of  arithmetical  means  between 
every  two  adjacent  terms  of  an  arithmetical  progression,  that 
the  result  will  also  be  an  arithmetical  progression. 
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SECTION    IX. 
OF  GEOMETBIGAL  PB0P0BTI0N8  AlTD  FB0GBESSI0N8. 

(l.)  The  quotient  of  one  number  divided  by  another ,  or  of 
one  quamiity  divided  by  another  of  the  same  kindy  is  called 
the  geometrical  ratio  or  reloMon  of  the  number  or  qvantity 
that  is  taJcenfor  the  dimdend  to  the  number  or  quantity  that 
is  taken  for  the  divisor;  the  dimdend  being  called  the  ante- 
cedenty  and  the  divisor  the  consequent  of  the  ratioy  and  the 
antecedent  and  consequent  are  called  the  terms  of  the  ratio. 

Thus,  if  A  and  B  stand  for  two  numbers  or  quantities  of 

A 

the  same  kind,  then  the  fractional  expression  _  represents 

the  geometrical  ratio  of  A  to  3;  A  being  the  a^vtecedent  and 
B  the  consequ^ent  of  the  ratioy  and  A  and  B  the  terms  of  the 
ratio. 

(a.)  If  A  and  B  are  two  numbers  or  quantities  of  the  same 

kind,  and  C  and  D  are  two  numbers  or  quantities  of  the  same 

kind  with  each  other  (or  with  A  and  B,  should  the  nature  of 

A      ,  C 
the  case  require  it),  then  if*  the  ratios  -g  ^^d  ^  are  equal  to 

A       C 

eacb  other,  we  shall  have  -,  =  _,  (1),  which  is  called  a  geo- 

B      D 

metrical  proportion  /  A  being  called  the^r*^  antecedent  and 

B  iiiefrst  consequent^  and  C  is  called  the  second  antecedent 

and  D  the  second  consequent 

A  . 

It  is  clear  that  ^  is  number^  and  not  qtumtityj  and  in  like 
B 

0 

manner  —  is  nurnber  and  not  quantity;  and  (1)  signifies  that 

A  contains  B  as  often  as  C  contains  D,  or  that  A  is  the  same 
part  of  B  that  0  is  of  D. 

Thus,  if  A  stands  for  4  dollars  and  B  for  2  dollars,  and  C 
for  6  bushels  of  wheat  and  D  for  3  bushels  of  wheat,  we  shall 

have  ,^T-Ti —  =  the  number  2,  since  4  dollars  contain  2  dol- 
2  dollars  ' 

lars  twice ;  also  ^-r — r-r  =  the  number  2 ;  so  that  4  dollars 
'  3  bushels 
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contain  2  dollars  just  as  often  as  6  bushels  of  wheat  contain 
8  bushels  of  wheat,  which  is  in  accordance  with  the  true 
meaning  of  (1),  which  merdy  signifies  cm  equaUty  of  geame^ 
rioal  ratios, 

(8.)  If  A,  B,  C  are  three  numbers  or  quantities  of  the  same 

A      B 
kind,  such  that  we  have  =h  =  p>  (2),  then  A,  B,  C  are  said 

to  be  in  continued  geometrical  proportion ;  in  wliich  it  will 
be  observed  that  the  first  consequent  equals  the  second  ante- 
cedent. 

(4.)  It  is  customary  to  write  (1)  and  (2)  in  the  forms 
A  :  B  ::  C  :  D,  (3),  and  A  :  B  ::  B  :  C,  (4),  or  in  the  forms 
A  :  B  =  C  :  D,  (5),  and  A  :  B  =  B  :  C,  (6). 

Because  A  and  D  occupy  tlie  extreme  places  in  (8)  and 
(5),  we  call  them  the  extremes  of  the  'proportion^  and  since  B 
and  C  are  between  A  and  D,  we  call  them  the  means  of  the 
proportion;  in  like  manner  A  and  C  are  called  the  extremes 
in  (4)  or  (6),  and  B  is  called  the  geometrical  mean  between  A 
and  C.  Also  A,  B,  0,  D  in  (3)  or  (5)  are  called  geometrical 
proportionals^  A  and  D  being  the  extremes  and  B  and  C  the 
m^eanSy  and  D  is  called  a  fovrth proportional  to  A,  B,  and  C ; 
and  A,  B,  C,  in  (4)  or  (6),  are  called  continued  proportionals, 
A  and  C  being  the  extremes  and  B  the  mean  pi^oportional^ 
and  C  is  called  a  third  proportion^  to  A  and  B. 

(3)  or  (5)  is  read  by  saying  Aw  to  B  as  C  t«  fe  D,  or  we 
say,  asA.isto'RsoisGto'D'y  and  it  is  clear  that  the  mean- 
ing is  the  same  as  to  say  that  A  contains  B  as  often  as  C 
contains  D,  or  that  A.  is  the  same  part  of  B  tha4i  C  w  ^  D ; 
(4)  and  (6)  are  read  in  a  similar  way,  by  saying  A  ^9  ^  B  as 
^istoGy  or  d^KistoH  so  isBtoG. 

It  may  be  observed  that  the  colon  ( : )  which  is  written 
between  A  and  B  in  (3),  is  used  to  signify  that  A  and  B  are 
numbers  or  quantities  of  the  same  kind,  and  that  A  which 
precedes  the  colon  is  to  he  divided  by  B  which  follows  it; 
and  the  use  of  the  colon  is  to  be  understood  in  like  manner 
in  all  cases. 

The  double  colon  (::),  which  is  used  in  (3)  and  (4),  signi- 
fies that  the  quotient  of  the  division  of  A  by  B  is  equal  to 
the  quotient  of  the  division  of  C  by  D,  these  quotients  being 
abstract  numbers,  and  not  quantity ;  and  the  same  thing  (if 
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we  please)  may , be  expressed  by  =,  as  in  (5)  and  (6) ;  yet  k 

may  perhaps,  for  the  sake  of  expressing  the  species  of 

quality  intended  in  geometrical  proportion,  be  adrisable  to 

nse  the  double  colon  (::)  instead  of  =. 

It  follows  clearly,  from  what  has  been  done,  that  for 

A'     C 
A  :  B::C  :  D  we  may  use  the  equation  -  =  — ,  and  viee 

versa. 

(5.)  Resuming  (1),  and  multiplying  its  two  members  by 

7W,A 

any  whole  number  m,  we  shall  have  the  equation  — -  = 

ntC  A  0 

^  (2),  as  is  evident,  since  :^  is  equal  to  :j-. 

It  is  clear  from  (2)  that  the  integral  part  of  the  quotient 
!^  is  the  same  as  that  of  ^,  and  that  whether  A,  B,  0,  D 

are  of  rational  or  irrational  forms,  so  that  when  we  have 

A      C 

—  =  =;-,  the  multiple  wA  of  A  can  not  contain  B  a  greater 

B      J) 

or  leas  integral  nurnber  of  times  than  the  equirAvltijple  mC 

of  C  contains  D. 

Reversely,  if  we  have  A,  B,  C,  and  D,  such  that  by  taking 

any  equimultiples  of  A  and  C  by  any  whole  number  m,  we 

find  that  the  multiple  mA  of  A  can  not  contain  B  a  greater 

or  less  integral  number  of  times  than  mC,  the  equimultiple 

A       C 

of  C,  contains  D,  then  we  shaU  have  the  eqv^ation  _  =  -.. 

AC  ^ 

For  if  jg  is  not  equal  to  ^,  one  of  them  must  be  the 

A  0 

greater ;  let  therefore  g  be  greater  than  g,  and  suppose  p 

A  0 

denotes  the  excess  of  ^  over  --,  and  we  shall  have  the  equa- 
B  D 

A      C 
tion  T^  =  T)  +i'>(8),  where  p  is  evidently  a  number,  since 

A  and  B  are  supposed  to  be  numbers  or  quantities  of  the 
same  kind,  and  that  C  and  D  are  either  numbers  or  quanti- 
ties of  the  same  kind ;  and  it  is  clear  that  p  is  less  thaa 
unity,  and  that  it  may  be  rational  or  irrational,  according  to 
the  nature  of  the  case. 
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Now,  if  we  take  the  integer  7»,  »ach  tbat  the  inequality 
m>  1  -f-jE>  shall  have  place,  then  will  the  inequality ^>to>1 
also  have  place. 

If  we  multiply  the  two  members  of  (3)  by  w,  we  shall 

,         mA      mC  ,  ,      . 

nave  -yr-  =  -yj-  +  ^;  consequently,  since  mp  =:pm  la  not 

lose  than  unity,  mA  contains  B  a  greater  integral  number  of 
times  than  mC  contains  D,  which  is  against  the  hypothesis ; 

therefore  ^  is  not  greater  than  «-. 

In  the  same  manner  it  may  be  shown,  that  =-  is  not  greater 

than  ~ ;  of  course  we  must  have  -_  =  -,  as  was  to  be 
B  13      X) 

proved.  Hence,  we  may  use  the  conditions,  that  the  inte- 
gral  part  of  — -  is  not  greater  than  that  of  -=-,  and  that 

the  integral  part  of  ^^  is  not  greater  than  that  of  ^^,  as 
D  B  . 

tests  of  the  proportionality  of  A,  B,  C,  D,  supposing  m  to 
stand  for  any  positive  whole  number.  This  method  of  test- 
ing the  proportumality  of  qiuiTUUies  will  often  he  much  mare 
simple  than  to  itse  (1),  especially  in  the  application  of  the 
doctrine  of  proportion  to  geometrical  investigations, 

(6.)  K  we  multiply  the  two  members  of  (1)  by  the  integer 
»i,  and  divide  the  products  by  the  integer  n,  we  shall  evi- 
dently have  — Tj  =  —j^ ;  or,  which  is  the  same,  if  we  have 

the  proportion  A  :  B  ::  C  :  D^  then  we  shall  also  have  the 
proportion  mA.  :  nB  ::  mG  :  nD.  In  words^  if  we  mviUi^y 
tie  antecedents  of  amy  proportion  hy  any  integer^  and  the 
oonseqttents  by  any  integer^  the  multiple  of  the  frst  antece- 
dent will  he  to  the  mAiUiple  of  its  consequent  as  the  multiple 
of  the  second  a/ntecedent  is  to  the  multiple  of  its  consequents 

It  is  easy  to  see  that  in  the  equation  --^  =  — ^  it  is  not 
necessary  to  suppose  m  and  n  to  be  positive  integers ;  for 
when  (1)  has  place,  -^  =  -^  will  also  have  place,  whether 
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in  and  n  are  integral  or  fractdonal,  rational  or  irrational, 
positive  or  negative.  Hence,  if  we  have  the  proportion 
A  :  B  ::  C  :  D,  then  we  shall  also  have  the  proportion 
f»A  :  nB  ::  mC  :  nD,  without  regarding  the  nature  of  the 
numbers  that  are  represented  by  m  and  n  /  and  it  is  clear 
that,  if  we  please,  we  may  put  ^  =  1  or  w-  =  1,  or  both  of 
them  equal  to  1,  and  return  to  the  proportion  A  :  B : :  C :: D. 
Consequently,  from  the  proportion  A  :  B  ::  C  :  D  we  get 
the  proportions  mA  :  nB  ::  mC  :  nD,  mA  :  B  ::  mC  :  D, 
A  :  nB  ::  C  :  nD,  which  are  true  mitJiout  any  reference  to 
the  nature  of  the  numbers  that  are  represented  by  m  arid  n. 

(7.)  If  we  multiply  A  and  B  in  (1)  by  w,  we  shall  get 
— —  =  =-  ;  or,  which  is  the  same,  if  we  have  the  proportion 

A  :  B  : :  0  :  D,  then  we  shall  have  the  proportion  mA  :  mB 
::  C  :  D ;  and  in  like  manner  we  shall  have  A  :  B  ::  nO  : 
nD ;  or,  more  generally,  m A  :  mB  : :  t^C  :  nD ;   these  pro- 
portions being  true  without  reference  to  the  nature  of  the 
numbers  that  are  represented  by  m  and  n. 

In  words,  if  in  any  proportion  either  antecedent  and  its 
consequent  a/re  multiplied  by  the  same  numerical  expression, 
the  proportion  wiU  not  be  affected;  neither  wUl  it  be  affected 
if  we  multiply  the  remaining  antecedent  and  its  consequent 
by  any  num^Hcal  expression. 

(8.)  Since  ^  =  ???=,  we  have  A  :  B  ::  mA  :  mB.    Hence, 
B       mB 

one  of  two  gtumtities  of  the  same  hind  has  the  sarae  ratio  to 

the  remaining  one  of  the  two  as  the  product  of  the  first  and 

amj  numerical  expression  has  to  the  product  of  the  second 

a/nd  the  saTne  numerical  expression, 

(9.)  From  the  equation  !!^=^V^  (which  is  the  same  as 
nB       nD 

the  proportion  mA  :  nB  ::  mC  :  nD)  we  see  that  if  mA  is 
greater  than  nB,  then  mC  must  be  greater  than  nD ;  and  if 
mA  equals  nB,  mO  must  equal  nD ;  also,  if  mA  is  less  than 
nB,  mC  must  be  less  than  nD.  Hence,  in  any  proportion^ 
if  the  fi/rst  antecedent  is  greater  than  its  consequent^  the  sec- 
ond antecedent  is  greats  than  its  consequent;  U7id  if  the  first 
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antecedent  equals  its  consequent^  the  second  antecedent  equals 
its  consequent  /  and  if  the  first  antecedent  is  less  thwn  its 
consequent^  the  second  antecedent  is  less  tJian  its  consequent. 

(lo.)  If,  in  the  equation  ^  =  ^,  we  suppose  A,  B,  C, 

no       nD  ^ 

D  to  be  quantities  of  the  same  kind,  then  it  is  evident  that 

if  we  have  mA  greater  than  mC,  we  must  also  have  nB 

greater  than  tiD,  for  otherwise  the  equation  will  not  hold 

true ;  and  if  mA  equals  mO,  nB  must  equal  nD ;  also,  if 

mK  is  less  than  mC,  nB  must  be  less  than  nD.    Hence,  if 

v)e  have  any  jproportiony  as  wA  :  nB  ::  mC  :  nD,  whose 

terms  are  all  of  the  same  kind,  then^  if  the  first  antecedent  is 

greater  than  the  second  antecedent ,  the  first  consequent  is 

greater  than  the  second;  and  if  the  first  a/ntecedent  equals  the 

second^  the  first  consequent  equals  the  second ;  also^  if  the 

first  antecedent  is  less  than  tJie  second^  the  first  consequent  is 

less  than  the  second. 

A      C 

(11.)  If,  as  in  (1),  we  have  -_.  =  _,  and  if  we  also  have 

B      D 

C  E 

the  ratio  ^  =  to  the  ratio  — ,  then,  since  things  which  equal 
D  i 

the  same  thing  must  equal  each  other,  we  shall  of  course 

A       E 
have  f-  =  ^ ;  or,  whiclf  is  the  same  thing,  if  we  have  the 
B       r 

proportions  A  :  B  ::  C  :  D,  and  C  :  D  ::  E  :  P,  we  got 
A  ;  B  ::  E  :  F.  Hence,  if  two  ratios  are  equal  to  the  same 
ratio,  they  are  equal  to  each  other ;  or  if  an  antecedent  and 
its  consequent  in  two  proportions  are  the  same,  then  the  re- 
maining antecedents  and  consequents  will  constitute  a  pro- 
porUon,  And  in  Uke  ^manner  it  is  easy  to  see  that  ratios 
tohich  are  equal  to  equal  ratios,  are  equal  to  each  other. 

A      C 

(la.)  Since  by  (1)  we  have  t3  =  y;  >  ^^  ^®  divide  these 

Jd        \j 

equals  by  any  positive  integer  n,  we  shall  evidently  get 

_  =  -!L  ;  and  if  we  divide  A  and  nB  by  A,  we  shall  get 
nB      nD'  ^     '  ^ 

A      ^  0       -i- 

— rr  =  nB,  and  in  the  same  way  we  ahall  get  -^r  =  nD ; 
wB      -^  niJ      -^ 
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coneequently,  we  muBt  have  the  equation  nB  =  nD.    Now, 

X      "0" 
if  the  multiple  nB  of  B  contains  A  a  greater  or  less 
integral  number  of  times  than  the  equimultiple  nD  of  D 
containd  C,  the  preceding  equation  evidently  can  not  hold 
tnie. 

Hence,  since  nB  can  not  contain  A  a  greater  or  less  inte- 
gral number  of  times  than  nD  contains  0,  it  follows  from  (5) 

B       D 
that  we  shall  have  the  equation  _  =  ^,  which  is  also  imme- 

A      0 

-L    J- 

diately  evident  from  the  equation  nB  =  nD. 

A       "0 

A      C 
Hence,  if  we  have  the  equation  —.=:_-,  we  shall  also  have 

B      D 

B       D 

the  equation  —  =  —  ;  in  other  terms,  if  we  have  the  propor- 

tion  A  :  B  ::  0  :  D ;  then  we  shall  also  have  the  proportion 
B  :  A  ::  D  :  C. 

Consequently,  the  terms  of  a  proportion  are  proportional 
h/  inversion^  or  when  taken  inversely ,  that  is,  the  second  is 
to  the  ji/rst  as  the  fowrth  is  to  the  third. 

A      C 

(18.)  K,  in  the  equation  —  =  --,  we  suppose  A,  B,  C,  D 

to  be  quantities  of  the  same  kind,  then,  by  multiplying  A 
and  B  by  the  positive  integer  m,  we  shall  clearly  have  the 

mA 

equation  ^L-  =  -^ ,  which  is  the  same  as  JrL  =  -  =  1 ; 
^  mB      D  mB      1 

D 
consequently,  we  must  have  -—  =       ,  or  ~  =  5,  which 

is  also  evident  from  the  equation   — -.  =  zL ,  which  shows 

mB       D 

that  the  multiple  mK  of  A  can  not  contain  C  a  greater  or 

less  number  of  times  than  the  equimultiple  mB  of  B  con- 

A      B 

tains  D  j  and  of  course  by  (5)  we  must  have  _  =  ~, 

C      D 
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Hfence,  when  we  have  the  proportion  A  :  B  ::  C  :  D, 
whose  terms  are  all  of  the  same  kind,  then  we  shall  also  have 
the  proportion  A  :  C  ::  B  :  D» 

In  words,  when  the  terms  of  a  proportion  are  all  of  the 
same  kind,  they  wiU  le  proportional  when  taken  alterruitely  ; 
that  is,  thejvrk  is  to  tike  third  as  the  eecond  to  the  fourth. 

The  same  things  being  supposed ;  since  _.  =  -_,  we  shall 

have  — —  =  ----  or  mA  :  nO::  mB  :  nD,  which  is  true  with- 
nO       nlJ 

out  reference  to  the  nature  of  the  numbers  represented  by  m 

and  n.    Also,  from  73-  =^p:,  we  get  — pr  =  ^=:  or  mA  :  mO 
'  C       D'        ^     mC       riD 

:  nB  :  nDj  which  is  also  true  without  reference  to  the  nature 

of  the  numbers  represented  by  m  and  n;  and  if  we  please 

we  may  put  either  m  orn  or  both  of  them  equal  to  unity  in 

the  preceding  proportions,  and  they  will  continue  to  be 

true. 

(14.)  Let  A,  B,  C,  D  be  four  quantities,  such  that  A,  B 
are  of  one  kind  and  C,  D  of  one  kind,  which  may  be  of  the 
same  kind  with  A  and  B,  if  the  case  requires  it. 

Then  suppose  A  and  C  to  be  multiplied  by  any  positive 
integer  m,  and  B  and  D  to  be  multiplied  by  any  positive 
integer  n,  and  the  multiples  will  be  expressed  by  mA,  nB, 
wC,  nD. 

If  J  now,  we  find  for  all  the  integers  that  m  and  n  can  rep- 
resent, that  when  mA  is  greater  than  nB,  mO  is  greater  than 
nD ;  and  when  mA  is  equal  to  nB,  mC  is  equal  to  nD  ;  also, 
when  mA  is  less  than  nB,  mC  is  less  than  nD;  then  we 
shall  have  the  proportion  A  :  B  ::  C  :  D,  or,  which  is  the 

A      C 
same  g  =  g. 

For,  by  (5),  if  the  proportion  A  :  B  ::  C  :  D  does  not  have 
place,  we  can  suppose  A  and  C  to  be  multiplied  by  some 
positive  integer  m,  so  that  mA  shall  contain  B  a  greater  or 
less  integral  number  of  times  than  mC  contains  D ;  for  other- 
wise the  proportion  A  :  B  ::  C  :  D  will  have  place,  as  was 
shown  in  (5), 

K  we  suppose  that  mA  contains  B  a  greater  integral  num- 
ber of  times  than  mC  contains  D,  we  may  evidently  put 
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-^  =  -^-  +  p^  (1),  where  p  is  evidently  not  less  than  unity ; 

since  mK  contains  B  a  greater  integral  number  of  times  than 
mG  contains  D. 

If,  now,  we  suppose  that  mO  contains  D  an  integral  num- 
ber  of  times  represented  by  q^  then  clearly  mK  will  contain 
B  at  least  as  many  integral  times  as  there  are  units  in  ^  + 1. 
Hence,  if  we  represent  q+  Ihj  n^  and  divide  both  sides  of 

(1)  by  n,  we  shall  get  the  equation  --p-=  — tt  +  ->  (2). 

Since  mA  contains  B,n  times  at  least,  it  will,  contain  nB 
at  least  once,  and  of  course  mA  is  not  less  than  nB ;  but  since 
mC  contains  D  a  less  number  of  times  than  there  are  units 
in  n,  it  can  not  contain  nD  once ;  and  consequently  mO  is 
less  than  nJ).  Hence,  when  mA  is  not  less  than  nB,  we 
have  mQ  less  than  nD,  which  is  against  the  hypothesis; 
which  is,  that  when  mK  is  not  less  than  nB,  mC  is  not  less 
than  nD, 

In  a  similar  way  it  may  be  shown  if  we  suppose  mC  con- 
tains D  a  greater  number  of  times  than  mA  contains  B,  that 
the  hypothesis  will  be  contradicted. 

Consequently,  we  must  suppose  that  the  proportion  A  :  B 

A      C 

::  0  :  D  or  the  equation  g  =^  has  place,  as  was  to  be 

proved. 

Hence,  the  first  omd  third  of  four  quantities  being  muUi- 
plied  hy  any  positive  integer  whatever^  and  the  second  and 
fowrth  heing  mtUtiplied  by  any  positive  integer  whatever ; 
if  it  is  founds  when  the  first  mtUtiple  is  greater^  equal  to^  or 
less  than  the  second^  thai  the  third  ravUiple  is  in  like  marmer 
greater^  equal  to^  or  less  titan  thefou/rth;  then  the  first  quan- 
tity has  the  same  ratio  to  the  second  thai,  the  third,  has  to  the 
fovHh. 

This  proposition  is  substantially  the  same  as  the  famous 
Definition  V.  of  Book  V.  of  Euclid ;  see  R.  Simson's  Euclid, 
Book  v.,  Def.  V. 

(15.)  If  we  have  any  number  of  quantities  of  one  kind,  aa 
A,  B,  C,  D,  and  as  many  others,  E,  F,  G,  H,  of  one  kind 
(which  may  be  of  the  same  kind  as  the  first,  should  the  case 
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A      E  B      "F 

require  it),  then  if  we  have  the  equations  _.  =  _,  __  =  —, 

B       Jc    O       Gr 

C      G  A      E 

_= — ,  it  will  follow  that  we  must  have  ~-  =  _. 

For,  since' A,  B,  C  are  one  kind  of  quantities,  we  can 

A 

A      C 
.divide  A  and  B  by  C,  and  we  shall  get  g*  =  p  5  "id  in  a 


E 

•  .,  -Eg 

similar  way  we  nave  ^=  — . 

G 


C 


A     E 


A      E  O      G 

Hence,  since  ;^=-=,  we  must  have  ;^=  =^ ;  consequently, 

C      G 

since  — =—,  we  must  have  — .  =  — ..    Hence,  we  have  the 

A      E         ,   C      G    * 
equations   q=q»  a^^  D^^H'    ^^^^  (^   before)  give 

A      E  .     , 

=-  =  ^,  as  required. 

It  is  evident,  from  what  has  been  done,  that  the  same 
reasoning  and  conclusion  will  hold  when  there  are  five  quan- 
tities of  each  of  the  above  kinds,  and  when  there  are  six  of 
each  kind,  and  so  on,  to  any  (the  same)  number  of  each  kind. 

Since  the  equations  used  are  equivalent  to  proportions,  we 
9ay^  if  we  ha/ve  two  ranks  of  quantiti^Sy  mich  thM  the  quanr 
Utua  in  each  rank  are  of  one  hind^  and  the  number  of  qtum- 
titles  in  one  rank  is  the  same  as  the  number  of  qtumMties  m 
the  other  ro/nk  ;  and  if  the  first  quantity  in  the  first  rank  has 
the  sarne  ratio  to  the  second  that  the  finest  quamtity  of  the  sec- 
ond rank  has  to  the  second'  {of  that  ram,k\  and  if  the  second 
quantity  in  the  first  rank  has  the  samne  ratio  to  the  third  that 
the  second  qizantity  of  the  second  ra/nk  has  to  the  third  {of 
that  rank)j  and  so  on  in  order  for  all  the  quantities  of  the 
two  ranks/  then  we  infer  from  what  has  been  done  {which  is 
called  "  ex  cequali"),  that  the  finest  quamtity  of  the  fi/rst  rofidk 
has  the  same  ratio  to  the  last  of  that  rank^  as  the  first  of  th^ 
second  rank  has  to  the  last  of  that  rank. 
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(16.)  Let  A,  B,  C  denote  three  quantities  of  one  kind,  and 

I),  E,  F  three  quantities  of  one  kind  (which  may  also  be  of 

the  same  kind  as  A,  B,  C,  if  required),  such  that  we  hav© 

A      E  B      D 
the  equations  —-  =  _,,--  =  —,  then  we  shall  also  have  the 
JD      Jb   O      E 

^.      A      D 

equation  ^=-. 

For  if  we  represent  any  two  positive  integers  by  m,  and  », 
we  evidently  get  from  the  supposed  equations  ^L-  =  %~^  and 

—  =  — — ,  or  for  this  equation  (by  inversion  of  proportion,  as 
nC       nE  x-    r  J 

has  been  shown  in  (12),  we  may  write  — --  =— =^.     If  we  now 

mB     mD 

suppose  that  mA  is  greater  than  nC,  we  shall  of  course  have 

"^  greater  than  ^.  and  since  ^  =  ^,  and  ^  =  J^, 
mB  ^  mJi'  7/iB      nF  mB      m\y 

we  must  have  -—  sreater  than  -—.,  consequently  viJ)  must 

be  greater  than  nY ;  so  ttiat  when  mA  is  greater  than  nC, 
rriD  is  greater  than  tiF.  In  like  manner,  if  mA  equals  nO, 
we  have  mD  equal  to  nF ;  and  if  mA  is  less  than  nC,  we 
have  mD  less  than  nY.  Hence  we  have  the  four  multiples 
mA,  TiC,  mD,  nF  such  that  when  tlie  first  is  greater,  equal 
to,  or  less  than  the  second,  the  third  is  in  like  manner  greater, 
equal  to,  or  less  than  the  fourth ;  consequently,  from  (14)  we 
have  the  proportion  A  :  C :: D  :  F,  or,  which  is  the  same,  we 

A      D 

have  the  equation  _.  =  — ,  as  was  to  be  shown. 

C       F 
Again,  let  A,  B,  0,  D  be  four  quantities  of  one  kind,  and 
E,  F,  G,  H  four  quantities  of  one  kind,  such  that  we  have 
A      rj-   B      F   C      E 

the  equations  T5=Sj7i  =  ri'TS  =  r^5  *^®^  ^®  ^^^^  ^^^^ 
B      HO      Gr  D      F 

A      E 

the  equation  _-=_-. 

^  D      H 

For,  by  what  has  just  been  proved,  the  first  two  of  the  sup- 

A      F 

posed  equations  give  the  equation  ^^  =  ttj  'w^hi^^t?  *^d  the 

0       H 

last  of  the  (fupposed  equations,  give  in  the  same  way  the 

A      E 
equation  —.  =  _-,  as  required. 

D      H 
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It  is  easy  to  see  that  if  we  have  two  ranks  of  quantities, 
such  that  there  are  as  many  quantities  in  one  rank  as  in  the 
other,  and  that  the  quantities  in  each  rank  are  all  of  one 
kind ;  then  if  conditions  or  equations  like  to  those  supposed 
in  the  cases  of  three  and  four  quantities  in  a  rank  liave  place, 
it  will  follow  that  the  first  of  the  first  rank  divided  by  the 
last  of  the  first  rank,  will  give  the  same  quotient  as  the  first 
of  the  second  rank  divided  by  the  last  of  the  second  rank. 
For  when  there  are  five  quantities  in  each  rank,  they  can  be 
reduced  as  in  the  case  of  four  quantities  in  a  rank  to  the  case 
of  three  quantities  in  a  rank ;  and  in  the  case  of  six  quanti- 
ties in  a  rank  the  same  reductions  will  have  place,  and  so  on, 
to  any  extent. 

Hence,  if  we  lame  the  acrnie  number  of  quantities  in  Injoo 
ranks  /  such  that  the  first  qxmntity  in  the  first  rank  is  to  the 
second  quantity  in  that  rank  as  the  last  quantity  hut  one  in 
the  second  rank  is  to  the  last  quantity  in  that  rank  /  a/nd  tJie 
second  quantity  in  the  first  rank  is  to  the  third  quarUiiy  m 
that  rank,  as  the  last  quantity  but  two  in  the  second  rank  is 
to  the  last  quamiity  but  one  in  that  rank^  and  so  on^for  all 
the  quantities  of  the  i/wo  ramJcSy  taking  them  in  a  cross  order  ^ 
then  we  shaU  ha/oe  the  first  quamMty  of  thefi/rst  rank  is  to  the 
last  quality  of  that  rank  as  the  first  quantity  of  the  second 
rank  is  to  the  last  quantity  of  that  rank;  as  is  evident^  since 
the  proportions  stated  a/re  virtually  the  saine  as  the  equations 
which  we  have  used  in  the  proof  a/nd  conclusion  of  our 
proposition^ 

Remark. — The  proposition  here  proved  is  usually  quoted  by 
the  words  "ex SBquali  in proportione  perturbata;''  ar  "ex  equo 
perturbato."    See  Simson's  Euclid,  Book  V.,  Prop.  XXIII.. 

(17#)  If  the  antecedents  of  one  proportion  are  the  same  as 
the  consequents  or  antecedents  of  any  other  proportion,  then 
shaU  the  remaining  terms  in  tlie  proportions  constitute  apro^ 
portion  /  such  that  the  two  terms  of  one  of  ths  proportions 
shaU  be  the  antecedents  and  the  two  remaining  terms  of  the 
other  proportion  shaU  be  the  consequents. 

For  let  the  proportions  be  A  :  B  ::  C  :  D  and  B  :  E  :;. 
D  :  F ;  then,  placing  them  in  two  ranks,  we  have  A,  B,  E 
for  one  rank,  and  C,  D,  F  for  the  other  rank. 

Hence,  by  (15)  (which  is  usually  cited  by  the  words  "  ex 

13    ' 
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equali"),  Bince  the  quaDtitiee  in  the  two  ranks  are  propor- 
tional when  taken  two  by  two  in  order,  we  get  the  propor- 
tion A  :  E  ::  C  :  F,  as  required.  In  the  proof,  the  equal 
terms  are  the  consequents  in  one  of  the  proportions,  and  the 
antecedents  in  the  other;  if,  however,  they  should  be  the 
consequents  or  antecedents  in  both  proportions,  then,  by 
(12),  we  can  invert  the  terms  of  one  of  the  proportions, 
and  then  the  proof  of  the  proposition  will  be  the  same  as 
before. 

(18.)  If  the  extremes  of  one  propori/ion  are  the  saine  with 
the  means  of  (mother  proportion^  or  if  the  extrem£e  or  means 
of  two  proportions  are  the  same^  then  shaU  the  remaining 
terms  of  the  two  proportions  constitute  a  proportion  whose 
meofns  shall  he  the  rem<iim,ng  terms  of  one  of  the  propor- 
tions,  and  evifreraes  the  remaimng  terms  of  the  other  propor- 
tion. 

For  let  A  :  B  ::  E  :  F,  B  :  C  ::  D  :  E  be  the  two  propor- 
tions; then,  writing  them  down  in  two  ranks,  we  have 
A,  B,  C  for  one  rank,  and  D,  B,  F  for  the  other  rank  of 
quantities.  Hence,  since  the  quantities  in  the  two  ranks  are 
proportional  when  taken  two  by  two  in  each  rank  in  a  cross 
order,  we  have  by  (16)  (or  "ex  equo  perturbato"),  A  :  0  :: 
D  :  F,  as  was  to  be  shown.  K  the  extremes  or  means  are 
tlie  same  in  the  given  proportions,  then,  by  (12),  invert  the 
terms  of  one  of  them,  and  proceed  as  before. 

A      C 

(19.)  K  we  have  the  equation  ~  =  _ ,  we  shall  also  have 

B      D 

^,  ^      A  +  B      C-fDi^A  +  B      A^. 

the  equation  — Z —  =     Z"     .    For      Z.      =  ^  + 1,  smce 

C  -I-  D 

B  is  contained  once  in  B ;  and,  in  the  same  way,  — X —  =2 

O  AC 

_  +  1 ;  consequently,  since  by  supposition  ^^  =  f^j  we  shall 
D  B      D 

have  --  +  1  r=  —  4- 1,  and  thence  — ^ —  =     S"^^'  ^  ^^ 

to  be  proved.    In  other  terms,  if  we  have  the  proportion 
A  :  B  ::  C  :  D,  we  shall  also  have  the  proportion  A  -f  B  : 
B  ::  C  +  D  :  D.    In  like  manner,  by  inverting  the  terms  of 
the  proportion  A  :  B  ::  C :  D  by  (12),  we  shall  have  the  pro- 
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portion  B  :  A  ::  D  :  C ;  hence  (as  before)  we  BhaH  have  the 
proportion  A  +  B:A::C  +  D:C. 

Hence,  we  say  {by  composition)  that  the  stmt  of  the  jw&t 
two  terms  of  amy  proportion  is  to  either  of  the  two  terms  cds 
the  sum  of  the  last  two  terms  is  to  that  term  of  the  last  two 
terms  that  corresponds  to  the  term  that  is  taken  for  the  sec- 
ond term  of  the  proportion. 

A      C 

(«•.)  If  we  have  the  equation  _  =  -.,  or  the  proportion 

B      D 

A  :  B  ::  C  :  D9  then,  if  A  is  greater  than  B,  we  shall  also 
have  the  equation    — ^1—  =  — ^ — ,  or  the  proportion 

A-B:B::C-D:D.    For  Az^  =  ^  _1,  and  2^ 

C  *  A 

=  ;=-—  1 ;  consequently,  since  :^  is  by  supposition  equal  to 

;=-,  we  shall  have  the  equation  — Z —  =  — iZ — ,  or  the  pro- 
IJ  B  Jj 

portion   A  —  B:B::0  —  D:D.     From   the  proportion 

A  -  B  :  B  ::  C  -  D  :  D,  we  get  by  (19)  A  -  B  4-  B  :  A  - 

B  ::  C  —  D  -h  D  :  C  —  D,  or  (since  —  B  -f-  B  =  0,  and  -  D 

+  D  =  0)  we  have  A  :  A  -  B  ::  C  :  C-D,  or  by  (12)  A- 

B  :  A  ::  C  —  D  :  C.    If  we  have  B  greater  than  A,  we  may 

write  the  equation  —  =  -i  in  the  form  --  =  -^^j  as  appears 

from  (12) ;  hence,  as  before,  we  shall  have  B—  A  :  A  ::  D 
—  0  :  C,  or  B  -  A  :  B  ::  D  -^  0  :  D. 

Hence  {by  division)^  we  say  that  the  diflference  of  the  first 
two  terms  of  any  proportion  is  to  either  of  the  first  two 
terms  as  the  difference  of  the  last  two  terras  is  to  that  term 
of  the  two  which  corresponds  to  the  term  that  is  taken  for 
the  second  term  of  the  proportion. 

A      0 

(ai.)  From  the  equation  =:  =  —  we  can  deduce  the  equa- 
tion      "^      =     "*"     ,  when  A  is  greater  than  B ;  or,  which 

comes  to  the  same,  from  the  proportion  A  :  B  : :  C  :  D  we 
shall  have  the  proportion  A  +  B:A  —  B::0-f-I>:C--D, 
when  A  is  greater  than  B.     For  from  (19)  we  get  the  propor- 
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tion  A  +  B  :  B  ::  C  +  D  :  D;  and  from  (20)  we  have  A  —  V> 
:  B  : :  C  —  D  :  D ;  hence,  by  (17),  since  the  consequents  of 
these  proportions  are  equal,  the  antecedents  will  constitute  a 
proportion,  and  we  shall  have  A  +  B:A  —  B::C  +  D:C 
—  D.    In  like  manner,  when  B  is  greater  than  A,  since  for 

the  equation  we  may  by  (12)  put  —-  =  — ,  we  shall  get  A  -f- 

A      D 

B:B-A::0  +  D:D-0. 

Hence  {imxedly^  or  tmiting  composition  a/nd  dimsioni)^  we 

say  that  the  sum  of  the  first  two  terms  of  any  proportion  is 

to  their  difference  as  the  sum  of  the  last  two  terms  is  to 

their  difference. 

A      C 

(a«.)  From  the  equation  -^  =  t\'  ^^  proportion  A  :  B  : : 

B       D 

C  :  D,  when  A  is  greater  than  B,  we  have  the  proportion 
A:A-— B::0:0  —  D;  and  when  B  is  greater  than  A,  we 
shall  have  B  :  B  —  A  : :  D  :  D  —  C.  Since  this  proposition 
has  in  fact  been  proved  in  (20),  it  will  not  be  necessary  to 
repeat  the  proof  in  this  place. 

Hence,  we  say  {fry  con/oersion)  tliat  the  greater  of  the  first 
two  terms  of  any  proportion  is  to  the  difference  of  the  fi/rst 
two  terms  as  the  greaUr  of  the  last  two  terms  is  to  the  differ- 
ence of  the  last  two  terms.  And  it  is  easy  to  see  that  the  less 
of  the  first  two  terms  is  to  their  difference  as  the  less  of  the 
last  two  terms  is  to  thei/r  difference. 

(98.)  We  shall  now  suppose  that  A,  B,  C,  D  are  quantities 

A     C 
of  one  kind,  and  that  we  have  the  equation  j^  =  fi'  ^^  ^^ 

proportion  A  :  B  ::  C  :  D ;  then  if  A  is  greater  than  C,  it  is 
easy  to  see  that  B  will  be  greater  than  D,  and  we  shall  have 
the  proportion  A  —  C  :  B  —  D  : :  A  :  B.  For  by  alternating 
the  terms  of  the  given  proportion  by  (13),  we  get  A  :  C  :: 
B  :  D,  hence,  by  (20),  we  sliall  get  A  -  C  :  A  ::  B  -  D  :  B, 
and  alternating  this  proportion  by  (13)  we  get  A  —  C  :  B  — 
D  ::  A  :  B,  as  required. 

Hence,  if  a  whole  quantity  is  to  a  whole  quantity  as  a 
qioantity  taken  from  ths  first  quantity  is  to  a  quantity  taken 
from  the  second  qua/ntity  /  then  the  first  remainder  is  to  the 
second  remainder  as  the  first  whole  quantity  is  to  the  second 
whole  quantity. 
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(»4.)  Suppose  that  we  have  the  proportion  A  :  B  : :  C  :  D, 
BTich  tliat  its  terms  are  all  of  one  kind;  then  if  A  is  the 
greatest  term,  it  is  easy  to  show  that  D  is  the  least  term,  and 
we  shall  have  A  +  D  greater  than  B  +  0.  For,  by  (22), 
A:A  —  B::  C:C  —  D;  consequently,  since  A  is  greater 
than  C,  we  must  have  A  —  B  greater  than  C  —  D ;  and  add- 
ing B  +  D  to  these  nnequals,  we  have  A  +  D  greater  than 
B  +  C.  Again,  if  we  suppose  that  B  is  tlie  greatest  term  of 
the  given  proportion,  then  inverting  its  terms  by  (12),  we  shall 
have  B  :  A  ::  D  :  C,  and  we  shall  have  (as  before)  C  for  the 
least  term,  and  B  -f-  C  will  be  greater  than  A  +  D. 

Hence,  in  a/ny  proportion  whose  terms  are  of  one  hind^  the 
sum  of  the  greatest  <md  least  terms  is  cdwa/ys  greater  than  the 
sum  of  the  other  two. 

(a5.)  K  A,  B,  C  are  three  quantities  of  one  kind,  and  if 

A      B  C      C 

A  =  B,  then  we  shall  clearly  have  tt  =  t^?  or  by  (12)  -r-  =  xi- 

\j         \J  jti.       Jo 

Also,  if  we  have  the  equation  j-^  =  -^  or-r  =  ^,  it  is  clear 

O       O        A       1> 

that  we  must  have  A  =  B. 

Hence  (since  the  equations  used  are  virtually  proportions), 
we  say  that  equal  quarvtities  have  the  samie  ratio  to  the  same 
quantity  /  and  that  the  same  quamiity  Kas  the  same  ratio  to 
equal  quantities. 

And,  reciprocally,  quantities  which  ha/oe  the  same  ratio  to 
the  same  quantity  are  eqiud  to  ea>ch  other/  and  those  quanlir 
ties  to  which  the  same  quantity  has  the  same  ratioy  are  eqttal 
to  each  other. 

(96.)  K  A,  B,  C  are  three  quantities  of  one  kind,  and  if  A 

is  greater  than  B,  it  is  clear  that  we  shall  have  the  ratio 

A  B 

j^  greater  than  the  ratio  ^.    It  is  also  clear  that  the  ratio 

C  C  A 

-^  is  less  than  the  ratio  ^.    Also,  if  the  ratio  ^^  is  greater 

than  the  ratio  ;^,  it  is  plain  that  A  is  greater  than  B ;  and  if 

C  0  . 

-r-  is  less  than  ^,  it  is  also  evident  that  A  must  be  greater 

thanB. 
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Hence,  of  unequal  qiumtities,  the  greater  Aas  a  greater 
ratio  to  the  same  quantity  thaoi  the  leee  has  ;  and  the  same 
qiuintity  has  a  greater  ratio  to  the  less  qiumtity  than,  it  has 
to  the  greater. 

Eeciprocally,  if  one  of  two  qucmtities  has  a  greater  ratio 
to  amcther  qvaaUity  tham,  the  remaining  qttanti^  hasy  then  the 
retnaining  quanMty  is  the  less  of  the  two  ;  and  if  the  same 
qua/ai^  has  a  greater  ratio  to  one  of  two  quantities  than  it 
has  to  the  other ^  then  the  quantity  to  which  it  has  the  greater 
ratio  is  the  less  of  the  two. 

ACE 

(ay.)  We  shall  now  suppose  that  we  have  =  ====  ^  = 

^  =  etc.,  where  we  shall  suppose  that  A,  B,  C,  D,  etc.,  are 

(either  numbers  or)  quantities  of  one  sort,  then  we  shall  have 
A4-C  +  EH-G  +  etc.  _  A  _  C  __  E  _ 
B  +  D  +  F  +  H-fetc.  "B"D"F"" 
For  if  m  and  n  are  any  two  positive  integers,  we  shall  get 

from  the  supposed  equations  the  equations  —^  =  —^  =  -^ 

=  -T=:  =  etc.,  which  show  that  when  wiA  is  greater  than 

Ti^B,  we  shall  have  wiC  greater  than  nD,  mE  greater  than 

nF,  and  so  on ;  also,  when  mA  equals  tiB,  we  have  mC  equal 

to  TiD,  mE  =  fiF,  and  so  on ;  and  when  mA  is  less  than  nB, 

mQ  is  less  than  tiD,  mE  is  less  than  nF,  and  so  on.     Hence, 

when  mA  is  greater,  equal  to,  or  less  than  nB,  we  shall  have 

mk.  +  mC  -f  ?/iE  +  etc.  =  m(A  +  0  +  E  +  etc.),  greater, 

equal  to,  or  less  than  7i(B  -f  D  +  F  +  etc.) ;  hence,  by  (14), 

,   ,,.,        A  +  C  +  E  +  Q  +  etc.      A      C      E 
we  shall  have  ^ — ^^ — t^ — rr-; — r-  =  t5  =  f^  =  r;  =  ^tc- 
B  +  D  +  F  +  H  +  etc.      B      D      F 

Hence,  when  {numiers  or)  quantities  of  the  same  kind  are 

proportionals^  we  say  that  the  sum<faU  the  antecedentsis  to 

the  sum  of  all  the  consequents^  as  any  antecedent  is  to  its 


AC  E      F 

(99«)  K  we  have  ^  =  fN>  ^i^cl  ^  =  fv)  then  by  adding  thede 

.        A  +  EC-fF 
equations  we  nave  — « —  =  — « — . 

Consequently,  if  we  call  A,  B,  C,  D,  etc.,  the  first,  second, 
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third,  etc.,  quantities,  Buccessively,  we  may  say  that  if  the 
Jiret  has  to  the  second  the  same  ratio  that  the  third  has  to 
ihe/oiirthy  and  the  fifth  to  the  second  the  same  ratio  that  ike 
siajth  has  to  thefowthj  then  the  sum  qf  the  first  and  fifth  is 
to  the  second  as  the  simi  of  the  third  and  sucth  is  to  the 
fotirth.  In  like  manner,  if  the  seventh,  is  to  the  second  ae 
the  eighth  ia  to  the  fourth,  we  shaU  have  the  sum  of  thejursity 
•fifths  and  seventh  is  to  the  second  as  the  sum  of  the  tfdrd^ 
sixths  and  eighth  is  to  the  fowrth  /  and  so  on  for  any  num- 
ber of  quantities  that  are  connected  with  the  second  and 
fourth  by  equations,  as  above. 


(«••)     OF  THE  COMPOSITION  AND  EBSOLUTION  OF  RATIOS. 

Because  ratios  are  numbers,  it  is  evident  that  they  may 
be  added  or  subtracted,  multiplied  or  divided,  like  numbers. 

The  product  of  any  number  of  ratios  is  said  to  be  a  ratio 
that  is  compounded  of  all  the  ratios  that  enter  as  factors  into 

A      C       E      G 

the  product.    Thus,  -_o<:^x^XyyX  etc.,  is  a  ratio  that 

is  compounded  of  the  ratio  of  A  to  B,  and  of  the  ratio  of  C 
to  D,  and  of  the  ratio  of  £  to  J,  and  so  on. 

A  ratio  which  is  compounded  of  two  equal  ratios  is  called 
a  duplicate  ratiOf  wbioh  in  cleariy  equal  to  the  square  of 
either  of  the  equal  ratios. 

AC  AC 

Thus,  if  we  have  .^  =  ^^j  then       x  =r  is  a  duplicate  ra- 

tio,  which  is  evidently  the  jgame  as  (  ^  I  or  |— J . 

A  ratio  that  is  compounded  of  three  equal  ratios  is  called 

a  triplicate  ratio,  which  is  manifestly  the  same  as  the  cube 

or  third  power  of  either  of  the  equal  ratios.    Thus,  if  we 

ACE  ACE. 

have  —.  =  --  =  :r^,  then  _  x  ^^  x  :«  is  a  triplicate  ratio,  and 
B       JD      r  sy       1)      J* 

it  is  clearly  the  same  as  either  of  the  expressions  |~\,  [_::' ) , 


!)' 


In  like  manner,  a  ratio  that  is  componnded  of  four  equal 
ratios  is  called  a  quadruplicate  ratioy  aod  a  ratio  that  is  com- 
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pounded  of  five  equal  ratios  is  termed  a  quinttiplicate  ratto^ 
and  a  ratio  that  is  compounded  of  six  equal  ratios  is  termed 
a  sextuplioate  ratio ;  and  universally,  if  n  denotes  any  posi- 
tive integer,  then  a  ratio  that  is  compounded  of  n  equal 
ratios  may  be  said  to  be  of  the  n^  order,  if  we  consider 
either  of  the  equal  ratios  as  being  of  the  first  order ;  and  it 
is  clear  that  the  ratio  of  the  n**  order  is  the  same  as  the  n** 
power  of  either  of  the  equal  ratios. 

Thus,  if  we  have  the  n  equal  ratios  —  =  =-  =  =5  =  etc, 

then  _  X  ~  X  ^  X  etc.,  to  n  factors,  is  a  ratio  of  the  n^ 
B      D      F 

order,  which  is  evidently  the  same  as  either  of  the  expres- 

""°«  (f)"'  ©"'  (i )"  ■"*"• 

Eeciprocally,  if  a  ratio  is  resolved  into  two  equal  factors 
or  ratios,  then  either  of  the  equal  ratios  is  named  a  mbdupli- 
cate  raUo^  which  is  manifestly  the  same  as  the  square  root 
of  the  given  ratio.    ' 

A 

Thus,  if  we  find  that  _  equals  the  product  of  the  equal 
B 

O    E  C       E 

ratios  --,  -,  tlien  _.  or  -.  is  called  a  subduplicate  ratio, 

which  is  clearly  the  same  as  the  second  or  square  root  of  tlie 

given  ratio  or  as  y  ^,  which  is  called  the  subduplicate  of 
B 

the  ratio  — . 

Also,  if  a  ratio  is  resolved  into  three  equal  ratios,  then 
either  of  the  equal  ratios  is  called  a  subtriplicate  ratioy 
which  is  clearly  the  same  as  the  third  or  cube  root  of  the 

A 

given  ratio.    Thus,  if  we  find  that  —  equals  the  product  of 

C    E   G 

the  three  equal  ratios  =-,  -,     -,  then  either  of  these  equal 
D   F   H 

ratios  is  a  svhtApUcate  ratioj  which  is  plainly  the  same  as 

the  third  or  cube  root  of  the  given  ratio,  or  y  — ,  which  is 

also  called  the  subtriplicate  ratio  of  the  given  ratio. 
And  when  a  ratio  is  resolved  into  four  equal  ratios,  either 
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of  the  ratios  is  called  a  &tibqiiadrupUcaie  ratio  /  and  if  a 
ratio  is  resolved  into  five  equal  ratios,  either  of  the  equal 
ratios  is  called  a  avhguintitplicate  ratio  ;  and  if  it  is  resolved 
into  six  eqnal  ratios,  either  of  the  equal  ratios  is  called  a 
Bubsext'uplicate  ratio  f  and  generally,  if  a  ratio  is  resolved 
into  n  equal  ratios,  we  may  say  that  either  of  the  equal  ratios 

is  the  -th  ratio  of  the  given  ratio,  which  is  plainly  the  same 
n 

as  the  nf"  root  of  the  given  ratio. 

A 

Thus,  if  --.   equals  the  product  of  the  n  equal  ratios 
B 

C    E   G 

_,  «.,  —J,  etc.,  then  either  of  the  equal  ratios  may  be  called 

1  A  "/A 

the  -th  ratio  of  -  ,  which  is  clearly  expressed  by  y  —.,  the 

n**  root  of  the  given  ratio. 

If  a  ratio  that  is  compounded  of  three  equal  ratios  is  re- 
solved into  two  equal  ratios,  either  of  the  two  equal  ratios  is 

called  a  sesquiplicate  ratio.    Thus,  yf—j   is  the  sesquipH- 

cate  ratio  of  — . 
S 

If  we  compound  the  ratios  -_,_,—,  etc.,  we  shall  have 

x>    O   D 

^  X  --  X  -i  X  etc.,  for  the  compound  ratio. 
BCD' 

Because  A,  B,  C,  etc.,  are  (numbers  or)  quantities  of  the 
same  sort,  it  is  clear  that  we  may  divide  A  and  B  by  C,  so 

A 
that  we  have  ^  =  -^'    Consequently,  we  shall  have  ^  x  ^ 

C 
A 

=s  —  X  —  =  --">  hy  erasing  the  number  —  that  is  common  to 
B  ,    0      C  C 

0 
the  dividend  and  diyisor  in  the  fractional  product    In  like 

manner  we  have  ^  x  S  =  ^>  »°d  t\  x  5  =  ^»  *°^  ^®  ''^ 
Kj       IJ       XJ  U       Ci       Jii 
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A      B 
to  any  extent ;  bo  that  the  compound  ratio  —  x  ^  is  reduced 

to  the  ratio  ^,  and  the  compound  ratio  =:  x  ^  x  f^  is  re* 

duced  to  the  ratio  ~  and  the  compound  ratio  --  x  7^  x  =r  x 

^  is  reduced  to  the  ratio  -.,  and  so  on. 

Hence,  if  A,  B,  C,  D,  etc.,  represent  any  (numbers  or) 
quantities  of  the  same  sort,  we  say  thai  the  ratio  of  the  first 
to  the  last  is  compounded  of  the  ratio  of  the  first  to  the  second^ 
amd  of  the  ratio  of  the  second  to  the  thirds  and  of  the  ratio  of 
the  third  to  the  fourth^  and  so  on  to  the  last;  see  Pef.  A  ui 
E.  Simson's  Euclid,  Book  V. 

(80.)  Jiatios  that  are  compounded  of  equal  ratios  are  equal 

to  ea^h.  other. 

For,  let  the  equal  ratios  be  expressed  by  the  equations 

ACEGKMj 

^  =  -,  =K»  =  |j»  t"  =  T^)  fti^d  SO  on;  then,  since  the  products 

of  equal  numbers  must  be  equal,  we  have  ^r  x  =i  x  y-  x  ®tc* 

=  ;=^  X  ^  X  xf  X  etc. ;  that  is,  ratios  which  are  compounded 

of  equal  ratios  are  equal,  as  was  to  be  shown. 

Reciprocally,  eqMiC  ratios  dimded  hy  equal  ratios  orhytha 

prodi^ts  of  equal  ratios^  must  give  eqical  ratios  for  the 

quotients. 

A      0 
For,  let  :5  =  :j:^  denote  the  equal  ratios  to  be  divided, 

E      Q- 
whether  they  are  simple  or  compound  ratios,  and  ^  =  ^9  the 

equal  ratios  by  which  they  are  to  be  divided,  whether  they 

are  simple  or  compound. 

Then,  since  equal  numbers  divided  by  equal  numbers 

must  give  equal  numbers  for  the  quotients,  we  shall  bare 

A     E      C      G         .       ,    ^.  .^    .     ,,  ,       E  G. 

^  -T-  :jj  =  j^  -5-  ^,  or,  smce  to  divide  by  the  numbers  =,  a-:  is 

F  IT 
clearly  the  same  as  to  multiply  by  their  reciprocals  ^y  ^, 
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A      F      O      H 
we  shall  have  ^  x  :^  =  ^^  x  75^ ;  that  is,  equal  ratios  dirided 

H  £d        U         \jt 

by  equal  ratios  give  equal  ratios  for  the  quotients,  as  required. 


(81.)  "We  will  now  show  how,  from  knowing  any  three 
terms  of  a  proportion,  to  find  the  remaining  term. 
Suppose  that  we  have  the  proportion  A  :  B  ::  0 :  D,  or, 

A      C 

which  is  the  same,  the  equation  =5  =t^i  (!)•    Then,  if  we  ^ 

A 
know  A,  B,  and  D,  we  of  course  know  the  quotient  ^,  and 

Q 

since  ^i  expresses  the  number  of  times  that  G  contains  D,  if 

C  C 

we  multiply  J>  by  ^^^  we  shall  of  course  have  D  x  =t  =  C 

Now,  since  ^  ==,  we  shall  havei  DXtx=Dx^  =  C, 
jS       D  D  15 

A 
which  gives  the  value  of  0,  since  D  and  the  quotient  ^  are 

known. 

Hence,  we  see  that  the  third  term  of  a  proportion  equals 
the  fourth  term  multiplied  by  the  ratio  of  the  jirsk  to  the  eeo- 
and  term. 

Again,  by  (12),  we  may  take  the  equation  -r  =-p  instead  of 

(1) ;  hence  (as  before),  if  we  know  A,  B,  and  C,  we  shall  have 

D  expressed  by  D  =  C  x  -j. 

Ckmsequently,.  ^  we  multiply  the  third  term  of  a  propor- 
tion hy  the  ratio  of  the  second  term  to  ths  first  termy  the  pro- 
duct will  equal  the  fourth  term. 

In  a  similar  way,  it  appears  that  the  frst  term  of  a  propor- 
Hon  equals  the  product  of  the  second  term  ly  the  ratio  of  the 
third  to  th^fawrth  term  /  and  the  second  term  equals  the  first 
term  m/ultiplied  hy  the  ratio  of  the  fourth  to  the  third  term. 

(89.)  We  will  now  adapt  what  has  been  done  to  a  contin- 
ued proportion  which  consists  of  three  terms.  Thua^  if  in  the 
proportion  A :  B  ::  O  :  D  we  suppose  that  O  =  B,  we  shall 
have  A  :  B  : :  B  :  D,  which  is  a  continued  proportioii  of  three 
terms. 
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A     B 

Instead  of  the  proportion  we  may  nse  the  equation  =  =  ^.j 

B      D 

(2),  or,  by  (12),  we  may  use  the  equation  t-  =  ^>  (^)- 

•D 

Since,  from  equation  (1),  we  have  D  =  C  x  -^ ,  if  in  this 

we  put  B  for  C,  we  get  D  =  B  X  -J ,  (4). 

(4)  shows  thai  the  thi/rd  term  of  a  continued  proportion 
equals  the  mean  term  multiplied  by  the  ratio  of  the  mean  to 
tKeji/r«t  term.  And  it  may  be  shown,  in  a  similar  way,  thoit 
the  first  term  equals  the  meam,  term  multiplied  by  the  ratio  of 
the  m^ean  to  the  third  term. 

To  get  the  mean  term,  we  compound  the  ratio  of  the  first 
to  the  mean  term  with  the  ratio  of  the  mean  to  the  third 

,  ABA  .       ,^,    .       A      B 

term,  and  we  get  -^  ^  fi  =  fi '  ^^  since  (2)  gives  ^  =  ^,  we 

,  B      B      A      /BV     A       , ,     ,  , .      ,, 
get  :=L  ^  fi  =  fi  <>r  ifi J  =  fv?  ^^^  ^7  takmg  the  square  root 

of  both  sides  of  this  equation  we  have  =-  =  y  y^ ;  or,  since 

-     B  /A 

B  =  D  X  ^Tj  we  have  B  =  D  y  y^,  (5),  for  the  required  mean 

term. 

(5)  shows  that  the  Tnean  term  eqtuds  the  third  term  mtdti- 
pUed  by  the  square  root  of  the  ratio  of  the  first  to  the  third 
term. 

It  may  be  shown,  in  like  manner,  that  the  mea/n  term  equals 

the  first  term  muUipUed  by  the  square  root  of  the  ratio  of  the 

third  to  the  first  term. 

B  B 

Since  B  =  A  x  j,  and  that  D  =  B  x  -j,  it  follows  that 

the  terms  A,  B,  D  of  our  proportion  will  become  A,  A  x  -j , 

Ax-^x^,orA,Ax-^,Axy. 

It  is  manifest,  from  what  has  been  done,  that  any  one  of 
the  three  terms  of  the  proportion  can  easily  be  found  from 
the  other  two  terms. 
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(8S«)  OF   0£OM£?rRIOAL  PBOOBE88ION8. 

Numbers  or  qiLcmtities  which  a/re  such  that  the  first  is  to 
the  second  as  the  second  to  the  thirds  aaid  the  second  to  the 
third  as  the  third  to  the  fov/rth^  amd  the  third  to  the  fourth 
ojs  thefovHh  to  the  fifths  etc.^  are  said  to  be  in  continued  geo- 
fnetriccd  proporUon^  or  in  geometrical  progression. 

If  the  terms  iscrease  from  the  first  term,  the  proportion 
(or  progression)  is  said  to  be  increasing,  but  if  the  terms  de- 
crease from  the  first  term,  the  progression  is  said  to  be 
decreasing.  The  ratio  of  the  second  term  of  the  progression 
to  the  first  term  is  called  the  ratio  of  increase  or  decrease  of 
the  progression.  When  the  ratio  is  greater  than  unity,  the 
progression  is  clearly  increasing,  and  when  it  is  less  than 
unity,  the  progression  is  decreasing ;  and  it  is  evident  if  the 
ratio  is  equal  to  unity,  that  the  progression  will  be  neutral, 
or  that  its  terms  will  neither  increase  nor  decrease,  or  that 
they  will  equal  each  other. 

If  A,  B,  C,  D,  E,  etc.,  represent  the  successive  terms  of 
the  continued  proportion  (or  progression)  whose  first  term  is 
A,  we  shall  signify  that  they  are  in  continued  proportion  by 
writing  them  as  follows,  viz.,  A  :  B  ::  B  :  C  ::  C  :.  D  ::  D  : 
E  : :  E  :  F  : :  etc.,  (1),  which  is  in  accordance  with  the  usual 
manner  of  writing  the  terms  of  a  continued  geometrical  pro- 
portion. 

(M.)  For  A,  B,  0,  D,  E,  F,  etc.,  we  may  write  A,  A  x  j-, 

^  ^  (a)  '  ^  ^  (a)  ' ^  ^  (  a)      '  supposing  n  to  de- 
note the  number  of  the  last  term. 

For,  since  A,  B,  C  are  in  continued  geometrical  propor- 
tion, we  shall  have,  from  (32),  A,  B,  C  expressed  by  A, 

'^^('a)''^^(x)*     "^^^  because  B,  0,  D  are  in  contin- 

Q 

ued  geometrical  proportion,  we  shall  have  D  =  0  x  :g ;  and 

since  --  =  —,  we  shall  get  D  =  C  x  -r- ;  and  because  C  =  A 
B      A  °  A 

^  (S/'  ^^  ^^*  ^"^^^{l)^A^^^  (a)''     '"^  ^'''^ 
manner,  because  C,  D,  E  are  in  continued  geometrical  pro- 
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TV  -D  /B\* 

portion,  we  shall  have  E  =  Dx^=Dx-j=Ax  ijj , 

and  BO  on ;  the  law  of  continuation  of  the  Buccepsive  terms 
being  evident. 

Hence,  collecting  the  resolts,  our  continued  proportion  or 

geometrical  progreseion  becomes  A,  A  x  j-,  A  x  ( -j  1 ,  A  x 

g)*,  A  X  (1)*,  A  X  (1)', ....  A  X  (?)""',  (2),  as  required. 

(2)  ghowB  that  the  second  term  of  the  progression  is  equal 

to  the  first  term  A  multiplied  by  the  ratio  ~,  and  that  the 

iikird  term  equab  the  first  term  A  multiplied  by  the  second 

B 

power  or  square  of  the  ratio  — ,  and  that  the  fourth  term 

equals  the  first  term  multiplied  by  the  third  power  or  cube 
of  the  ratio ;  andy  generally^  that  the  term  whose  number  is 
denoted  hy  nis  eqttal  to  the  first  term  A  mvltiplied  hy  the 

power  of  the  ratio  I     1,  whose  exponerU  is  the  number  ri  —  1. 

■o 

It  is  also  evident,  from  (2),  if  the  ratio  --  is  greater  than 

unity,  that  the  series  will  be  increasing,  and  if  tlie  ratio  is 
less  than  unity,  the  series  will  manifestly  decrease ;  alfio,  if 

--  equals  unity,  the  terms  of  the  series  are  evidently  equal  to 
A 

each  other. 

It  may  not  be  improper  here  to  observe  that  the  first  term 

A  of  the  geometrical  progression  (2)  is  frequently  said  to  be 

to  the  third  term  A  x  (-r  )  in  the  duplicate  ratio  of  the  first 

term  to  the  second,  and  that  the  first  term  is  to  the  fourth 
term  in  the  triplicate  ratio  of  the  first  to  the  second,  and  that 
the  first  term  is  to  the  fifth  in  the  quadruplicate  ratio  of  the 
first  to  the  second,  and  so  on ;  and  it  is  cleiir  that  the  mean- 
ing is  the  same  as  to  say  (ae  we  have  done)  that  the  third 
term  equals  the  first  term  multiplied  by  the  square  of  the 
ratio  of  the  second  to  the  first  term,  and  that  the  fourth  term 
equals  the  first  ternj  multiplied  by  the  cube  of  the  ratio  of 
the  second  to  the  first  term,  and  so  on. 
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(«5*)  It  18  easy  to  see,  from  (2),  that  the  ratio  of  the  term 
whose  number  is  ti  to  the  first  term,  is  expressed  by  ( ~ )  ; 
BO  that  if  we  extract  tiie  {n  —  1)**  root  of  this  ratio,  we  shall 
get  Y,  which  is  the  ratio  of  tlie  second  term  to  the  first. 

Hence,  if  we  know  only  the  first  and  n**  term,  we  take  the 
(n  —  1)**  root  of  the  ratio  of  the  n**  term  to  the  first  term  for 
the  ratio  of  the  second  term  to  the  first  term. 

Then  we  multiply  the  first  term  by  the  ratio,  and  the  pro- 
duct will  equal  the  second  term,  and  the  second  term  multi- 
plied by  the  ratio  gives  the  third  term,  and  the  third  term 
multiplied  by  the  ratio  gives  the  fourth  term,  and  so  on  ;  so 
that  all  the  terms  of  (2)  can  be  found  from  the  first  and  n'^ 
terms. 

Instead  of  multiplying  the  first  term  by  the  ratio  for  tlie 
second  term,  etc.,  we  may  divide  the  n'*  term  by  the  ratio, 
and  the  quotient  will  clearly  equal  the  term  whose  number 
is  71  —  1,  and  dividing  this  term  by  the  ratio,  the  quotient 
will  equal  the  term  whose  number  is  ti  —  2,  and  so  on. 

Instead  of  finding  the  ratio  of  the  n'*  term  to  the  first  term, 
we  may  find  the  ratio  of  the  first  term  to  the  n^^  term,  and 
then  extracting  the  {n  —  1)'*  root  of  the  ratio  thus  found,  we 
get  the  ratio  of  the  first  to  the  second  term.  Hence,  if  we 
divide  the  first  term  by  the  ratio  of  the  first  to  the  second 
term,  the  quotient  will  equal  the  second  term,  and  if  we 
divide  the  second  term  by  the  same  ratio,  the  quotient  will 
equal  the  third  term,  and  so  on,  for  the  successive  terms. 
Also,  if  we  multiply  the  n^  term  by  the  ratio  of  the  first  term 
to  the  second,  the  product  will  equal  the  term  whose  number 
is  71  —  1,  and  if  we  multiply  this  term  by  the  same  ratio,  the 
product  will  equal  the  term  whose  number  is  n  —  2,  and  so 
on,  for  the  preceding  terms  until  we  arrive  at  the  first  term. 

(86.)  From  what  has  been  done,  it  is  easy  to  see  how  to 
insert  any  number  of  geometrical  means  between  any  two 
given  numbers  or  quantities  of  the  same  sort. 

For,  let  a  denote  the  first  and  J  the  second  of  the  given 
numbers  or  quantities,  and  suppose  that  the  number  m  equals 
the  number  of  means  that  are  to  be  inserted  between  a  and 
J,  then  when  the  means  are  inserted,  the  whole  number  of 


208  ELEMENTARY    AND    flIGHEB    ALGEBEA. 

terms  in  the  geometrical  progression  thus  found  will  be  ex- 
pressed hj  m  +  2,  whose  first  term  will  be  a  and  last  term  J, 
whose  number  will  be  expressed  by  m  +  2  when  we  count 
the  terms  from  a  to  h.  Consequently,  for  t^  —  1,  in  what  has 
been  previously  shown,  we  must  use  m  +  1,  and  we  shall 

have  -  for  the  ratio  of  the  last  term  of  the  progression  to  its 
^  -a 

—  j      , 

which  expresses  the  ratio  of  the  second  term  of  the  progres- 
sion to  the  first  term.    Hence  the  terms  of  the  progression  will 

1  2  8  m 

be  expressed  by  a,  ay  ,a(-J  ,  «( J  '•.•.«(-)  . 
b  (3),  which  can  evidently  be  found  by  dividing  J,  the  last 

term,  by  the  ratio  (  — )"*^    for  the  last  term  but  one,  and 

dividing  the  last  lerm  but  one  by  the  same  ratio,  the  quotient 
will  be  the  last  term  but  two,  and  so  on. 
It  is  also  easy  to  see  that  (3)  can  be  found  by  dividing  a  by 

{  ^1^  '  (which  expresses  the  ratio  of  the  first  to  the  second 

term),  for  the  second  term,  and  dividing  the  second  term  by 

the  same  ratio  for  the  third  term,  and  so  on ;  also,  if  we  mul- 

1 

tiply  the  last  term  by  the  ratio  (t)'"*\  the  product  will 

equal  the  last  term  but  one,  and  this  term  multiplied  by  the 
same  ratio  will  equal  the  last  tenn  b\it  two,  and  so  on,  which 
is  in  accordance  with  what  has  been  previously  shown. 

An  example  or  two  will  serve  to  show  the  use  of  (3),  and 
to  make  what  has  been  said  more  evident. 

For  the  first  example  we  shall  suppose  that  we  are  required 
to  insert  two  geometrical  means  between  4  and  108. 

Here  we  have  a  =  4,  J  =  108,  m  =  2,  m  +  1  =  3,  and 

1 

^.  =  ?^-?  =  27,  (-)"^'  =  (27)^  =  3.  Hence  (3)  becomes  4, 
a        4  \a/ 

12,  36,  108 ;  and  12  and  36  are  the  two  means  which  have 

been  inserted  between  4  and  108,  as  required. 

For  the  second  example  we  shall  suppose  that  it  is  required 

to  insert  three  geometrical  means  between  4375  and  7. 
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In  this  example,  we  have  a  =  4375,  J  =  7,  m  =  3,  m-f-l 

=  4,  andU-^=J-,(*P  =  (-L)^  =  l     Hence 
'  a      4375       625'  \al  \625/         5 

(8)  becomes  4375,  875, 175,  35,  7 ;  and  875, 175,  36  are  the 

three  means  which  have  been  inserted  between  4375  and  7, 

as  required. 

For  the  third  and  last  example,  we  shall  suppose  that  six 

means  are  to  be  inserted  between  o  and  cmP. 

Here  a  =  <?,  J  =  <?m% m  =  6,  m  +  1  =  7,  and  ~  srm'^,  (—  j  * 

a  \a/ 

=  {m^'^  =  m\  Hence,  c,  cm\  cm/^y  cm'*,  cm'*,  cm'',  cm'S 
cmP^  is  the  required  progression. 

It  is  evident,  from  what  has  been  done,  if  we  insert  the 
same  number  of  geometrical  means  between  every  two  suc- 
cessive terms  of  anj  geometrical  progression,  tliat  the  series 
thus  formed  will  be  a  geometrical  progression. 

(8».)  If  (for  simplicity)  we  put  r  for  the  ratio,  —  of  the 

second  term  of  the  series  (2)  to  the  first  term,  then  the  series 
(2)  will  become  A,  Ar,  Ar*,  Ar*,  At**,  ....  Ar*~^,  (4) ;  and 
if  we  represent  the  sum  of  the  terms  of  the  series  by  8,  we 

shall  have  S=:A-fAr  +  Ar»  +  Ar»  +  A/^  + +Af*-S 

(6). 

K  we  multiply  both  sides  of  (5)  by  r,  we  shall  have  Sr  = 
Ar  +  Ar*  H-  Ar*  -f-  Ay^  +  Ar*  + +  Ar",  and  if  we  sub- 
tract (5)  from  this,  we  get  Sr  —  S  =  Ar"  —  A,,  or  S(r  —  1)  = 

Ar"  —  A,  which  gives  S  =  r^^^lzi),  (6).    If  we  put  Z  = 

r  —  1 

Ar*-*,  {a\  then  we  get  Ar"  =  Zr,  which  reduces  (6)  to  8  = 

Ir A     rrs. 

r —  1 

From  (J)  we  derive  the  following  rule  for  finding  the  sum 
of  a  series  of  numbers  or  quantities  of  the  same  sort  that  are 
in  geoxnetrieal  precession. 

RULE. 

Multiply  the  last  term  by  the  ratioy  and  from  the  jprodud 
avhtract  thejhst  term  ;  then  divide  the  remainder  ly  the  ratio 
less  one^  and  the  qicotient  will  he  the  suvi  required, 

11 
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K  r  is  sensibly  less  than  unity,  and  n  indefinitely  great, 

then  Ir  will  become  indefinitely  small,  and  may  therefore  be 

A 

rejected,  which  will  reduce  (h)  to  S  = j  {c). 

1  —  r 

{c)  shows  that  if  T  is  sensibly  less  them  one,  the  sum  of  the 

series  conttniced  to  injmity  is  easpressed  hy  the  jwst  term,  dA- 

"lyided  hy  one,  less  the  ratio. 

Since  A,  I,  r,  n  and  S  are  connected  by  the  equations  {a) 
and  (J),  it  is  evident  when  any  three  of  them  are  known  that 
the  remaining  two  can  be  found  by  the  equations  (a)  and  (J). 

"We  will  now  show  the  use  of  (a),  (J),  and  (c)  by  a  few  ex- 
amples.        N 

EXAMPLES. 

1.  The  first  term  of  a  geometrical  progression  is  6  and  the 
ratio  2 ;  it  is  required  to  find  the  ninth  term  and  the  sum  of 
the  nine  terms. 

Ans.  The  9^  term  =  Ar"-*  =  6  x  2«  =  1536  =  Z,  and  by  (J) 

ortherulewehaveS  =  ^-:^  =  ^^^^^^'"^  =  3Q66. 

r— 1  2—1 

2.  The  first  term  of  an  infinite  number  of  terms  in  geomet- 

required,  th( 

A  3 


rical  progression  is  3  and  the  ratio  is  - ;  required,  the  value 


ofS.  Ans.  S  =  : 


i-i 


3.  The  first  term  of  a  geometrical  progression  is  2  and  the 
ratio  is  5 ;  to  find  the  seventh  term  and  the  sum  of  the  seven 
terms. 

Ans.  The  seventh  term  is  31260,  and  S  =  39062  is  the  sum 
of  the  seven  terms. 

4.  The  first  term  of  a  geometrical  progression  is  8000  and 

the  ratio  is  - ;  to  find  the  fifth  term  and  the  sum  of  the  five 
5 

terms. 

4  4 

Ans.  The  fifth  term  is  12^  and  S  =  9996^  is  the  sum  of 

the  five  terms. 
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6.  To  find  the  sum  of  the  infinite  geometrical  progression 

whose  first  term  is  81  and  ratio  -. 

4 

81 
Ana.  8  = ir  =  108,  as  required. 

1-i 
4 


(88.)  Supposing  A  and  B  to  stand  for  any  two  given  num- 
bers or  quantities  of  the  same  sort,  and  that  n  denotes  any 
given  positive  integer,  we  shall  show  how  to  reduce  the  com- 
pound ratio  I  —  j  to  the  single  ratio  of  two  numbers  or  quan- 
tities of  the  same  sort. 

Thus,  when  n  =  2,  we  have  (^)  =  ^  x  ^,  and  if  we  put 

\B/      B      B 

A      B  ,  /AV     ABA  .    ,         ,    . 

^=-,  weget^gj=_  x^=^,  as  required;  and  smce 

A      B  B 

zg^  =--,  we  have  C  =  B  x  ---,  as  is  evident  from  (32) ;  conse- 

quently,  since  B  and  A  are  given,  C  is  found ;  and  the  terms 

A  and  0  of  the  single  ratio  — -  are  known. 

C 

Again,  if  »  =  3,  we  have  (|)*=  ^  x  ^  x  :|,  (1),  to  be 

reduced.    By  putting  4  =  5=2,  we  get  C  =  B  x  -, 
jj      kj      D  A 

D  =  Oxg  =  BxjXj  =  Bx(-^j,  which  gives  the 

value  of  D. 

From  the  supposed  equations  ^  =  ^  and  —  =  ji,  we  get 

A 

=  -~,  as  required. 

And  universally,  if  we  put  B  x  (—)""  =  P,  we  shall  know 
tie  value  of  P,  since  A,  B  and  n  are  given ;  and  we  shall 
~  j  =  — ,  as  required. 


we  shall  get  t>  =  o»  ot^sGrving  that  m  is  supposed  to  be  a 

JP       Xv 
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Hence;  we  see  tliat  if  we  have  the  equation  (^)  =  (— )  , 

and  put  Q  =  D  X  i  ~  j     ,  we  shall  have  the  equation  ^  =  _ ; 

so  that  the  equation  which  involves  two  compound  ratios  is 
reduced  to  an  equation  which  involves  the  simple  ratios  of 
AtoP,  andofOtoQ. 

In  like  manner,  if  /--J  =  f _j  ,  and  we  put  Il  =  r(^j      , 

A 

^e  shall  get  -^  = 

positive  integer. 

A      O 

(SO.)  We  shall  now  reduce  the  compound  ratio  _  x  ^  to 

B     D 
the  single  ratio  of  two  numbers  or  quantities  of  the  same 
kind ;  supposing,  of  course,  that  A,  B,  C,  D  are  given  num- 
bers, or  quantities  such  that  A  and  B  are  of  the  same  kind, 
and  that  C  and  D  are  of  the  same  kind  with  each  oih&r. 

'  Thus,  put  5  =  ?'  *^^  ^y  (31)  ^^  ^*^®  E  =  B  X  5,  which 

A      O 

gives  the  value  of  £ ;  consequently,  we  shall  have  ^^  x  :si^ 

ABA 

=  =X:p  =  -:B=the  required  single  ratio  of  two  numbers 

or  quantities  of  the  same  sort. 

In  a  similar  way  we  can  reduce  any  compound  ratio 

which  is  compounded  of  the  ratios  of  given  numbers  or 

quantities  to  the  single  ratio  of  two  given  numb»*s  or  qnaao^ 

A      C      E      Q- 
tities.    Hence,  if  we  have  the  equation  t>  x  :p:  £=  ^  x  wi 

A      E 

we  see  how  to  reduce  the  equation  to  the  form  —  =  --,  in 

which  L  and  K  are  found  as  before ;  so  that  the  equation  is 
reduced  to  the  equality  of  the  ratios  of  A  to  L,  and  of  E  to 
K.  And  we  may  proceed  in  a  similar  way  for  any  number 
of  ratios  that  may  be  compounded  in  the  two  members  of 
the  equation. 

(4KI«)  If  we  have  a  piN)portion  such  that  either  anteced^it 
and  its  consequent  are  numbers,  then  shall  the  product  of 
the  extremes  equal  that  of  the  means,  and  vice  versa. 
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For  let  m  and  n  be  two  numbers,  and  M  and  N  two  nam- 
bers  or  quantities  of  the  same  sort,  such  that  we  have  the 
proportion  m  :  n : :  M  :  K,  or  its  equiyalent  the  equation 

^  =  ^,  (1).    Then,  since  ^  denotes  the  number  of  time* 
that  M  contains  N,  we  shall  have  M  =  N  x  .^,  or  since  (1) 

give6  -j-  =  ^,  we  bave  M  =  N  x  —  /  and  if  we  multiply 

these  equals  by  the  number  n,  we  shall  have  H  x  7^=N  x  m^ 
as  required. 
Reciprocally,  if  we  have  M  x  n  =  N  x  m,  such  that  m 

and  n  are  numbers,  we  shall  have  ~  —  _,  (2). 

n      N 

For  since  m^n  y.  — ,  and  M  =  N  x  ^,  the  equation  U 
n  N 

easily  changed  to  Nn  x  -=  =  Nn  x  — j  w^d  omitting  Nn, 

N  n 

which  is  common  to  both  sides  of  the  equation,  we  must 

have  __  =  ^,  or  (which  is  the  same)  —  =  ^,  or  its  equiva^ 

N       n.  »      JN 

lent  the  proportibn  m  :  ti  : :  M  :  N,  as  required. 

Hence,  if  the  first  and  second  terms  of  a  proportion  are 
numbers  (or  are  i*egarded  as  such),  it  follows  that  the  pro- 
duct of  the  means  divided  by  the  first-term  gives  the  fourth 
term,  which  is  in  accordance  with  the  common  method  of 
working  the  statement  of  a  question  in  the  Rule  of  Three. 

Remarks, — 1.  It  results  from  (81),  that  a  fourth  propor- 
tional to  three  numbero  or  quantities  can  always  be  found 
by  multiplying  the  third  by  the  ratio  of  the  second  to  the 
first. 

2.  Similarly,  it  follows  from  (32),  that  a  third  proportional 
to  two  numbers  or  quantities  equals  the  second  multiplied 
by  its  ratio  to  the  first. 

(41.)  If  we  have  the  proportion  A  :  B  : :  C  :  D,  or  the 

A      O 

©quation  =^  =  r. ;  then  supposing  n  to  represent  any  positive 

cor  negative  real  number,  we  shall  clearly  (from  Ax.  11.)  get 
/—)*=:  [^ j  ,  since  ^  and  ^  are  equal  numbers. 
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Hence,  if  ( ~-|  is  given,  we  can  easily  find  -- ;  and  thence, 

if  C  is  known,  D  can  be  found.    Thus,  if  7i  =  3,  and  27  is 
put  for  I —J  ,  we  shall  have  (—1  =  27  =  3',  whose  cube  root 

gives  =pr  =  3,  and,  of  course,  D  =  _• 

If  A,  B,  C,  T>  are  numbers  (or  are  regarded  as  such),  then 

(A  \  n        /Q  \n  An 

—J  =  (y^I    can  be  written  in  the  form  _ .  = 

^y  which  gives  the  proportion  A"  :  B"  : :  0"  :  D** ;  conse- 
quently, since  A"  x  D*  =  B"  x  C",  we  have  D"  =  B**  x  O 

-f-  A»,  or  D  =  i/HJ^  ^  5JL2,  a  result  obtained  ac- 

'  '^       A**  A    ' 

cording  to  the  common  method  of  proceeding. 

It  may  be  added  that  if  A,  B,  C,  D  are  not  numbers  (nor 
are  regarded  as  such),  the  proportion  A"  :  B** ::  C*  :  D**  can 

not  exist,  since  |--|  =  |— J   can  not^  be  written  in  the  form 
A'»_  C 

Again,  if  we  have,  the  proportions  A  :  B  : :  C  :  D,  E  :  F 

: :  G  :  H,   K  :  L  : :  M  :  N,    etc.,   or  their   equivalents,   the 

^         ACEGKM,       ^v        , 
equations,    jj  =  5*  y  =  g'  j;  =  jq-»  ®^-5   ^^^^^  ^7  com- 

pounding  these  equal  ratios,  we  shall  (from  Ax.  11.)  have 
A      E      K        ,         C      G      M        , 
^  X  J,  X  J-  X  etc.  =  5  X  H  "^  N  "^  ^^''' 

Hence,  if  A,  B,  C,  D,  etc.,  are  numbers  (or  are  regarded 
as  such),  it  is  clear  that  the  preceding  equation  can  be  writ- 

ten  in  the  form  ^^^  =  8^.—,  which  gives  the  pro- 
BFLetc.       DHNetc'  ^  ^ 

pordoti  AEK  etc. :  BEL  etc.  : :  CGM  etc. :  DHN  etc.,  which 

can  be  immediately  obtained  from  the  given  proportions  by 

taking  the  product  of  their  corresponding  terms.     But  if 

A,  B,  0,  D,  etc.,  are  neither  numbers  (nor  considered  as 

such),  then  the  preceding  proportion  can  not  exist,  because 


OBOMETBIOAL  PB0P0RTI0N8,  ETC.       216 

A   "F         (^       C^ 

the  equation  —.  x  ^^  x  ©tc.  =^1  x  yt  x^  etc.  can  not  be  writ- 


ten  in  the  form 


AE  etc.  _  CG  etc. 
BF  etc.  ""DH  etc.' 


(49.)  ABBIDOED  PBOPOSTIONS   OS   VASIATIONS. 

1.  If,  in  the  proportion  A  :  B  : :  0  :  D,  A  and  B  are  vari- 
able, while  C  and  D  are  invariable,  then  it  is  clear  that  the 
ratio  of  A  to  B  will  be  constant  or  invariable.  Hence,  we 
eaj  that  A  varies  as  B  directly,  which  we  express  (according 
to  custom)  by  writing  A  oc  B  directly. 

2.  Since  the  proportion  A  :  B  : :  C  :  D  gives  A  =  B  x  ^ 

if  B  and  0  are  invariable,  while  A  and  D  are  variable,  then 
it  is  clear  that,  if  A  increases,  D  must  decrease,  and  vice 
versa.  Hence,  we  may  say  that  as  A  increases,  D  must  de- 
crease, and  reciprocally,  or  that  A  varies  inversely  as  D, 
which  we  may  express  by  A  oc  D  inversely  or  reciprocally. 

Q 

3.  Since  A  =  B  x  —,  it  follows  that  A  varies  as  the  pro- 
duct  B  X  — ,  which  may  be  expressed  by  the  form  A  x  B  y 
— ,  directly. 

(4S.)  HABMONIOAL  PBOPOBTIONS   AND   PS0QSE8SI0NB. 

1.  Three  numbers  or  quantities  (of  the  same  kind)  are 
said  to  be  in  harmonical  proportion  or  progression  when  the 
first  is  to  the  third  as  the  difference  of  the  firet  and  second 
is  to  the  difference  of  the  second  and  third.  And  the  third 
term  is  called  a  third  harmonical  proportional  to  the  first  and 
second ;  also,  the  second  term  is  called  a  harmonical  mean 
between  the  first  and  third  terms,  noticing  that  the  three 
terms  are  sometimes  called  hamumioala. 

Thus,  if  A,  B,  C  are  the  harmonicals,  we  must  have  either 
A:C::A-B:B-C,  orA:0:B-A:C-B;  and 
since  the  terms  are  of  the  same  kind,  these  proportions  by 
(13)  may  be  written  in  the  forms  A:A  —  B::C:B  —  C, 
and  A:  B-A::C:C-B. 

Hence,  if  by  (19)  and  (20)  we  apply  composition  to  the  first 
of  these  proportions,  and  division  to  the  second,  they  will  be 
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reduced  to  the  single  proportion  2A  — 13  :  A : :  B  :  C,  or  to 

the  equivalent  equation  0  =  B  x  — — : ;  consequently,  if 

A,  B,  0  are  numbers  (or  are  regarded  as  such),  we  shall 

^^^^  =  2A:rB- 

Hence,  if  the  second  of  three  harmomeaU  is  muUiplied  by 

the  ratio  of  the  first  to  twice  the  first  dimimshed  by  the  see- 

C9kd^  the  product  wiU  gvoe  the  third  term. 

AB 
If  the  harmonicalfl  are  numbers,  the  equation  C=  ^-r —  -5* 

V  •  -4^       •     *u     ^         1      2A  -  B      2       1       . 

being  written  m  the   form  -^  =  — ^^=—  =  t>  ""  T'  &^^ 

^  —  g  =  g  —  Q ;  and  if  B,  C,  D,  E,  etc.,  are  also  harmon- 
icals,  we  shall  also  have  _  —  -^  =  ^  —  A,  and  --—-_  = 

_  -.^,  and  so  on. 

Hence,  since  the  numbers  A,  B,  C,  D,  etc.,  on  the  suppo- 
sitions here  made,  are  said  to  be  in  harmoiiical  progression, 

it  follows  that  their  reciprocals,  — ,  --,  —,  =-,  -,  etc.,  are  in 

A  B  C  D  ill 

arithmetical  progression.  Conversely,,  it  is  easy  to  &how 
that  the  reciprocals  of  a  series  of  numbers  in  arithmetical 
progression  will  be  a  series  of  numbers  in  harmoiiii.al  pro- 
gression.   Thus,  by  taking  the  reciprocals  of  the  arithmet- 

icals  2,  5,  8,  we  get  the  harmonicals  -,  -,  -,  or  their  equiva- 

2  5  8 

lents  _,  I?,  =2;  consequently,  since  we  have  40  :  10::  40 
80  80' 80  ^         ^ 

— 16  :  16  —  10,  it  follows  that  the  reciprocals  of  the  arith- 

meticals  are  in  harmonical  progression. 

Again,  resuming  the  proportion  2  A  —  B  :  A : :  B  :  C,  and 

by  alternation  by  (13),  writing  it  in  the  form  2A  —  B  :  B : : 

A  :  0;  then  by  composition,  according  to  (19),  we  shall  get 

fhe  proportion  2A  :  B : :  A  +  C  :  0,  or  the  equivalent  equa- 

..  ^  2A      A  +  C 

From  the  preceding  equation  we  easily  get  B  =  8 A  x 
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;  which,  if  A,  B,  0  are  nnmbers,  may  be  written  in 

JOl  +  0 

the  form  B  =  -?^ 
A  +  C 

Hence,  the  mean  of  three  hannonicals  equals  twice  the  first 
multiplied  iy  the  ratio  of  the  third  to  the  sum  of  the  first 
and  third. 

2.  Four  numbers  or  quantities  of  the  same  kind  are  in 
harmonical  proportion  when  the  first  is  to  the  fourth  as  the 
diflference  of  the  first  and  second  is  to  that  of  the  third  and 
fourth;  where  it  is  to  be  noticed  that  the  fourth  term  is  called 
a  fourth  harmonical  proportional  to  the  first  three  terms. 

Thus,  if  A,  Bj  0,  D  are  in  harmonical  proportion,  then  we 
must  either  have  A:D:;A--B:0  —  D,  or  A:D::B  — 
A  :  D  —  C.  Proceeding  as  in  the  case  of  three  harmonicals, 
these  proportions  are  easily  reduced  to  the  single  proportion 

A 

2  A  —  B  :  A : :  0  :  D,  or  to  the  equation  D  =  0  x  — — ^, 

^  2A  —  B 

which  may  be  written  in  the  form  D  = — ,  when  the 

2A  — B 

hai-monicals  are  numbers,  or  are  regarded  as  such. 

Hence,  th^  fourth  proportional  to  three  given  harmonicals 

equals  the  third  term  multiplied  hy  the  ratio  of  the  first  to 

twice  the  first  less  tJie  second  term. 

(44.)  BXAMFI4ES. 

To  illustrate  what  has  been  said  concerning  ratios  and 
proportions. 

1.  To  find  the  ratios  of  45  to  9  and  40  to  8. 

46  40 

Because  —  =  6  and  —  =  5,  the  ratios  are  equal,  and  we 
y  0 

45      40 
Bhall  have  _  =  -_.;  consequently,  by  the  definition  of  Geo- 
9         0 

metrical  Proportion,  we  have  the  proportion  45  :  9  : :  40  :  8. 

2.  To  compare  the  ratios  of  17  to  3  and  23  to  4. 

17 
Because  the  ratio  of  17  to  3  is  expressed  by  -^  =  6.666, 

o 

and  that  of  28  to  4  bj  ^  =  5.75,  it  foUows  that  17  has  a  lees 
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ratio  to  8  than  23  has  to  4,  which  we  may  (according  to  cnfl- 
tom)  express  by  the  fonn  17  :  3  <  23  :  4. 

8.  To  compare  the  ratios  of  25  to  6  and  29  to  7. 

25        1  29        1 

Because  the  ratios  are  expressed  by  —  =  4-,  and  —  =  4-, 

^  "^   6         6  7        7 

it  follows  that  25  has  a  greater  ratio  to  6  than  29  has  to  7^ 

which  may  be  expressed  by  the  form  25  :  6  >  29  :  7. 

4.  Supposing  A,  B,  and  C  to  be  three  numbers  or  quanti- 
ties of  the  same  kind,  then  it  is  proposed  to  compare  the 

ratios  —  and . 

B         B  +  0 

n 

1st.  Because  ^   \^  =  tt  x t^i  i*  is  clear  that  the  ra- 

B  +  0     B      ^    ,  0 

tios  will  be  equal,  and  each  equal  to  unity,  when  A  =  B ; 
noticing  that  such  ratios,  in- which  each  antecedent  equals  its 
consequent,  are  called  ratios  of  equality, 
2d.  K  A  is  less  tiian  B,  then  A,  B,  and  C,  being  positive, 

C  C 

since  —  is  greater  than  -,  it  is  clear,  from  the  above  form, 
A  B 

A  4-  C  A 

that  the  ratio  -  "^      is  greater  than  the  ratio  — . 
B  4"  O  B 

3d.  Similarly,  if  A  is  greater  than  B,  it  is  manifest  that 

the  ratio  — ^t_  is  less  than  the  ratio  — 
B  +  C  B 

Remarks, — ^When  the  antecedent  is  greater  than  the  con- 
sequent, the  ratio  is  sometimes  called  a  ratio  of  greaiter  in- 
equality /  and  when  the  antecedent  equals  the  consequent, 
it  is  called  a  ra^  of  equality  ;  also,  when  the  antecedent  is 
less  than  the  consequent,  the  ratio  is  called  a  ratio  of  lesser 
inequality. 

6.  To  find  a  fourth  proportional  to  6, 12,  and  15 ;  also,  a 

third  proportional  to  4  and  6. 

12 
From  (31),  we  shall  have   15  x  -g-  =  15  x  2  =  30  =  the 

fourth  proportional ;  and  from  (32)  we  shall  have  6  x  -  = 

4 

6  X  1.5  =  9  =  the  third  proportional. 
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6.  To  find  a  mean  proportional  between  2  and  8,  and  be- 
tween 4  and  9. 

From  (32)  it  follows  that  the  sought  mean  proportionals  are 

7.  If  25  yards  of  a  certain  kind  of  cloth  cost  £30  10s., 
it  is  proposed  to  find  how  much  60  yards  of  the  same  kind 
of  cloth  is  worth. 

If  we  denote  the  required  value  by  »,  then  the  question, 
properly  stated,  gives  the  proportion  25  yds.  :  60  yds.  : :  £30 

10«.  :  X.    Hence,  since  60  yds.  —  25  jrds.  =  2-  =  2.4,  we 

6 

shall  get  aj  =  £30  10*.  x  2.4  =  £73  4*. 

If  25  yds.  and  60  yds.  are  treated  as  numbers,  our  propor- 
tion becomes  25  :  60  : :  £30  10«.  :  x  =  ^30  10*.  x  60  _ 

25 
£73  4«.,  which  mode  of  proceeding  is  in  conformity  to  the 
common  method  of  working  the  statement  of  a  question  in 
the  Rule  of  Three. 

8.  K  36  men  eat  a  certain  quantity  of  provisions  in  6 
weeks,  then  how  long  will  it  take  48  men  to  eat  the  same 
quantity  ? 

Because  48  men  will  clearly  eat  the  provisions  in  less  time 
than  36  men,  or  (which  is  the  same),  since  more  requires  less, 
this  question  clearly  falls  under  what  is  commonly  called  the 
Rule  of  Three  Inverse. 

If  X  stands  for  the  required  time,  the  question  gives  the 
proportion  36  m.  :  48  m.  : :  a? :  6  w. ;  which,  by  inverting  the 
terms  (according  to  (12)),  becomes  48  m.  :  36  m. ::  6  w.  :  x; 

QQ  Q 

consequently,  since  36  m.  -5-  48  m.  =  j^  =  j  =  0.75,  we  shall 

get  a?  =  6  w.  X  0.75  =  4.5  weeks. 

If  48  m.  and  36  m.  are  regarded  as  numbers,  our  propor- 
tion becomes  48  :  36  ::  6  w.  :  a?,  which  gives  x  = — — - 

=  4-  weeks. 
2 

9.  Given,  the  proportion  a  +  x  :  h  +  x  ::  8  :  2y  to  find  x. 
Dividing  according  to  (20),  we  get  a  —  J:J  +  a?::l:2, 
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or  the  equivalent  equation     ^,  =  -  =  2 ;  and  subtracting 

5  from  these  equals,  we  shall  get ?  =3 ^i  or 

because  xjb  a  —  h  times  as  great  as  — ^^^  we  shall  get  x  rr 

a  —  0 

12 A  X  (a  —  &)  =  2ii  —  2J  —  J  =  2a  —  3J,  as  required. 

If  we  put  2a  —  3&  for  x  in  the  given  proportion,  it  becomes 
8^.  _  8J  :  2flt  —  2i  ::  8  :  2 ;  which  is  equivalent  to  the  iden- 
tical proportion  3  :  2  ::  3  :  2,  as  it  clearly  ought  to  be. 

10.  To  find  a  thirdjbarmonical  proportional  to  1.2  and  8. 

12 
From  (43)  we  get  8  x  oTZTk  ==  *  =  ^^e  third  harmonical ; 

and  it  is  easy  to  perceive  that  12,  8,  and  6  are  in  harmonical 
jHH)portion  or  progression. 

11.  To  find  a  harmonical  mean  between  3  and  6. 

From  (43)  we  have  6  x  g-^fg  =  * ;  ^^^  3,  4,  and  6  are 
clearly  in  harmonical  proportion. 

12.  To  find  a  fourth  harmonical  proportional  to  5,  2, 
and  16. 

From  (43)  we  get  16  x  ttt;^  =  ^^j  ^^^  *^®  required  pro- 
portional, and  it  is  easy  to  perceive  that  6,  2, 16,  and  10  are 
in  harmonical  proportion. 

(4ft.)  LDOTS  OF  VARIABLE  BATEOS. 

If  the  antecedent  and  consequent  of  a  variable  ratio  are 
such  tiiat  (without  actually  changing  the  signs  of  any  of  their 
terms)  they  can  be  varied,  so  that  the  ratio  can  be  made  to 
differ  from  a  certain  fixed  ratio,  by  a  difference  which  is  less 
than  any  given  difference,  then  we  shall  call  the  fixed  ratio 
a  li/nvU  of  the  varicMe  ratio. 

Thus,  if  we  take  the  ratio  ^—^^  on  the  supposition  that  a 

0  -^  X 

and  h  are  constant  or  invariable,  while  x  is  variable,  then  it 
is  clear  tiiat  the  ratio  will  be  variable.  Supposing  x  to 
diminish  until  it  differs  from  naught  (0)  by  a  difference  less 
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than  saxy  giv^n  diffidreoce,  tlien  it  is  clear  that  tixe  ratio  will 
differ  from  the  ratio  ^  bj  a  difference  which  will  be  leas  than 

0 

any  given  difference ;  consequenfly,  ?  is  a  limit  to  the  pro- 

0 

posed  ratio ;  and  it  is  clear  that  the  limit  can  be  immediately 
obtained  by  patting  a?  =  0. 

Again,  since  f         = =.,  it  is  evident  that  the  ratios 

0  +  X       -|    .    * 

X 

-  and  -  will  be  diminished  indefinitely,  and  differ  from  0  by 

X  X 

differences  less  than  any  given  differences,  when  x  is  unlim* 
itedly  great,  since  a  and  h  are  supposed  to  be  finite ;  conse- 
quently, when  X  is  unlimitedly  great,  it  is  clear  that  -  =  1  is 

the  limit  of  the  proposed  ratio.  And  it  is  clear  that  this 
ratio  can  be  immediately  obtained  •  from  the  proposed  ratio 
by  omitting  a  and  i,  on  account  of  their  minuteness  in  com- 
parison to  a?,  when  x  is  unlimitedly  great,  which  reduces  the 

ratio  to  -  =  L 

X 

It  is  clear,  from  what  has  been  done,  that  the  given  ratio 
has  two  limits ;  one  of  which  results  from  making  a?  =  0,  or 
an  infinitesimal,  and  the  other  from  making  x  infinite,  or 
unlimitedly  great. 

It  is  hence  easy  to  perceive  how  we  are  to  proceed  in  any 
ease  to  find  the  limits  of  any  variable  ratio. 

To  illustrate  what  has  been  done,  take  the  following 

BXjIHPLISS. 

1.  To  find  the  limits  of  the  ratio  —I — ,  which  correspond 

2  +  3aj  ^ 

to  X  an  infinitesimal  and  x  infinite. 

A 

Putting  0  for  aj,  the  first  limit  is -  =  2 ;  and  putting  a  =00, 

2 

by  rejecting  4  and  2'in  comparison  to  dx  and  SXj  the  Becond 

dx 

Umit  is  o—  =  3. 
3x 


3.  To  find  the  limits  of  — IL--,  which  correspond  to  a?,  an 

3  +  ar 
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2.  To  find  the  limits  of  ;  "^    ,,  that  correspond  to  a^  an 

infinitesimal  and  x  infinite. 
Putting  0  for  a?,  we  get  ?  for  the  first  limit ;  and  putting 

cfi  for  a;,  the  second  limit  is  ~-  =  a;,  which  is  unlimitedly 

ar 

great,  since  x  is  infinite. 

3.  To  find  the  limits  c 

infinitesimal  and  infinite. 

Putting  0  for  a?,  the  first  limit  is  - ;  and  putting  aj  =  oo,  the 

o 
'I*       1  1 

second  limit  is  --  =  -,  which  is  infinitesimal,  since  -  is  infin- 

ar      a?  x 

itesimal,  because  x  is  infinite. 

4.  To  find  the  limits  of   ^  +  Sa?  +  7a^     ^^^  correspond  to 

9  -  11a?  +  14a?'  ^ 

X  an  infinitesimal  and  x  infinite. 

3      1 
Putting  0  for  a?,  the  first  limit  is  -  =  -.      And  putting 

a?  =  00,  it  is  clear  that  3  -f  5aj  must  be  rejected  in  comparison 

to  Taj",  and  that  9  —  lla?  must  be  rejected  in  comparison  to 

7aj*        1 
lAa? ;  consequently,  -r-z  =  -,  is  the  second  limit 

5.  To  find  the  limits  of    *^  "^        ,  that  correspond  to  x 

&CX  +  dai^ 
infinitesimal  and  x  infinite. 
Erasing  the  factor  x  from  the  dividend  and  divisor,  we  get 

the  equivalent  expression  SlZ. .    Hence,  putting  a?  =  0 

and  »  =  00,  we  get  —  and  _-  =  an  infinitesimal  (a?  being  in- 
5<3         da? 

finite),  for  the  required  values. 

6.  To  find  the  limits  of  — 1_?  and  — i — ,  that  correspond 
to  X  infinitesimal  and  x  infinite. 

Q  A 

Ana.  -,  and  infinite ;  -,  and  —  an  infinitesimal. 
4  5 
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7.  To  find  the  Hmite  of  g  +  to>-<^-^^  ^^  correspond 

c  -{-  bx  -\-  gar  —  nor 

to  w  infinitesimal  and  x  infinite.  Ans.  ?  and  ^. 

c         h 

8.  To  find  the  limits  of  2 — _Zl_ — . ,  that  correspond  to  x 

infinitesimal  and  x  infinite. 

Since  the  expression  is  equivalent  to  — 21 ,  the  answers 

—  6  +  8a 

are  —  p  and  3. 

0  o 

(46.)  To  find  the  true  value  of  a  ratio  or  fractional  expres- 
sion, whose  diyidend  and  divisor  are  reduced  to  0,  by  assign- 
ing certain  particular  values  to  some  of  their  terms ;  so  that 

the  expression  becomes  of  the  form  -.. 

/-J /J 

Thus,  if  we  take ;  then,  by  putting  a  for  a?,  it  be- 

a(a — X) 

comes    ^  ~^  ,  or,  since  a*  —  a*  =  0,  a  —  a  =  0,  and  that 
a(a  —  a) 

a  X  0  =  0,  it  becomes  -. 
'  0 

To  find  the  true  value;  we  observe  that  ^  "" —  =  ^L^.t 

a\a  — •  x)  a 

X  ^-H?  =  ^  "*"  ^,  when  the  useless  factor  of  the  dividend  an  1 
a  —  x         a 

divisor  is  erased,  as  it  evidently  ought  to  be,  since  it  malice 

no  part  of  the  value.    Hence,  if  we  put  a  for  a?  in  ?Jt_?,  wc 

a 

9/1  /x*  —  fl^ 

get  —  =  2  for  the  required  value  of  — ,  when  a  is  put 

a  a\a  —  a;) 

foro?. 

Again,  by  putting  a?  =  a  -}-  y,  we  get  aj^  =  a*  +  2ay  +  y-, 

and  thence  ^LJU —  is  reduced  to     ^  "^  ^  =  2  +  ?^ ;  conse- 
a\a  —  a?)  ay  a 

quently  (since  a  =  a?  reduces  y  to  0),  by  putting  y  =  0,  wc 

get  2  for  the  true  value  of  the  expression ;  which  is  the  same 

as  found  before. 

And  it  is  clear  that  we  may  proceed  in  a  similar  manner 

in  all  analogous  cases. 
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Hence,  if  ly  either  of  the  jyreceding  methods  v)e  reduce  the 
dvvidend  and  divieor  of  the  given  eofpreeeion  to  their  lowest 
terms  J  then,  by  proceeding  vrith  the  reduced  expression  accord- 
ing to  the  conditions  of  the  question^  we  shall  get  the  required 
value. 

EXAMPLES. 
^ ^ 

1.  To  find  the  value  of s-,  when  a  is  put  for  ». 

Dividing  the  dividend  and  divisor  bj  a  —  »,  the  reduced 

expression  is  — ^ — — ;  consequentlj,  putting  a  for  »  in 

a{a  H-  x) 

Sa^      3 
this,  the  required  value  =  _.  =  -. 

2a       2 

2.  To  find  the  value  of -I ,  when  a  is  put  for  x. 

Since  the  reduced  expression  = ,  the  required  value 

■"  a  H-  a  "  2a  "^ 

^ _f 

3.  To  find  the  value  of-- ,  when  a  is  put 

or  —  oar  —  a'a?  4-  flr 

for  a?. 

The  reduced  expression  being ,  the  required  value  = 

X — a 

=  -  =  infinity,  since  1  contains  the  infiniteesimal  0 


a  — a      0 

an  unlimited  number  of  times. 

4.  To  find  the  value  of  ^  ~  2^  H-  flo^  ^^^  ^  j^      ^ 

for  a?. 

Because  9?  —  2cx  +  e^  is  a  factor  of  the  dividend  and  di- 
visor, the  expression  equals  ^,  and  does  not  depend  on  any 

particular  value  of  x.    See  page  247,  Vol.  L,  of  the  Calcul. 
Differential,  etc.,  of  Lacroix. 

6.  To  find  the  value  of  i i-,  when  a  is  put  for  x. 

(x  -  ay 
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3 

Putting  »  =  tf  +  y,  the  expression  becomes  l_f?^ JlL  == 

(2a  +  yy  ;  consequently,  putting  y  =  0,  the  answer  =(2a)^, 
which  is  manifestly  correct,  since  \^  ""^)    ^  r>xr—a\    _ 

(a?  +  a)^. 

(4T.)      OF  THE  CHARACTERS   0   AND    00,   AND   THEIR  USE^. 

1.  A  number  or  quantity  that  is  contained  an  unlimitedly 
great  number  of  times  in  the  number  or  quantity  that  is 
taken  for  the  unit  in  any  calculation,  is  called  infinitely 
small^  or  an  infinitesimal^  which  is  (generally)  denoted  by 
0,  called  naughty  zero^  or  ciphei* ;  noticing  that  the  naught 
may  be  taken  with  either  of  the  signs  -f  or  — ,  according  to 
the  nature  of  the  case.  Again,  a  number  or  quantity  that 
contains  the  unit  of  number  or  quantity  an  unlimitedly  great 
number  of  times  is  said  to  be  infinite^  and  is  frequently  rep- 
resented by  00,  called  the  sign  of  infim,ity  /  noticing  that  the 
sign  of  infinity  may  be  taken  with  either  of  the  signs  +  or 
— ,  accordingly  as  the  number  or  quantity  represented,  is  re- 
garded as  positive  or  negative. 

It  may  be  added,  that  any  number  or  quantity  that  is  con- 
tained in  the  unit  (of  number  or  quantity),  or  which  contains 
it  a  limited  number  of  times,  is  said  to  be  finite. 

2.  It  is  clear  (from  Ax.  VII.,  and  from  the  nature  of  the 
case)  that  an  infinitCvSimal  which  is  connected  with  a  finite 
number  or  quantity  by  -|-  or  —  must  be  rejected,  and  that  a 
finite  or  infinite  number  or  quantity  which  is  connected  with 
an  infinitely  greater  number  or  quantity  by  +  or  —  must 
also  be  rejected.  Thus,  if  we  take  the  expression  3  +  2a?  -f- 
43?*,  then,  if  x  is  an  infinitesimal,  it  must  be  reduced  to  3, 
and  if  a?  is  infinite  (since  o?  will  clearly  be  infinitely  greater 
than  a?)  it  must  be  reduced  to  4a?. 

3.  Supposing  a;  to  be  an  infinitesimal  of  the  first  order, 
then  a?*,  which  is  (clearly)  infinitely  less  than  a?,  o^  infinitely 
less  than  aj*,  and  so  on,  together  with  all  the  infinitesimals 
that  have  finite  ratios  to  these,  will  clearly  be  infinitesimals 
of  the  second,  third,  etc.,  orders ;  also,  if  x  is  an  infinite  of 

15 
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the  first  order,  then  a?,  a?j  etc.,  together  with  all  infinites  that 
have  finite  ratios  to  these,  will  dearly  be  infinites  of  the  sec* 
ond,  third,  etc.,  orders. 

4.  K  0  and  0  stand  for  two  infinitesimal  nnmbers  or 
quantities  of  the  same  kind,  then  it  is  clear  (from  what  has 
been  done)  that  they  may  be  supposed  to  be  connected  to- 
gether by  an  equation  of  the  form  0  x  a  =  0,  such  that  if 
the  infinitesimals  are  of  the  same  order,  a  shall  be  a  finite 
number  or  quantity,  which  may  be  constant  or  Variable, 
according  to  the  nature  of  the  case ;  noticing  that  if  the  divi- 
dend in  the  expression  for  a  is  an  infinitesimal  of  a  higher 
order  than  the  divisor,  a  must  be  an  infinitesimal  of  a  cer- 
tain order ;  and  that  if  the  dividend  is  of  a  lower  order  of 
infinitesimals  than  the  divisor,  then  a  must  be  an  infinite  of 
a  certain  order.  Similarly,  if  two  infinite  numbers  or  quan- 
tities of  the  same  kind  are  denoted  by  oo  and  oo,  then  they 

may  be  connected  by  the  equation  oo  x  A  =  oo,  or  A  =  — , 

00 

such  that  A  is  finite  when  the  infinites  are  of  the  same  order; 
noticing  that  A  is  an  infinitesimal  of  a  certain  order  when 
the  dividend  is  of  a  less  order  than  die  divisor,  and  vice 
versa. 

(48.)  From  what  has  been  donej  we  are  brought  to  the 
consideration  of  the  following  most  important 

PRINCIPLE. 

Supposing  the  quantity  X  to  be  expressed  in  terms  of  the 
(number  or)  quantity  a;,  if  x  is  changed  into  ;z?  +  A,  it  is  clear 
that  X  will  be  changed  into  the  corresponding  quantity 
X  +  H ;  in  which  H  results  from  changing  x  into  a?  4-  A,  so 
that  H  depends  on  h;  now  if  x  and  A  are  such  that  they 
may  be  considered  as  being  indeterminate  or  arbitrary,  the 

H 

quotient  --  shall  (in  part  at  least)  be  independent  of  A/  so 

that  when  A  and  H  are  small,  the  quotient  shall  be  nearly 
invariable. 

For,  put  A  =  2Ai,  and  use  X  +  Hi  to  represent  the  value 
of  X  resulting  from  the  substitution  of  »  -f  Aj  for  «  in  X; 
then  if  we  substitute  x  +  hitor  xinX  -^  Hi,  and  represent 
the  change  in  Hi  (resulting  from  the  substitution  of  a?  -h  A^ 


GBOMETRICAL    PROPORTIONS,    BTC.  3St7 

fbr  X  in  it)  by  H'l,  X  +  Hi  will  become  X  +  2Hi  -f  H'l ; 
since  X  becomes  X  +  Hi,  and  that  Hi  becomes  Hi  +  H'l. 

Because  h  =  2Ai,  and  that  X  becomes  X  -f  H  by  changing 
a  into  X  +  hy  and  that  X  becomes  X  +  2Hi  -f-  H'l  by  chang- 
ing X  into  X  +  hi  and  then  changing  x  in  the  result  into 
a;  -f  Ai,  it  is  clear  that  we  must  have  H  =  2ni  +  H'j ;  because 
in  each  process  x  has  been  changed  into  a?  +  A,  and  that  tlie* 
same  valne  of  X  must  correspond  to  the  same  talue  of  »+ A* 
Dividing  the  equals  H  and  2Hi  4-  H'l  by  the  equals  h  and 

2A„  we  get  the  equation  |  =  ^J^j  =  |>  + 1^,  (1) ; 
in  which,  it  is  clear,  if  we  put  Ai  =  ^  for  A,  tliat.the  quotient 

TT  XT  TT/ 

^  will  become  the  quotient  ^ ;  and  it  is  also  clear  that  — I 
A  ^  Ai  2Ai 

H 
equals  the  variation  of  -^,  which  results  from  changing  x  (in 
2Ai 

H'  H 

it)  into  a?  +  Aj.    Because  —J  is  the  variation  of  —J  that 
^  2Ai  2Ai 

results  from  putting  x  +  hi  for  «,  it  is  plain  that  .—^  must 

Ai 

have  a  part  or  a  term,  which  we  shall  denote  by  A,  such 

TT/ 

that  it  shall  be  dijSerent  from  any  term  or  part  of  ^ ;  and 

2Ai 

since  (1)  must  clearly  be  an  identical  equation,  or  that  the 

terms  of  the  two  members  must  be  identical,  so  that  it  m»ny 

be  satisfied  independently  of  A  or  Ai,  it  follows  that  A  must 

TT  TT  TT  TT 

be  common  to  --  and  -=-* ;  and  since  --  is  changed  into  —i 
A  Ai  A  Aj 

by  putting  Ai  =  -  for  A,  it  is  clear  that  A  is  independent  of 

2 

H 

A  or  Ai ;  consequently,  the  quotient  --  w  in  part  independent 

A 
ofL 

Again,  because  —  is  a  part  or  a  term  of  the  quotient  ^,  it 
2  2Ai 

H'        H 

results,  if  A  contains  »,  that  the  variation  -_i  of  — -^  must 
'  '  2Ai       2Ai 

contain  a  term  of  the  form  BAi,  such  that  B  is  independent 

of  Ai ;  noticing  that  BAi  results  from  the  substitution  of 

1?  +  Ax  for  X  in  A, 
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Hence,  it  follows  that  the  right  member  of  (1)  must  con- 
tain  the  term  BAj  =  ^  A,  and  of  course,  since  the  equation 

H 
must  be  identical,  the  first  member  -~  must  contain  a  corre- 

h 
sponding  term,  which  we  shall  represent  by  AjA,  in  which 
^1  is  independent  of  h ;  consequently  (agreeably  to  what 

IT 

has  been  shown),  if  Ai  is  put  for  A,  —i  must  contain  the 

Ai 
term  AJvi, 

Because  -i  contains  the  term  AjAi,  if  Aj  contains  a?,  it  fol- 

lows  that  51^  must  contain  a  term  of  the  form  ^^^  =  -^il^ 
2h>  2  8' 

since  Aj  becomes  of  the  form  Ai  +  A^iAi  4-  etc.,  in  which  A\ 

is  supposed  not  to  contain  Ai ;  consequently,  since  (1)  must 

be  an  identical  equation,  it  follows  that  --  must  contain  a 

A 

corresponding  term,  which  may  be  expressed  by  A^A';  in 

which  Aa  is  supposed  not  to  contain  A. 

It  may  be  shown,  in  like  manner,  if  As  contains  a?,  that 

—  must  contain  a  term  of  the  form  AgA*,  and  so  on ;  conse- 
A 

TT  TT 

quently,  —  must  be  expressed  by  the  form  ._  =  A  +  A^A  -f 
A  A 

A^'  4-  AgA^  +  etc.,  (2) ;  in  which  A,  Ai,  Aj,  etc.,  are  sup- 
posed to  contain  »,  and  to  be  independent  of  A. 

It  is  clear  that  we  may  assign  particular  values  to  x  and 
A  in  (2),  provided  A,  Ai,  Aj,  etc.,  dot  not  any  of  them  become 
infinite ;  for  (2)  is  clearly  true  when  A,  Ai,  As,  etc.,  are 
finite,  or  one  or  more  of  them  reduced  to  0. 

K  one  or  more  of  the  quantities  A,  Ai,  A,,  Aj,  etc.,  as  Ag, 
becomes  infinite  for  any  particular  value  of  a;,  it  is  clear  that 
(2)  is  true  no  further  than  to  the  term  AjA^,  or  to  the  term 
which  first  becomes  infinite. 

If  A  does  not  contain  a?,  it  is  clear  that  (2)  will  be  reduced 

TT  TJ 

to  —  =  A,  which  shows  the  quotient  -  to  be  invariable. 
A  A 

If  A,  Ai,  Aj,  etc.,  contain  a?,  and  A  is  not  very  small  in 

comparison  to  Ai,  A^,  etc.,  then  if  A  is  small  in  compaiison 
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H 

to  unity,  it  is  clear  that  the  quotient  --  will  not  differ  much 

h 

from  A,  when  different  values  are  assigned  to  Ay  but  if  Aj, 

A,,  Aj,  etc.,  are  very  great  in  comparison  to  A,  it  will  be 

necessary  to  make  h  extremely  small  in  comparison  to  unity 

(so  that  the  terms  AiA,  A,A',  etc.,  in  (2)  may  not  sensibly 

affed;  A),  in  order  that  the  quotient  may  be  nearly  invariable 

when  h  is  varied. 

TT 

Hence,  if  ^  is  treated  as  a  ratio,  it  results  ihoi;t  h  may  be 
A 

taJcen  so  smaU,  thai  H  shall  vary  very  nearly  as  A. 

It  may  be  noticed,  that  if  the  two  members  of  (2)  are  mul- 
tiplied by  A,  there  results  H  =  AA  -f  AjA*  +  A,A'  4-  etc. ; 
consequently,  if  X'  =  X  -f  H,  we  get  X'  =  X  +  AA  +  A,A^ 
-I-  AaA*  +  etc.,  (3) ;  in  which  X'  represents  the  value  of  X, 
that  corresponds  to  a?  +  A.  If  in  X'  we  change  x  into  x  +  A*, 
and  represent  the  corresponding  change  in  X'  by  K,  X'  will 
be  changed  into  X'  +  K,  and,  according  to  what  has  been 

shown,  the  quotient  --  will  be  very  nearly  invariable  when 

A/ 

k  is  very  small.    If  A  is  very  small,  it  is  clear,  from  (3),  that 

XT  *        -g- 

we  shall  have  _.  =  — .,  (4),  very  nearly ;  consequently,  if  A 

A  A/ 

and  k  have  like  signs,  H  and  K  must  also  have  like  signs, 
and  conversely. 

Remarks. — 1.  It  may  not  be  improper  here  to  notice  that 
any  number  or  quantity  whose  value  is  supposed  to  remain 
the  same  during  any  calculation,  is  called  2k  constant ;  while 
any  number  or  quantity  whose  value  is  supposed  to  change 
is  called  a  variable  '^  where  it  may  be  observed  that  a  con- 
stant is  usually  expressed  by  one  of  the  first  letters  of  the 
alphabet,  while  a  variable  is  expressed  by  one  of  the  last 
letters. 

2.  If  any  variable,  as  X,  depends  on  another  as  x^  then  X 
is  called  a  function  of  x^  and  X  is  sometimes  called  the 
dependent  variable  and  x  the  independent  variable.  If  the 
form  of  the  expression  of  X  in  terms  of  x  is  known  or  given, 
then  X  is  said  to  be  an  explicit  function  of  x  ;  but  if  tlie  form 
of  the  expression  of  X  in  terms  of  x  is  not  given,  then  X  is 
said  to  be  an  implicit  function  of  x.    Thus,  in  X  =  ckc  +  ^9 
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X  18  an  explicit  function  of  x^  while  a;  is  an  implicit  function 
of  X. 
To  show  the  use  of  what  has  been  done,  take  the  following 

EXAMPLES. 

Ex.  1.  Given,  ^  =  2a?  +  A,  to  determine  whether  it  has  been 
derived  from  a  function  of  »,  by  the  process  indicated  in  (1). 

TT 

By  changing  A  into  Aj  we  get  -^i  =  2a>  +  Aj ;  and,  chang- 

Ai 

ing  X  in  this  into  x  +  A,,  we  get  ^  =  r?^±A)_±iil  - 

/25  +  A,\  ^  ^  .  consequently,  we  shall  have  ^  +  ^  = 
\      2      /  Aj       2Ai 

TT  TT  TT^ 

2aj  +  2Ai  =  2a?  +  A,  and  of  course,  since       =  -i  +  —J,  the 

A       Ai       2Ai 

given  expression  has  been  derived  from  a  function  of  x;  in- 
deed, we  have  (»  +  A)*  —  o^  =  2a?A  +  A'  =  H,  and  thence  get 

TT 

— -  =  2a?  +  A,  so  that  the  given  expression  may  have  been 
A 

derived  from  a?*. 

Ex.  2.— Let  8  and  d  denote  the  sum  and  diflference  of  two 
numbers  or  quantities  of  the  same  kind,  to  find  them. 

If  X  represents  the  less  of  the  two,  it  is  plain  that  x  -\-  d 
will  represent  the  greater ;  consequently,  if  a  and  h  are  par- 
ticular values  of  a?,  we  have  a,  a  4- 1?,  and  b^l  -{-d  for  the 
corresponding  numbers  or  quantities,  and  2a  4-  rf,  2i  +  d 
will  be  their  corresponding  sums. 

Hence,  considering  2a  -\'  dy2b  +  d  9^  different  particular 
values  of  X,  we  have  2a  —  2J  =  2(a  —  J)  =  H ;  and  since 
a  —  ft  =  A  equals  the  difference  of  the  corresponding  values 

of  a?,  we  shall  get  --  =    ^^ "~  ^  =  2.    Because  8  is  the  value 
A        a  —  0 

of  the  sum  that  corresponds  to  »,  and  2a-{-  d  that  which  cor- 
responds to  a?  =  a,  we  get  «  —  (2a  +  rf)  =  H,  and  x--a^h; 

consequently,  since  -p  =  2,  we  get  2  =  iZU^JZ— ,  or,  if  we 
A  X  —  a 

multiply  these  equals  by  a?  —  a,  we  get  2af  —  2a  =  «  —  2a  — 

V  ^^ «     s  —  d  „„^  ^.j     s  —  d      2d     8  -hd 
rf,  oraj  =  -_,anda?  +  d=-^+  —  =  _ — 
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Hence,  the  halfsimh  added  to  the  half  difference  gives  the 
greater  of  the  two;  and  the  half  difference  subtracted  from 
the  half  sum  gives  the  less  of  the  two. 

It  may  be  noticed  that  the  method  of  doing  this  question 
is  substantially  the  same  as  the  Rule  of  Double  Position  in 
Arithmetic.  See  Btitberford's  edition  of  Hutton's  Mathe- 
matics, p.  79. 

Ex.  3. — Given  6,  the  square  root  of  25,  and  5.1961,  the  ap- 
proximate square  root  of  27,  to  find  the  approximate  square 
root  of  26. 

Here,  using  25,  26,  and  27  as  different  values  of  a?,  and 
their  square  roots  as  the  corresponding  values  of  X,  we  shall 

,  V27  --  1^25        V26^V25  ^^^^  ^^.^    ^^    0.1961 
get  2 =  -^ J very  nearly,  or    — —  =:= 

p.0980  =  4^26  —  5 ;  consequently,  V26  =  5.0980  nearly. 

Since  f^  =  5,099,  we  perceive  that  our  process  gives 
the  root  correctly  to  two  decimal  places. 

Ex.  4.— Given  V2S9  =  17,  and  i^'291  =  17.058722,  to' find 
V'290. 

By  proceeding  as  in  the  preceding  question,  we  get 
V2§0  =  17.02936  very  nearly ;  since  4^290  =  17.02988,  it 
appears  that  our  root  does  not  differ  from  the  true  root  by 
more  than  two  units  in  the  fifth  decimal  place ;  so  that  we 
have  found  the  root  more  correctly  than  in  the  preceding 
question. 

The  reason  why  we  have  found  the  root  more  correctly  in 
this  than  in  the  preceding  question  clearly  is,  that  the  nuioi- 
bers  289,  290,  291  are  nearer  to  a  ratio  of  equality  than  the 
numbers  26,  26,  27. 

Hemarks. — ^Hence  we  perceive  the  reason  for  correcting 
(numbers  or)  quantities  found  nearly  from  table?,  such  as 
logarithmic,  astronomical,  etc.,  tables,  and  then  taking  pro- 
portional parts  for  the  corrections.  Tlius,  having  2.414973 
and  2.416641,  the  logarithms  of  260  and  261,  by  proceeding 
as  in  the  preceding  questions,  we  get  2.415307  very  nearly 
for  the  logarithm  of  260.2,  which  agrees  with  the  logarithm 
as  found  directly  from  the  tables. 
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Ex.  5. — ^To  find  a  number  whose  square  added  to  three 
times  the  number  makes  20. 

Let  X  represent  the  number,  then,  using  3.2  and  3.3  as 

particular  values  of  a?,  we  get  (3.2)*  +  3  x  3.2  =  19.84  and 

(3.3)*  +  3  X  3.3  =  20.79   for  the  corresponding  particular 

H      9  5 
ralues  of  X ;  consequently,  we  get  -.  =  -j- ;  and  since  x 

a        1 

must  correspond  to  X  =  20,  we  also  have  -^  = 


A       a?  —  3.2 

Equating  the  values  of  ?,  we  get  9.6  =    ^'"^f   ,  or  a?  -  3.2 
h  a?  —  3.2 

=  OJ^  ^  0.0168,  which  gives  x  =  3.2168  nearly ;  for  (3.2168)' 

9.5 
-I-  3  X  3.2168  =  19.998  +,  which  differs  but  little  from  20. 
If  3.2168  and  3.217  are  used  as  particular  values  of  a?,  we 
shall  find  x  more  nearly,  and  so  on  to  any  extent 

Hema^k. — Since  this  question  virtually  requires  such  a 
value  of  a?  as  satisfies  the  equation  aj^  +  3aj  =  20,  we  perceive 
how  to  apply  our  process  to  the  solution  of  equations. 

Ex.  6. — Supposing  X  to  have  unlike  signs  for  the  particular 
values  a  and  h  of  a;,  and  tliat  b  is  greater  than  ay  we  propose 
to  show  that  there  is  at  least  one  value  of  x  which  is  greater 
than  a  and  less  than  &,  such  that  the  corresponding  value  of 
X  equals  0. 

Kepresenting  the  values  of  X  which  correspond  to  a  and 
S  by  A  and  B,  and  supposing  x  to  increase  from  a  to  J  by 
the  successive  additions  of  the  very  small  positive  (ntimbers 
or)  quantities  A,  t,  ky  Z,  etc.,  and  that  H,  I,  K,  L,  etc.,  are  the 
very  small  variations  of  the  corresponding  values  of  X,  then 
we  shall  clearly  have  a-fA  +  i-fi+  etc.  =  J,  (1),  and 
A  +  H  +  I  +  K+  etc.  =  B,(2). 

If  we  subtract  A  from  the  two  members  of  (2),  we  get 
H  +  I  +  K  +  L+etc.  =B  —  A,(3),  in  which  (since  A  and 
B  are  supposed  to  have  unlike  signs)  B  and  —  A  have  like 
signs ;  consequently,  the  first  member  of  the  equation  equals 
the  absolute  sum  of  —  A  and  B.  Hence,  if  we  form  the 
successive  sums  H,  H  +  I,  H  +  I  +  K,  H  +  I  +  K  +  L, 
and  so  on,  it  is  clear  that  —  A  must  either  equal  one  of  these 
sums,  or  be  greater  than  one  of  two  that  are  successive,  and 
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less  than  the  remaining  one  of  the  two.     Hence,  by  taking 
hy  t,  A,  etc.,  sufficiently  small,  we  shall  clearly  have  H  +  I 

-f-K  + +r  =  -A,orA  +  H4-I-hK4- T  = 

0,  while  the  sum  of  the  remaining  terms  of  the  first  member 
of  (3)  equals  B. 

Because  X  =  A-fH  +  I  +  ....  +  T'  =  0  corresponds  to 
a?  =  a-fA  +  t  +  ....-|-^,  which  is  clearly  between  a  and 
&,  or  greater  than  a  and  less  than  &,  it  is  evident  that  a  value 
of  X  can  be  found  as  proposed. 

Rema/rka. — 1st.  If  5  —  a  is  very  small,  while  A  and  B  are 
very  great,  it  is  evident  from  (3)  that  H,  I,  K,  etc.,  can  not 
be  yex'j  small,  unless  A,  t,  yfc,  etc.,  are  extremely  small. 

2d.  If  the  particular  values  a  and  h  oi  x  can  be  found, 
such  that  the  corresponding  values  A  and  B  of  X  have  un- 
like signs,  it  results  (from  what  has  been  done)  that  there  is 
at  least  one  particular  value  oix  between  a  and  h  which  will 
reduce  X  to  0,  or  which  will  satisfy  the  equation  X  =  0. 
Hence,  if  we  dejme  the  roots  of  cm  equation  to  he  thoie  values 
of  the  vmhnown  letter  {or  the  independent  variable)  which 
satisfy  the  equation,  we  perceive  how  we  may  (often)  pro- 
ceed in  order  to  find  them.  Thus,  if  we  put  a:*  —  7a?  +  5  for 
X,  and  use  6  and  7  for  a  and  J,  we  get  —  1  and  5  for  the 
corresponding  values  of  A  and  B ;  consequently,  tlie  equa- 
tion a?  —  7aj  -i-  5  =  0  has  a  root,  which  is  greater  than  6  and 
lees  than  7.  Also,  if  we  use  0.8  and  1  for  a  and  J,  we  get 
0.04  and  —  1  for  the  corresponding  values  of  A  and  B ;  con- 
sequently, the  equation  a?  —  7aj  -f  5  =  0  has  another  root, 
which  lies  between  0.8  and  1. 

To  find  these  roots  more  nearly,  we  remark  that  B  —  A  is 
the  variation  of  a^  -—  7aj  +  6,  which  results  from  the  variation 
ft  —  a  of  a?,  and  that  to  find  the  root  x  we  have  aj*  •—  7a;  +  6  = 
0  for  the  corresponding  value  of  a?*  —  7aj "+  S ;  consequently,. 
0  —  A  is  the  variation  of  aj^  —  7aj  +  5,  which  results  from 

"R  —  A 

changing  x  into  x  —  a;   so  that  we  shall  have  — = 

0  —  a 

— —  nearly. 
x--a 

If,  in  this  equation,  we  put  —  1,  5,  6,  and  7,  severally  for 

A,  B,  a  and  J,  we  shall  get  6  = ;  or  we  shall  have 

X  —  6 
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a?  =  6-  =  6.16  +  for  the  value  of  the  first  of  the  preceding 

roots,  correct  to  one  decimal  place.  If  6.1  and  6.2  are  put 
for  a  and  J  in  a?  —  7aj  +  5,  the  corresponding  values  of  A  and 
B  will  be  found  to  be  —  0.49  and  0.04 ;  consequently,  if  we 
put  —  0.49,  0.04,  6.1,  and  6^  for  A,  B,  <»,  and  J,  and  proceed 
as  before,  we  shall  have  6.192  4-  for  a  still  more  correct  value 
of  the  root ;  and  by  continuing  the  preceding  process  suf- 
ficiently far,  the  root  may  be  found  to  any  required  number 
of  decimal  places. 

K  0.04,  —  1,  0.8,  and  1  are  severally  used  for  A,  B,  <z,  and 
J,  we  shall  in  like  manner  get  0.807  +  for  the  second  of  the 
preceding  roots. 

3d.  Taking  the  equation  of  the  n**  degree,  a?"  +  Aiaj*~^ 

+  Aaof*-*  +  Agflf-^  + 4- An  —  1  «?  +  An  =  0,  it   may 

be  noticed,  if  n  is  an  odd  number,  that  the  equation  must 
have  at  least  one  real  root,  which  has  a  sign  contrary  to  An, 
the  absolute  term  of  the  equation ;  and  that  if  n  is  an  even 
number,  and  the  absolute  term  is  negative,  the  equation 
must  have  at  least  two  real  roots,  one  of  which  is  positive 
and  the  other  negative. 

For  if  n  is  odd,  and  we  put  »  =  0,  the  function  af*  + 
Aiflf*^  4-  etc.,  is  reduced  to  An  /  and  if  we  give  x  a  contrary 
sign  to  An,  and  suppose  »  to  be  very  great,  it  is  clear  that 
the  sign  of  the  function  a?*  -f  Aia?*^""^  +  etc.,  will  be  the  same 
as  that  of  its  first  term  a^,  which  will  be  the  same  as  the  sign 
of  a?,  because  n  is  an  odd  number ;  consequently,  the  sign  of 
the  function  will  be  contrary  to  that  of  An. 

Hence,  because  the  function  af*  +  Aiaf*~^  H-  A^^^  -f  -  . . . 
+  An  changes  its  sign  between  a?  =  0  and  a?  very  great  and 
of  a  contrary  sign  to  An,  it  follows,  from  what  has  been 
shown,  that  the  given  equation  has  at  least  one  real  root  which 
lies  between  a?  =^  0  and  x  very  gi'eat  and  of  a  contrary  sigu  to 
An/  consequently,  if  An  is  negative,  the  equation  has  a 
positive  root,  and  if  An  is  positive,  the  equation  has  a  nega- 
tive root. 

Again,  if  n  is  an  even  number  Bf\d  An  is  negative,  then, 
by  putting  a?  =  0,  the  function  will  be  reduced  to  An,  a  neg^ 
fitive  result ;  but  if  wd  give  x  the  same  sign  as  An,  or  a  sign 
which  is  contrary  to  it,  and  make  x  very  great,  the  sign  of 
the  function  will  be  the  same  as  that  of  its  first  term  af ,  which 
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will  be  positive,  because  n  is  an  even  number ;  consequently, 
because  the  function  af*  +  Aiaf *"*  +  A^^^  +....+  An 
changes  its  sign  between  a?  =  0  and  x  very  great  and  of  the 
same  sign  as  An,  and  between  a;  =  0  and  x  very  great  and 
of  a  contrary  sign  to  An,  it  follows  that  the  given  equation 
has  a  pair  of  roots,  one  of  which  is  positive  and  the  other 
negative.  Thus,  the  equation  p;*  +  3a>*  -^  4  =  0,  has  a  posi* 
tive  root ;  the  equation  a?*  —  7»  +  5  =  0,  has  a  negative  root ; 
and  the  equation  a^  +  4a^  —  5  =  0,  has  a  pair  of  roots,  one 
of  which  is  positive  and  the  other  negative. 

Ex.  7. — Let  X  be  such  a  function  of  x  that  when  a,  a  -j-  A, 
a  +  A  +  i  are  severally  put  for  »,  it  shall  become  A',  0  (or 
naught),  and  K ;  then  supposing  A  and  k  to  be  positive  and 
very  small,  we  propose  to  show  that  A'  and  K  will  have  un- 
like signs. 

Let  H  express  the  variation  of  X  =  A'  which  results  from 
changing  x  =  a  into  a  +  A  =  a  +  Ay  then,  by  the  question, 
we  shall  have  A'  +  H  =  0,  or  H  =  —  A',  so  that  H  and  A' 
have  unlike  signs.  Again,  since  K  is  clearly  the  variation 
of  X  =  A'  4-  H  =  0,  which  results  from  changing  aj  -f  A  == 
a  +  A  into  aj  +  A  +  i  =  a4-AH-A,  and  that  A  and  k  are  very 
small,  it  follows  (from  (4),  given  at  p.  229)  that  we  shall  have 

*!=:  =  —  very  nearly ;  consequently,  since  A  and  k  have  like 
A       k 

signs,  H  and  K  must  also  have  like  signs,  and  since  H  and 

A'  have  unlike  signs,  K  and  A'  must  also  have  unlike  signs, 

which  is  in  accordance  with  what  we  proposed  to  show. 

Hema/rks. — 1st.  If  the  quotients  -=-  and  -j-  are  finite,  it  k 

h  h 

evident  (because  A'  is  the  value  of  X  just  before  it  is  reduced 

to  0,  and  K  it-s  value  just  after)  that  the  sign  of  the  function 

X  is  changed  when  it  passes  through  0,  in  consequence  of  the 

(supposed)  increase  of  its  independent  variable  a?.    Hence, 

supposing  x  to  increase  from  being  less  than  any  root 

of  the  equation  X  =  0,  and  to  pass  through  the  successive 

TootB  (or  to  become  equal  to  them)  as  it  is  increased ;  then  if 

TT  TT 

the  quotients  --  and  —  are  finite  for  all  the  roots,  it  follows 
A  k 

i  H      K 

from  what  has  been  done,  that  X  and  -^  or  --,  will  have  un- 

A         k 
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like  sigBB  just  before  x  passes  through  each  real  root,  and  the 

same  sign  just  after  the  passage. 

H      K 
Because  X  and  .--  or  —  have  like  signs  just  after  the  pas- 

sage  of  X  through  a  root  of  the  equation  X  =  0,  and  since 

they  must  have  unlike  signs  just  before  x  passes  through  the 

II         K 
next  successive  root  of  the  equation,  it  follows  that  —  and  -_ 

A  k 

must  change  their  signs  between  every  two  successive  real  roote 

TT 

of  the  equation  X  =  0 ;  consequently,  the  equation  --  =  0 
or  —  =  0  must  have  a  root,  which  lies  between  every  two 

A/ 

successive  roots  of  the  equation  X  ==  0. 

Since  (by  (2)  at  p.  228)  we  have  ?  =  A  +  AjA  +  A,A-  4- 

A 

etc.,  in  which  A,  Aj,  A^,  etc.,  are  independent  of  A  and  finite ; 
it  is  clear  when  h  is  very  small  (or  when  x  is  increased  by 
the  successive  additions  of  the  very  small  numbers  or  quan- 
tities A,  ky  etc.,  as  is  here  supposed),  that  the  sign  of  --  must 

A 

be  the  same  as  that  of  A,  wAich  is  caUed  tAe  f/rst  derived 

fimction  of  X ;  consequently,  since  --  changes  its  sign  with 

A 

A,  it  follows  that  one  root  of  the  equation  A  =  0  must  lie 

between  every  two  successive  roots  of  the  equation  X  =  0. 

K  a  and  h  are  two  particular  values  of  x^  and  A  and  B  the 
corresponding  values  of  X,  then  if  A  and  B  have  unlike 
signs,  it  is  clear,  from  what  has  been  shown,  that  an  odd 
number  of  the  roots  of  the  equation  X  =  0  must  lie  between 
a  and  h  ;  but  if  A  and  B  have  like  signs,  then  an  even  num- 
ber of  the  roots  or  no  (real)  roots  of  the  equation  X  =  0  can 
lie  between  a  and  i. 

Resuming  the  equation  of  the  n^  degree,  a?"  -f  AjOf*"*  -h 
A^-*  +*....  4- A^ia?  -f.  An  =  0,  from  p.  234 ;  then,  since 
when  n  is  an  odd  number,  and  kn  negative,  the  equation 
must  have  one  positive  root,  it  follows,  if  it  has  any  more 
positive  roots,  that  it  must  have  an  even  number  of  them ; 
and  since  the  function  a?"  +  Aiaf*~*  +  A^"'  +  .  .  .  .  4-  Ati. 
has  the  same  sign  when  a?  =  0,  that  it  has  when  we  put  —  x 
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for  Xy  and  make  a  unlimitedly  great,  it  follows  that  the  equa- 
tion has  either  an  even  number  of  negative  roots  or  no  neg^ 
ative  roots. 

K  71  is  an  odd  number  and  An  positive,  it  may  be  shown 
in  a  similar  way  that  the  equation  must  have  an  odd  number 
of  negative  roots,  and  that  it  has  either  an  even  number  of 
positive  roots  or  np  such  roots. 

If  n  is  an  even  number  and  An  negative,  since  it  has  been 
shown  that  the  equation  must  have  a  positive  and  negative 
root,  it  follows  that  the  equation  may  have  any  odd  number 
of  positive  or  negative  roots,  according  to  the  nature  of  the 
case. 

K  n  is  an  even  number  and  An  positive,  then,  since  the 
sign  of  the  function  af  4-  Aja^-*  4-  Aaflj"-*  +  r .  .  .  +  An  is 
the  same  when  »  =  0  that  it  is  when  x  is  unlimitedly  great, 
it  follows  that  the  equation  has  either  an  even  number  of 
positive  roots  or  no  such  roots ;  and  because  the  sign  of  the 
function,  when  —  a?  is  put  for  x  and  x  is  unlimitedly  great, 
is  the  same  as  the  sign  of  An,  it  follows,  as  before,  that  the 
equation  has  either  an  even  number  of  negative  roots  or  no 
negative  roots.  * 

2d.  If  —  or  — :  is  an  ini&nitesimal,  or  reduced  to  0,  when  x 
h       k 
passes  through  a  root  of  the  equation  X  =  0,  then  the  equa- 
tion must  have  equal  roots,  for  otherwise  it  is  clear,  from 

TT  jr 

what  has  been  done,  that  ~  or  ~  can  not  be  reduced  to  0. 

h       k 

TT      TT 

Because  X  and  ~  or  :!=:  are  reduced  to  0  by  the  same 
h  k 
value  of  a?,  it  is  clear  that  the  equations  X  =  0  and  A  =  0 
must  exist  at  the  same  time,  and  that  any  equal  roots  must 
enter  once  oftener  into  the  first  of  these  equations  than  into 
the  second. 

Hence,  if  we  find  the  greatest  common  divisor  of  X  and 
A,  and  put  it  equal  to  0,  and  find  the  roots  of  the  resulting 
equation,  they  will  clearly  be  the  equal  roots  of  the  equation 
X  =  0 ;  and  by  increasing  the  number  of  equal  roots  thus 
found  by  one,  we  shall  clearly  get  the  number  of  times  that 
each  qflual  root  enters  into  the  equation  X  =  0. 

Thus,  if  we  take  the  equation  ar*  —  a?*  —  8»-f-12  =  0,  and 
change  x  into  x  -f  A,  we  shall  get  (a?  +  Kf  —  (a?  -|-  A)*  —  S 
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(»  +  A)  H-  12  ==  »»  -  a?  -  8«  +  12  +  (Soj*  -  2»  -  8)A  + 
(3a?  —  l)h?  +  A' ;  consequendy,  Saj*  —  2a?  —  8,  the  coefficient 
of  tlie  simple  power  of  A,  is  clearly  the  value  of  A.,  the  first 
derived  fuDction  of  the  function  aj"  —  a*  —  Sa?  +  12.  Since 
«» —  «»  -  8aj  +  12  =  a?»  —  2»*  -f  a?*  —  8a?  +  12  =  aj»(a?  —  2)  4- 
a<iP  -  2)  -  6(a?  -  2)  =  (a;^  +  a?  -  6)  (a?  -  2),  and  3x*  -  2a?  -  8 
=  2^x  —  2)  4-  4{a?  —  2)  =  (3a?^+  4)(a?  —  2),  it  is  plain  that 
aj^  —  jc*  -^  8a?  -f  12  and.  3aj*  —  2a  —  8  have  a?  —  2  for  a  com- 
mon factor;  consequently,  they  will  both  be  reduced  to  0 
by  putting  i9  —  2  equal  to  0  or  a?  =  2,  so  that  a?  =  2  is  a 
common  root  of  the  equations  aj*  —  a?*  —  8a?  +  12  =  0  and 
3aj»  —  2a?  —  8  =  0. 

Since  the  root  2  is  contained  once  more  in  the  equation 
a^_^  aj»  —  8a?  +  12  =  0  than  in  Sa?*  —  2a?  —  8  =  0,  it  is  plain 
that  a?*  —  a?*  —  8a?  +  12  must  be  divisible  by  (a?  —  2)^  =  a?*  — 
4aj  +  4;  performing  the  division,  we  get  a?  -i-  3  for  the  quo- 
tient, so  that  we  shall  have  a?*  — a?*— 8a?  +  12  =  (a?  — 2) 
(aJ  —  2)(a?  -f  3)  =  0,  which,  being  satisfied  by  putting  a?  =  2, 
aj  ;=  2,  or  a?  =  —  3,  it  follows  that  the  equation  a?'  •—  a?*  —  8a? 
+  12  =  0  has  2,  2,  and  —  3  for  its  roots. 

The  equal  roots  of  any  equatioif  may  be  found  in  a  simihur 
way,  and  then  the  remaining  roots  may  be  found  as  in  the 
example. 

3d.  Resuming  the  equation  A'  +  H  =  0,  whose  root  is 
expressed  by  a  +  A,  which  is  such  that  the  value,  a,  of  a? 
reduces  X  td  the  corresponding  very  small  quantity  A',  and 
that  a?  =  a  +  A  reduces  X  to  0 ;  then  it  is  clear  that  A  must 
be  very  small. 

'    If  we  suppose  that  —  or  --  are  finite  when  a  +  A  is  put 
A  A? 

H 
for  a?  in  them,  then,  since  —  =  A  -f  AiA  +  A,A'  +  etc.,  it  is 

A 

clear  that  A  the  first  derived  function  of  X  will  be  finite ; 

consequently,    since    H  =  AA  +  A^A'  +  AjA*  +    etc.,  the 

equation  A'  +  H  =  0  will  be  reduced  to  A'  -I-  AA  +  AjA* 

-h  etc.  =  0,  (1),  in  which  A'  is  supposed  to  be  very  small, 

while  A  is  not  supposed  to  be  very  small. 

If  Ai,  Aj,  etc.,  are  not  very  great  in  comparison  to  A, 

then,  on  account  of  the  supposed  minuteness  of  A,  the' terms 

AiA*,  A,A',  etc.,  of  (1)  may  be  rejected,  and  (1)  will  be  re- 
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dnced  to  A'  +  AA  =  0  veiy  nearly,  or  AA  =  —  A' ;  and 

A' 
dividing  by  A,  we  get  A  =  —  —,  (2).    Hence,  we  may 

Bnppose  that,  in  order  to  find  one  of  the  unequal  roots  a  +  A 
of  X  =  0,  a  must  be  so  assumed  that  A,  as  found  from  (2), 
shall  be  very  small ;  then,  if  we  add  the  value  of  A  thus 
found  to  a  according  to  their  signs,  and  represent  the  sum 
by  a,  we  shall  have  a  more  correct  value  of  a  ;  then,  using 
the  corrected  value  of  a,  we  may  from  (2)  get  a  new  value 
of  A,  and  thence  obtain  a  still  more  correct  value  of  a;  and 
so  on,  to  any  extent;  where  it  may  be  noticed,  that  this 
process  is  generally  called  NefwtofCs  Method  of  Suoceseioe 
Substitutions. 

IS  we  change  A  in  (1)  into  A  -f  A:,  it  will  become  A'  + 
A(A  +  k)-\-  Ai(A  +  kf  +  Aj(A  -f  kf  +  etc.  =  0,  or,  expand- 
ing the  powers  of  A  +  i,  and  retaining  only  those  terms  which 
involve  the  simple  power  of  A,  on  account  of  its  supposed 
minuteness  relatively  to  A,  we  shall  get  (A  -f  2AiA  +  SA^A' 
4-  etc.)  X  Aj  =  —  (A'  4-  AA  4-  AjA*  -f  AjA^  +  etc.),  very 
nearly ;  consequently,  dividing  by  the  coeflScient  of  kj  we  get 
;fe= ,  A-  +  AA  +  A,A^  +  etc.  ,     ,3. 

^  A  +  2A,h  +  3A,A*  +  etc.  ^'  ^  ^ 

Hence,  having  found  A  from  (2)  or  in  any  other  way,  if  we 
substitute  its  value  for  A  in  (3),  and  obtain  a  value  of  ky  which 
is  much  less  (numerically)  than  that  of  A,  the  approximation 
to  the  root  (a  +  A)  will  clearly  be  correct ;  and  if  we  take 
the  sum  of  A  and  k  (added  according  to  their  signs)  for  a  new 
value  of  A,  we  may  get  a  new  value  of  k  from  (3),  and  so  on, 
to  any  extent. 

If  the  equation  X  =  0  has  no  equal  roots,  yet  if  A  is  very 
small  at  the  same  time  that  X  =  AMs  very  small,  it  is  clear 
that  the  equations  must  have  roots  which  are  nearly  equal 
to  each  oilier ;  and  it  is  clear  that  in  cases  of  this  kind  we 
can  often  find  A  more  readily  and  correctly  from  (3)  than 
firom  (2). 

To  illustrate  what  has  been  done,  take  the  following 

EXAMPLES. 

Ex.  1.— To  find  the  roots  of  the  equation  a?  —  7aj  +  5  =  0. 
Putting  a5  +  A  for  «  in  the  equation,  it  becomes  (a>  +  A)' 
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—  7(a?  4-  A)  +  5  =  a?—  7aj+  5  +  (2aj  —  7)A  +  A*  =  0,o^oIni^ 
ting  A*  on  account  of  its  supposed  minuteness,  we  shall  have 
(2a?  —  7)A  =  —  (a?  —  7aj  +  6)  nearly,  which  divided  by  2a?— 7 

gives  A  =  — 1— ,  which  corresponds  to  (2).    Putting 

1  for  X  in  the  equation,  we  get  A  =  —  0.2,  and  of  course 
1  —  0.2  =  0.8  is  a  more  correct  value  of  x ;  consequently, 

putting  0.8  for  x  in  the  equation,  we  get  A  = ^j  = 

04 

-1-  =  0.0074,  which  added  to  0.08  gives  0.8074  for  one  of  the 

roots  of  the  equation  ;  which  is  correct  in  all  its  figures. 
To  get  the  other  root  of  the  equation,  we  put  6  for  a?  in  the 

expression  for  A,  and  thence  get  A  = To^Tt —  ~  ^'^ ' 

consequently,  we  have  6.2  for  a  more  correct  value  of  a?. 
Substituting  6.2  for  a?  in  the  value  of  A,  we  shall  get  A  =  — 

.  — ^  =  —  0.0074 ;  consequently,   we  have   6.2  —  0.0074  = 
5.4 

6.1926  for  the  remaining  value  of  a?,  which  is  correct  to  four 

decimal  places. 

Ex.  2.— To  find  the  roots  of  a?»  —  7a?  -f  7  =  0. 

Putting  a?  =  a  +  A,  the  equation  becomes  {a  4-  A)'  —  7(a 

-t-  A)  +  7  =  a»  —  7flJ  +  7  +  (3a'  —  7)A  +  3aA'  -f  A*  =  0,  and 

changing  A  into  A  +  i,  and  retaining  only  the  simple  powers 

of  A,  the  equation  becomes  a'  —  7a  +  7  +  (3a'  —  7)A  +  3aA' 

-f  A*  +  (3a'  —  7  +  6aA  +  3A')  x  ^  =  0  very  nearly,  or  (3a' 

-7  +  6aA  4-  3A')  X  i  =  -  (o^-  7a  +  7  +  (3a'-  7)A  -f  3aA= 

+  A')  nearly,  or  dividing  by  the  coefficient  of  1',  we  shall 

a»  -  7a  -f  7  -f  (3a'  -  1)h  +  3aA'  +  A»  , 

have  k  = —^^-^^-^—-^^^ nearly, 

which  corresponds  to  (3),  A'  being  represented  by  a*  —  7a 
+  7,  A  by  3a'  —  7,  Ai  by  3a,  and  As  by  1. 

We  will  now  ascertain  whether  a'  —  7a  4-  7  and  3a^  —  7 
(which  correspond  to  A'  and  Ai)  can  simultaneously  become 
very  small,  or  whether  the  given  equation  has  roots  which 
are  nearly  equal  to  each  other.    To  the  end  in  view,  we  put 

3flt«  _  7  equal  to  0,  and  thence  get  3a-  —  7  =  0  or  a'  =  -  = 

8 

2.883 ;  and  extracting  the  square  roots  of  these  equals,  we 
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get  a  ==  ±  1.5  =  ±  g  nearly,  so  that  we  have  a  =  ^  or  a  = 
—  ~  nearly. 
Putting  ?  for  a  in  a?  —  7a  +  7  it  becomes  ^  _  :^  4.  7  = 

— 1__=-«_,  which  being  small,  the  given  equation 

has  roots  which  are  nearly  equal  to  each  other,  and  which 

3 

do  not  differ  much  from  s- 

3 

Hence,  putting  _  for  a  in  the  expression  for  A,  it  will  be- 

2 
1     A     9„      „ 
~8~i'^3     ■^'^_      -1-2A+36A»+8A« 

in  which  we  must  assume  h  such  that  the  numerical  value  of 
k  shall  be  small  in  comparison  to  that  of  A. 

To  find  the  nearly  equal  roots ;  we  observe  that  since  A 
must  be  small,  and  as  the  coefficient  of  the  simple  power  of 
A  is  small  in  comparison  to  that  of  A',  it  will  clearly  answer 
our  purpose  to  assume  —  1  +  36A'  =  0,  which  gives  A*  = 

--,  or,  extracting  the  square  root,  we  get  A=-orA  =  —  -; 
86  6  6 

consequently,  the  equation  is  reduced  to  A  =  — 

-2A4-8A3       ^  -1A  +  4A»  Substituting! 


-  2  +  72A  +  24A»  -  1  +  36A  +  12A=^  "^  6: 

for  A  in  this  equation,  we  get  ^  =  q^  5  ^^^^j  substituting  —  - 

for  A  in  the  same  equation,  we  get  Aj  =  — ;  consequently,  we* 

117  11  13 

^*^*  6  +  86  =  36  '^^  -6  +  i5  =  -90'  ''^"^  '^  *^  ^ 

used  for  the  new  values  of  A  in  the  above  expression  fqi-  L. 

7  181 

Putting  —  for  A,  we  get  —  for  the  new  value  of  i,  and. 

7        181        11156 
*^°*^  36  -  752r6  =  75276  =  ^'^^^  +'  ^^^'^  *'  '°'"'*  ^' 
all  its  figures,  is  the  new  ralue  of  h  ;  subslitnting  this  new 

16 
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value  of  h  in  the  expression  for  A,  we  get  .00002147  for  the 
new  value  of  A,  and  adding  this  to  0.1920  we  get  0.19202147, 
which  is  correct  in  all  its  figures,  for  the  new  value  of  A/ 

Q 

consequently,  if  we  add  this  to  -  =  1.5,  we  shall  have 

1.69202147    for   one    of  the   nearly    equal   roots  pf  the 

equation. 

To  get  the  remaining  one  of  the  nearly  equal  roots,  we 

13 
must  put  —  —  =  —  0.144  nearly,  in  the  expression  for  Aj,  and 

we  shall  get  0.000893  nearly  for  the  new  value  of  i,  and  of 
course  we  shall  have  —  0.144  +  0.000893  =  —  0.143107  for 
the  new  value  of  h  very  nearly.  Substituting  this  value  of 
A  in  the  expression  for  A,  we  get  h  =  0.00000286  for  the 
new  value  of  A,  and  thence   —  0.143107  +  0.00000286  = 

—  0.14310414  is  the  new  value  of  A  /  and  adding  this  to 
a  =  1.5  we  get  1.5-0,14310414  =  1.35689586,  which  is 
correct  in  all  its  figures,  for  the  sought  root 

We  will  now  proceed  to  find  the  remaining  root  of  the 
given  equation ;  thus,  because  the  coefficients  of  A'  and  A* 
in  the  numerator  of  Tc  are  large  in  comparison  to  the  coef- 
ficient of  A  and  —  1,  if  we  regard  A  as  being  somewhat  great, 

we  may  clearly  assume  8A*  +  36 A'  =  0  or  A  =  —  - ;  conse- 

quently,  we  shall  have  Tc  =  -  _^~]~^^^^,  =  "  ^  = 

—  0.05,  which  is  numerically  very  small  in  comparison  to  A, 
as  it  ought  to  be. 

Hence,  we  shall  have  a  +  A  +  A  =  1.6  ~  4.5  —  0.05  = 

—  3.05  nearly,  for  an  approximate  value  of  the  sought  root 

We  will  now  proceed  to  find  the  remaining  figures  of  the 
root,  after  the  manner  of  Horner,  as  exhibited  in  the  scheme 
(E),  Ex.  4,  p.  116. 

Thus,  writing  the  coefficients  in  their  order,  and  supplying 
that  of  the  deficient  term  by  0,  we  have  the  following  work, 
which  we  hope  will  be  easily  understood  from  the  examples 
given  at  the  page  cited  (above),  etc. 
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1  +  0 
-8 

-  r 

+  9 

+  7 1  -  3.048917839 
-6 

-8 
-8 

+  3 
+  18 

+  1 

-  0.814464 

-6 
-3 

+  20.3616 
.8682 

+  0.185586 
-  0.166382592 

-9.04 
-  .04 

+  20.7248 
0.073024 

+  0.019168408 
-  0.018791228169 

—  9.08 

—  .04 

+  20.797824 
+  0.073088 

+  0.000362179S31 
-  0.000208874650971 

-  9.128 

-  .008 

+  20.870912 
+  0.00823041 

+  20.87914241 
+   .00823122 

+  0.000168305180029 

-  9.136 

—  .008 

-  9.1449 

-  .0009 

+  20.88737368 
+  0.0000914671 

-  9.1458 

-  .0009 

+  20.8874650971 
.0000914672 

—  9.1467] 

—  .00001 

L+ 20.8876666648 

-  9.14672 
-0.00001 

• 

-  9.14673 

If  one  or  more  of  the  first  figures  of  a  root  of  an  equation 
are  known,  it  is  clear  from  this  example  that  the  elegant 
method  of  Homer  enables  us  to  find  the  remaining  figures 
with  great  facility. 

The  reason  for  our  method  of  extracting  the  root  is  evident 
from  the  consideration  that  it  consists  in  a  succession  of 
transformations  of  the  given  equation,  united  in  one  scheme, 
by  putting  down  only  the  coefficients  with  iheir  proper 
signs  in  the  successive  transformations. 

Thus,  having  found  —  3  for  the  first  part  of  the  root,  we 
put  y  —  3  for  a;  in  the  given  equation,  and  it  will  become 
y*  —  fly*  +  20y  +  1  =  0,  where  the  coefficients  agree  with 
those  in  the  scheme.    To  get  the  next  transformation,  we 
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observe  that,  on  account  of  the  minuteness  of  y,  we  may 
take  20y  -h  1  =  0  for  the  preceding  equation  nearly,  which 

gives  y  =  —  _  =  —  0.05  nearly;  but  as  this  will  be  foxmd 

to  be  numerically  too  great,  we  put  y  =  —  0.04. 
^  To  get  the  second  transformation,  we  put  y'  —  0.04  for  y 
in  the  preceding  transformed  equation,  and  thence  get 
/«  -  9.12y'«  -f  20.7248/  -  0.814464  +  1  ==  j^  -  9.12y'*  + 
20.7248y'  4- 0.185536  =  0,  as  required.  Dividing  —0.185536 
by  20.7248,  we  get  —  0.008  for  the  quotient ;  then,  putting 
y"  —  0.008  for  y'  in  the  preceding  transformed  equation,  we 
proceed  to  get  the  third  transformed  equation,  and  so  on, 
until  a  sufficient  number  of  the  figures  of  the  root  have  be*en 
found.  It  may  be  noticed,  that  after  four  transformations, 
we  have  obtained  the  last  four  figures  of  the  root,  by  divid. 
ing  -  0.000153305180029  by  20.8875565643  the  Qoefficient 
of  y'" ;  and  it  is  clear  that  we  may  proceed  in  a  similar  way 
in  all  cases,  after  more  than  half  of  the  number  of  decimal 
places  in  the  root  have  been  found. 

4th.  If  a  stands  for  a  root  of  the  equation  X  =  0,  and 
a  ■\-  h  for  any  value  of  the  independent  variable  a?,  it  is  clear 
from  (3)  (given  at  p.  229),  that  the  value  of  X  which  cor- 
responds to  a  +  A,  will  be  expressed  by  X  =  AA  +  AiA*  + 
XJi^  H-  etc.     Because  the  right  member  of  this  equation  is 

exactly  divisible  by  A  =  a?  —  a,  it  follows  that  X  must  be 

Y 

exactly  divisible  by  «  —  a,  or  that  the  quotient  must 

w  —  a 

be  exact.     Hence,  because  a  may  represent  any  root  of  the 

equation  X  =  0,  it  follows  tJiOit^  if  we  svbi/ract  the  roots  of 

the  equation  separately  from  the  independent  variable  a?,  the 

rewainders  will  he  factors  of^. 

Since  the  quotient  is  of  less  dimensions  in  a?  by  a 

x  —  a 

unit  than  in  X,  and  that  it  contains  all  the  roots  of  the  equation 

X  =  0  except  a,  it  follows  that,  having  found  the  root  a,  of 

the  equation  X  =  0,  we  may  find  the  remaining  roots  from 

X 

the  more  simple  equation =  0. 

x  —  a 

Thus,  because  the  equation  a*  —  3a?  —  «-f3  =  0is  satis- 
fied by  putting  1  for  x,  we  get  ^""^""^"^^  =  a?  +  4a? 
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+  3 ;  and  8in«e  the  equation  a?  +  ix  +  S  =  0  i&  satisfied  bj 

patting  —  1  for  »,  we  get  — it JL-  =  jp  +  3  ;  and  by 

X  +  1 

potting  ~3  for  x^  the  equation  a;  +  3  =  0  is  also  satisfied ; 
consequently,  1,  —  1,  and  —  3  are  the  roots  of  the  equation ; 
and  we  shall  have  ic"—  3a^—  a?  +  3  =  (a?  —1)  x  {x+ 1)  x  (a?-f  3). 
Again,  if  a  is  a  root  of  the  equations  X  =  0,  and  A  =  0, 
then  the  above  general  value  of  X  will  become  X  =  AiA'+ 
A^'  +  etc. ;  and  because  the  right  member  of  this  equation 
is  exactly  divisible  by  A'  =  (a?  —  a)*,  it  follows  that  the  quo- 

X 

tient must  be  exact 

{x-^ay 

Hence,  because  X  is  exactly  divisible  by  (a?  —  a)'=(aj— a). 
{x  —  a)j  the  equation  X  =  0  has  two  roots,  whose  common 
value  is  a. 

If  a  is  SL  root  of  the  equations  X  =  0,  A  =  0,  Ai  =  0, 
A9  =  0,  etc.,  it  may  be  shown,  in  like  manner,  that  the 
equation  X  =  0  has  as  many  equal  roots  whose  common 
value  is  a,  as  there  are  successive  equations  which  have  a 
for  a  common  root. 

Thus,  if  X  is  represented  by  a^  —  a?'  —  3a?  +  6aj  --  2,  and 
1  +  A  is  put  for  a?,  the  function  is  reduced  to  3A'  +  h\  which 
shows  that  the  equation  a^  —  aj'--3a?  +  5a?  —  2  =  0  has 
three  equal  roots,  whose  common  value  is  1 ;  and  since  —  2 
is  the  remaining  root  of  the  equation,  we  get  a^  —  a?  —  3a? 
+  5aj-2  =  (aj-l/x(»  +  2). 

Similarly,  the  equation  a?  +  2a^  +  a?  =  (a?  +  1)'  x  a?  =  0 
has  three  equal  roots,  whose  common  vi^ue  is  0 ;  and  two 
other  equal  roots,  whose  common  value  is  —  1. 

6th,  K  we  represent  an  equation  of  the  n^  degree  in  which 
the  coefficients  and  the  absolute  term  are  real  positive  or 
negative  (numbers  or)  quantities,  by  Aa?^  +  AiO""^  -f  Ajaj""* 
+  Aga?"-'  +..•.+  A„_ia?  4-  A^  =  0 ;  then,  if  the  roots  of 
the  equation  are  all  real,  there  will  be  n  roots,  or  the  num- 
ber of  roots  equals  the  degree  of  the  equation. 

For  if  a,  J,  c,  dj  etc.,  represent  the  roots,  then,  since  a?— a, 
a  —  J,  a?  —  c,  a?  —  <Z,  etc.  (as  has  been  shown),  must  be  factors 
of  the  first  member  of  the  equation,  it  is  clear  that  there 
must  be  n  such  factors,  or  that  our  proposition  is  true ;  and 
we  shall  have  Aaf*  +  Ajaj^-V-f  A^^-*  +  A,»"-«  + 4- 
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An-.i»  +  An  =  A  X  [(a?  —  a)  X  (»  —  J)  X  (a?  -^c)  x  (»  — dl)x 
etc.-  to  n  factorsj. 

Again,  if  the  roots  of  the  equation  are  not  all  real ;  then, 
if  n/  is  an  odd  nnmber  (as  haB  been  shown),  tlie  equation 
must  have  an  odd  number  of  real  roots,  and  of  course  it 
must  have  an  even  number  of  what  are  called  impossible  or 
imagmary  roots.  Also,  if  n  is  an  even  number;  if  the 
equation  has  real  roots,  then  (as  has  been  shown)  there  must 
be  an  even  number  of  such  roots,  and  of  course  there  must 
be  an  even  number  of  impossible  or  imaginary  roots. 
Hence,  whether  the  eqy>aMon  is  of  an  odd  or  even  degree^  if 
it  hds  impossible  roots^  then  it  must  have  an  even  number  of 
such  roots. 

Now,  if  p  and  q  represent  real  numbers  or  quantities,  we 
may  clearly  suppose  that  impossible  or  imaginary  roots  oc- 
cur in  pairs  of  the  forms  p-\-  g  V  —  l  and  p—-  g  1^  —  1; 
consequently,  it  is  clear  that  we  shall  have  As^  +  Aiaf*"^  + 
A^-^  +...•+  A«_i»  +  An=  A  X  [(a?  —  a)  x  (a?  —  J)  x  (»-- 
c)  X  etc.  X  (a?  -  (p  +  J  ^^'^^))  x  (a?  -  O  -  j  /^))  x 
(a?  -  0?'  +  /  ^^'^^))  X  (a?  -(;?'-  y'  V""^^))  X  etc.,  to  n 
factors] ;  observing,  that  a,  ft,  Cy  etc.,  are  supposed  to  stand 
for  the  real  roots,  and  that  jp,  y,^',  g\  etc.,  in  the  imaginary 
roots,  stand  for  real  numbers  or  quantities,  and  that  p  or  p\ 
etc.,  may  be  0,  should  the  nature  of  the  case  require  it. 

To  make  what  has  been  said  more  clear,  we  will  add  the 
following 

EemurTc-s.—l.  If,  in  Aa?**  +  Aiaf -*  •+•  A,flf»-*  +  etc., »  +  A  is 
put  for  a?,  it  will  become  A(aj  +  A)"  +  Ai(aj  +  A)"-^  +  Aj(aj  H- 

A)'»-2  + +  An-i(aj  +  A)  +  An  =  A»«  +  Aiaf  "*  +  A^-« 

-f +A^_iaj+ An4-  [nAflj"-^  +  (7»--l)Aia^->-f  (n  — 2) 

Aja?""*  4- ....  +  A„-i]  X  A  -f-  etc.,  as  is  evident  from  the 
expansions  of  the  powers  of  a?  +  A,  according  to  the  ascei^d** 
ing  powers  of  A. 

Because  nAa?""^  +  (n  •-  l)Aiaj"-*  +  (n  —  2)A^-»  + 

-f  A**"^,  the  coefficient  of  the  simple  power  of  A,  is  the  first 
derived  function  of  Aaf*'  +  AiO?""^  H-  A^"^  +  etc.,  it  is  clear 
that  the  first  derived  function  can  be  found  by  the  following 

BULB. 

MvlUply  each  term  of  the  given  function  hy  the  index  qf 
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the  independent  va/riable  m  ths  term^  and  then  diminish  the 
index  of  the  variable  by  unity^  or  eubtra^  1  from  it;  then 
the  sum  of  the  terms  thus  detained  will  be  the  first  derioed 


Thus,  the  first  derived  function  of  2a^  —  Sa?"  +  Oaj"  —  Ta?  + 
aOisSaj"  —  15aj»  +  12a?  —  7;aiid  that  ofaj"  —  3aj  —  lisSaj*  — 
8  =  3(fl5*  —  1) ;  observing  that »°  =  1. 

2.  It  follows  from  what  has  hieretofore  be^i  shown,  that  if 
the  roots  of  the  equation  Aaf  +  Aiaj*"*  -f  A^"*  +  .  . .  . 
+  An^a?  +  An  =  0  are  all  real,  the  roots  of  the  equation 
(obtained  bj  patting  the  first  derived  function  equal  to  0) 
wAaf"^  -f  (n  —  l)Aiaf»~'  +  ....  +  A^-i  =  0  must  also  all  be 
real,  because  a  root  of  this  equation  must  lie  between  every 
two  roots  of  the  preceding  equation. 

Similarly,  if  we  put  the  first  derived  function  of  nAaf*"^  + 
(n  —  l)Aia5^~'  +  . . .  .  +  A„_i  equal  to  0,  it  may  be  shown 
that  the  roots  of  the  equation  thus  obtained  must  also  all  be 
real,  and  so  on,  until  we  amve  at  an  equation  of  the  first 
degree,  which  will  clearly  have  only  one  root. 

Because  a  root  of  the  equation  nAa?""^  4-  (w^  —  l)Aiaf """  -f 
. . . .  +  A«-.i  =  0  lies  between  every  two  roots  of  the  equa- 
tion Aaf*  +  Aiflj"-*  +  A^-^  +  etc.  =  0,  it  follows  that  this 
equation  has  one  more  root  than  the  preceding  equation. 

Similarly,  the  equation  nAsif"^  +  {n--  l)Aiaf**"*  +  etc.  = 
0  has  one  more  root  than  n{n  —  l)af "'  +  (ti  —  1)  (??.  —  2) 
Qf"^  +  etc.  =  0,  and  so  on,  until  an  equation  of  the  first  de- 
gree is  obtained. 

Hence,  because  the  equation  Afl5"  +  AiOf*"*  -f  etc.  =  0, 
and  the  derived  equations,  make  n  equations,  it  follows  that 
Aa?*  +  Aiaj**"*  +  etc.  =  0  mttst  have  n  roots^  or  that  the  nv/mr 
her  of  roots  equals  the  degree  of  the  equation;  and  it  is  clear 
that  the  same  conclusion  is  true  if  the  equation  has  two  or 
more  equal  roots. 

It  may  be  added,  if  the  given  equation  has  two  or  more 
equal  roots,  that  they  will  enter  oiioe  oftener  into  the  given 
equation  tha/n  into  the  first  derived  equation^  as  is  evident 
from  what  has  been  done. 

8.  Kesuming  the  equation  Aaf  +  Aiaj""*  +  etc.  =  0 ;  then 
if  the  equation  is  such  that  two  or  more  of  the  roots  of  one 
or  more  of  the  derived  equations  are  impossible,  it  clearly 
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follows  from  what  has  been  done  that  the  (giren)  equation 
must  have  impossible  roots,  because  impossible  roots  can  not 
lie  between  real  roots. 

Thus,  if  we  take  the  equation  Saj"  +  8aj  —  8  =  0,  we  get 
6aj^  +  8  =  0  for  its  first  derived  equation ;  and  since  the  de- 
rived equation  gives  a?  =  —  -,  which  is  impossible  (because 

the  square  of  any  real  number  or  quantity  is  positive),  it 
follows  that  the  given  equation  has  a  pair  of  impossible 
roots. 

Similarly,  if  we  take  the  equation  2a^  —  20aj  +  19  =  0,  we 
get  Saj*  —  20  =  0  for  its  first  derived  equation ;  and  since  the 
first  derived  equation  gives  s?  =  2.5,  which  has  only  one  real 
root,  it  follows  that  the  given  equation  has  at  least  cue  pair 
of  impossible  roots. 

Again,  let  the  equation  a^  +  8a?+  16aj  —  440  =  0  be  given 
to  determine  the  nature  of  its  roots. 

Because  the  absolute  term^  of  the  equation  is  negative,  it 
follows,  from  what  has  heretofore  been  proved,  that  two  of 
the  roots  must  be  real,  one  of  them  being  positive,  and  the 
other  negative. 

To  determine  the  nature  of  the  remaining  roots,  we  take 
the  first  derived  equation  4aj"+16a?4-16=0,  or  its  equivalent 
a^  +  4aj  H-  4  =  0 ;  and  then  we  take  the  first  derived  equar 

tion  of  this  equation,  which  gives  3a5'  +  4  =  0,  oraj'=— -; 

3 
which,  being  an  impossible  result,  it  foUows  that  the  two 
remaining  roots  of  the  given  equation  are  impossible. 

4.  If  the  roots  of  any  one  of  the  equations  which  are  de- 
rived from  Aixf  +  Aiflf-*  -f  A^'*  +  etc.  =  0  are  real,  yet 
if  one  of  them  does  not  lie  between  every  two  (or  coincide 
with  one  or  both)  roots  of  the  equation  from  which  the 
equation  is  immediately  derived,  it  is  clear  that  the  given 
equation  must  have  imaginary  roots. 

Thus,  the  equation  a?'  —  3aj—  6  =  0  has  a  pair  of  impos- 
sible or  imaginary  roots. . 

For  by  taking  its  first  derived  equation,  we  get  8a?— 3=0 
or  a?  —  1  =  0,  whose  roots  are  1  and  —  1. 

Ry  putting  1  and  —  1  successively,  for  a?  in  a?"  —  8»  —  6, 
we  get  —  8  and  —  4  for  the  results ;  consequently,  since 
these  results  have  like  signs,  it  follows  from  what  hsA  here- 
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tofore  been  shown,  &at  the  given  equation  has  no  real  root 
which  lies  between  1  and  •—  1;  consequently,  it  must  have 
a  pair  of  imaginary  roots.  It  may  be  added,  that  the  equa- 
tion has  one  real  root,  which  lies  between  2  end  3. 

5.  To  show  how  to  apply  what  has  been  done,  to  the 
determination  of  the  real  roots  of  equations,  we  shall  take 
the  following 

EXAMPLES. 

Ex.  1. — ^To  find  the  real  roots  of  the  equation  a?*  —  60*  + 
lla?  -  6  =  0. 

The  equation,  and  the  derived  equations  or  their  equiva- 
lents, give  the  equations  a? —- 6a?  +  llx  —  S  =  0^  Sa^  —  12x 
+  11  =  0,  a?  — 2  =  0.  Because  the  last  of  the  preceding 
equations  is  satisfied  by  putting  2  for  a?,  it  follows  that  2  is 
its  root;  consequently,  if  the  roots  of  3aj*  —  12aj  +  11  =  0 
are  real,  2  must  lie  between  them. 

K  we  use  a  and  h  to  represent  the  roots  of  Saj*  —  12aj  -f 
11  =  0,  we  shall  have  8a7»  —  12aj  -f  11  =  3(a?  —  a)  x  (a?  —  J), 
which  shows  that  a  and  h  must  have  like  signs ;  consequently, 
since  one  of  the  roots  must  be  greater  than  2,  it  must  be 
positive,  and  of  course  the  other  root  must  also  be  positive. 

Patting  1.5  for  a?  in  3a^  —  12aj  +  11  =  0,  we  get  the  nega- 
tive result  —  0.25,  and  putting  3  for  a?,  we  get  the  positive 
result  2 ;  consequently,  the  roots  of  the  equation  are  real, 
and  2  lies  between  them. 

Because  the  less  of  the  roots  of  the  preceding  equation  is 
easily  shown  to  lie  between  1.4  and  1.5,  and  the  greater  to 
lie  between  2.6  and  2.6,  if  the  roots  of  the  equation  aj*  —  6a? 
-h  11a?  —  6  =  0  are  all  real,  it  is  easy  to  perceive  that  one  of 
them  must  lie  between  1.4  and  2.6 ;  consequently,  putting  2 
for  a?,  the  equation  is  satisfied,  and  2  is  one  of  ita  roots ;  and 
it  is  easy  to  show  that  1  and  3  are  the  remaining  roots ; 
consequently,  a?  --  6s?  +  lla?  —  6  =  (a?  —  1)  x  (a  —  2)  x 
(»-3). 

Ex.  2. — ^To  find  the  roots  of  the  equation  a?*  —  6a?  —  8»  — 
8  =  0. 

Here  we  have  the  equations  aJ*  —  6a?— 8aj  —  8  =  0,  a?  — 
8»  —  2  =  0,  and  a?  —  1  =  0,  which  is  satisfied  by  putting  1 
or  —  1  for  ox. 
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Since  —  1  is  a  root  of  a^  —  8a?  —  2  s=  0,  it  is  clear  that  the 
given  equation  onght  to  have  three  roots,  whose  common 

^4 i\-J^  Q/m ft 

value  is  —  1 ;  and  as -r ^-5 =  »  —  3,  it  results 

that  8  is  the  remaining  root 

Ex.  3.— To  find  the  roots  of  the  equation  a^  +  12a?  +  S4a? 
+  lOSoj  +  81  =  0. 

Since -the  derived  equations  are  equivalent  too?  +  9a?  + 
27a?  +  27  =  0,  a?  +  6aj  +  9  =  0,  and  a?  +  3  =  0,  it  is  clear 
that  the  given  equation  is  the  same  as  (0?  +  8)^  which  has 
four  equal  roots,  whose  common  value  is  —  8. 

Ex.  4. — To  find  the  roots  of  the  equation  a?  +  11a?  —  102flj 
+  181  =  0., 

Because  the  absolute  term  is  positive,  it  is  clear  that  one 
of  the  roots  must  be  negative.  Taking  the  derived  equa- 
tions, we  have  3aj»  +  22a?  — 102  =  0,  and  Sa?  +  11  =  0  or  a 

— ;  consequently,  —  _  must  lie  between  the  roots  of 

So?  +  22a?  — 102  =  0,  one  of  wtich  is  positive  and  the  other 
negative. 

It  is  easy  to  show  that  one  of  the  roots  of  3aj*+  22a?  —  102 
=  0  lies  between  — 11  and  —  10,  and  that  the  other  lies 
between  3.22  and  3.23  ;  since  the  substitutions  of  3.22  and 
8.23  for  X  in  the  given  equation  give  results  with  opposite 
signs,  it  follows  that  the  equation  has  one  root  which  lies 
between  3.22  and  3.23;  consequently,  the  equation  must 
have  a  pair  of  roots  which  are  nearly  equal  to  each  other. 
Hence,  substituting  3.21  for  a?  in  the  given  equation,  we  find 
that  the  result  has  a  contrary  sign  to  that  obtained  from  the 
substitution  of  3.22 ;  consequently,  the  equation  has  another 
^oot,  which  lies  between  3.21  and  3.22. 

Since  3.21  and  3.22  are  the  first  figures  of  two  of  the 
roots,  these  roots  will  easily  (by  Horner's  method)  be  found 
to  be  3.21312,  and  3.22952,  very  nearly. 

It  follows,  from  what  has  heretofore  been  shown,  that  11, 
the  coefficient  of  a^  in  the  given  equation,  is  the  negative  of 
the  sum  of  the  roots;  consequently,  —11—3.21312—3.22952 
=  -^  17.44264  is  the  remaining  root*  nearly. 

Ex.  6.— To  find  the  roots  of  5a^  —  6a?  +  2  =  0. 

Here  the  first  derived  equation  being  equivalent  to  a^  ss 
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0,4,  we  get  0.68  -f  and  —  0.63  —  for  its  roots ;  consequently, 
one  of  the  roots  of  the  equation  must  lie  between  these  num- 
bers ;  hence,  we  easily  get  0.3  for  the  first  figures  of  this  root. 
And  because  one  of  die  remaining  roots  must  be  less  than 
—  0.63  — ,  and  the  other  greater  than  0.68  +,  we  soon  find 
- 1.2  and  0.8  for  the  first  figures  of  these  roots.  Hence,  the 
roots  can  easily  be  found  by  Homer's  method. 

Another  solution.    Substitute  -  for  a?  in  the  given  equation, 

and  it  will  be  readily  reduced  to2y"  —  6y*H-6  =  0;  and  as 
the  first  derived  equation  gives  y*  —  2y  =  0,  whose  roots  are 
0  and  2,  it  follows  that  one  of  the  roots  of  the  equation  in  y 
must  be  less  than  0  or  negative ;  another  root  must  lie  be- 
tween 0  and  2,  and  the  remaining  root  must  be  greater  than 
2.  The  first  figures  of  the  root  which  lies  between  0  and  2 
are  soon  found  to  be  1.2 ;  and  —  0.8,  2.6  are  the  first  figures 
of  the  remaining  roots.  Hence,  the  roots  are  easily  found 
by  Homer's  method,  or  by  any  of  the  common  methods  of 
approximation. 

Because  »  =  -,  it  follows  that  if  we  divide  1  by  the  roots, 

y 

or  take  the  recvprocala  of  the  roots,  we  shall  get  the  roots  or 
values  of  ai  which  satisfy  the  given  equation. 

Remark. — It  will  be  noticed  that  the  roots  of  the  equa- 
tion in  a?,  which  are  numerically  less  than  1,  are  in  the  equa- 
tion in  y  represented  by  roots  which  are  numerically  greater 
than  1.  It  will  also  be  observed  that  the  positive  root  which 
is  without  the  limits  0.63  +  and  —  0.63  —  in  the  equation  in 
flj,  is  represented  by  a  root  in  the  equation  in  y,  which  is 
within  the  limits  2  and  0. 

It  is  hence  clear  that  it  will  often  be  useful  to  proceed  ih 
like  manner  to  find  the  reciprocals  of  the  roots  of  equations. 

Ex.  6. — Supposing  the  roots  of  o^  —  8a^  -t-  14fl?  +  4a?  —  8 
=  0  to  be  real,  it  is  required  to  find  how  many  of  them  lie 
between  0  and  3. 

Here  the  first,  second,  and  third  derived  equations  become 
fl^  _  ea^  -h  7a>  +  1  =  0,  8a?  —  12aj  +  7  =  0,  and  »  —  9  =  0. 

K  we  put  0  and  3  for  a;  in  the  given  equation,  the  results 
are  —  8  and  —  5 ;  which  being  affected  by  the  same  sign,  it 
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follows  that  an  even  number  of  the  roots  mast  lie  between 
0  and  3. 

And  putting  0  and  3  for  x  in  the  first  derived  equation,  the 
results  are  1  and  —  6  ;  which  having  opposite  signs,  it  fol- 
lows that  an  odd  number  of  the  roots  of  the  (first  derived) 
equation  lie  between  0  and  3. 

Also,  putting  0  and  3  for  x  in  the  second  derived  equa- 
tion, the  results  are  7  and  —  2 ;  which  having  opposite  signs, 
it  follows  that  only  one  root  of  the  (second  derived)  equation  , 
lies  between  0  and  3. 

Hence,  because  the  root  of  the  second  derived  equation 
lies  between  two  roots  of  the  first  derived  equation,  it  is  clear 
that  there  is  only  one  root  of  this  equation  which  lies  between 
0  and  3 ;  consequently,  since  this  root  lies  between  two  roots 
of  the  given  equation,  it  follows  that  the  given  equation  has 
only  two  roots,  which  lie  between  0  and  3.  Indeed,  the 
roots  of  the  given  equation  are  —  0.Y32050,  0.763932, 
2,732050,  and  5.236068,  nearly ;  two  of  which  lie  between 
0and3. 

Hence  we  perceive  how  we  may  proceed  in  order  to  find 
the  number  of  real  roots  of  a  given  equation,  which  may  lie 
between  two  given  numbers. 

(49.)  We  will  now  proceed  to  complete  the  indicated  ex- 
pansion of  X'  (see  (3),  p.  229),  and  to  show  its  use  in  the  de- 
velopment of  functions. 

1.  Resuming  the  equation,  we  have  X'  =  X  +  AA  +  AiA' 
+  AiA*  +  AsA*  +  etc.,  (1) ;  in  which  X,  A,  Ai,  A^,  etc.,  are 
supposed  to  be  fanctions  of  Xj  and  X^  is  the  value  of  X  which 
results  from  changing  x  into  a?  -f  A,  supposing  x  and  A  to  be 
indeterminates.  If  the  value  of  X  which  corresponds  to 
X  +  h  +  kis  represented  by  X'',  it  is  clear,  from  (1),  that  we 
shall  have  X''  =  X  -h  A(A  +  k)  +  Ax(A  +  kf  +  A,(A  +  *)»+ 
A8(A  -f  ky  -h  etc.,  or  developing  the  powers  of  h  +  k  accord- 
ing to  the  ascending  powers  of  i,  we  shall  get  X"  =  X  + 
A(A  +k)  +  Ai(A»  +  2Ak  +  etc.)  +  A,(A»  +  3A»A  +  etc.)  + 
etc.,  (2). 

A^un,  since  X,  A,  Ai,  As,  As,  etc.,  are  functions  of  x^  if 
we  change  x  into  x  +  k  they  become  X  +  A*  +  A,P  +  A^ 
4- etc.,  A -h  A'*  +  A"*»  +  etc.,  Ai  +  A'l* -f  A"i^  4- etc.. 
As  +  kljc  +  A^'ji*  +  etc.,  and  so  on ;  in  which  X  -h  A*  + 
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etc.,  is  clearly  deduced  from  the  right  member  of  (1)  by 
changing  h  into  A,  and  A'  is  the  first  derived  fmiction  of  A, 
A'l  that  of  Ai,  and  so  on ;  hence,  if  we  change  x  in  (1)  into 
X  +  k^it  is  clear  that  X'  will  be  changed  into  X!\  since  it  is 
the  value  of  X  which  corresponds  to  x  +  h  +  k;  conse- 
quently, substituting  the  values  of  X,  A,  Ai,  etc.,  resulting - 
from  changing  x  into  x  -f-  *,  we  shall  have  X''  =  X  +  Ak  + 
AiA?  +  etc.  +  (A  +  A'A  +  etc.)A  +  (Aj  +  A'l*  +  etc.)A»  +  . 
(A,  +  A'ji  +  etc.)A*  +  etc.  =  X  +  A(A  +  *)  +  Ai(A"  +  **)+ 
A^{h?  +  Jd)  +  etc.  +  (A'A  +  A'lA'  +  A',A«  +  A'^A*  +  etc.)*+ 
(A'^A  +  A"iA»+  M\h^+  etc.>P+  (A'^'A  +  A!\h^  +  etc.)*»  +  . 
etc.,  (3). 

Because  the  first  members  of  (2)  and  (3)  are  equal,  it  is 
clear  that  their  second  members  must  also  be  equal,  and  it 
is  evident  that  they  must  be  identical,  so  as  to  leave  A  and  k 
arbitrary ;  and  it  is  clear  that  they  will  be  identical,  if  we 
put  the  coefficient  6i  the  simple  power  of  k  in  the  second 
member  of.  (2)  equal  to  that  of  k  in  the  second  member  of 
(3) ;  consequently,  ^-e  must  have  A  +  2AiA  +  3AjA*  + 
4AaA»  +  etc.  =  A  +  A'A  +  A^A«  +  A',A«  +  etc.,  (4). 

Since  A  must  be  arbitrary,  it  is  clear  that  the  coefficient 
of  any  power  of  A  in  the  first  member  of  (4)  must  equal  the 
coefficient  of  the  same  power  of  A  in  the  second  member ; 
consequently,  we  must  have  the  equations  A  =  A,  2 Aj  =  A', 
3Aj  =  A'l,  4A8  =  A'„  6A4  =  A'3,  and  so  on  (5). 

Because  A,  the  coefficient  of  the  simple  power  of  A  in  the 
right  member  of  (1),  is  called  the  first  derived  function  of  X, 
we  may  express  it  by  Xi ;  and  because  A'  is  the  first  de- 
rived function  of  A,  we  may  call  it  the  second  derived 
Amotion  of  X,  and  denote  it  by  Xj ;  and  in  like  manner  we 
may  call  the  first  derived  function  of  A'  the  third  derived 
ftmction  of  X,  and  represent  it  by  Xj ;  and  so  on. 

Hence,  because  A'  =  Xj,  the  second  of  (5)  becomes  2Ai  = 

Xi,  which  gives  Ai  =  —  =  -— ?- ;  and  thence  we  have  A'i  = 

X  X 

-±L,  and  the  third  of  (5)  is  reduced  to  3A,  =  — L  or  we  get 
1.2  1.2'  * 

A,  = ?— ;  and  in  a  similar  way  we  get  from  the  fourth 

1  •  2  •  o 

of  (5)  Aa  = — :  and  so  on.    Hence,  by  substituting 

^  '  1.2.3.4'  "^  ^ 
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the  values  of  A,  A^,  As^  As,  etc.,  in  the  right  member  of  (1), 

it  wiU  be  reduced  to  X'  =  X  +  Xi  •  A  +  -^  .  A»  +     ^»    , 

1.3  1.2.8 

A*  + ±1 —  .  A*  +  etc.  (a),  whose  law  of  continuation  is 

1.2.3.4  ^  ^' 

rnxoifest;  (a),  which  is  usually  called  Taylar^s  theorem^  is  the 
development  which  we  proposed  to  find.  It  is  clear  that  Xi 
can  be  obtained  from  X  by  changing  x  into  x  +  h^  and  put- 
ting the  coefficient  of  the  simple  power  of  h  in  the  expan- 
sion equal  to  X^ ;  and  if  we  change  x  into  x  +  hin  Xi,  the 
coefficient  of  the  simple  power  of  h  in  the  expansion  will 
clearly  equal  Xj;  and  in  a  similar  way,  if  we  change  x 
in  Xj  into  a?  +  A,  the  coefficient  of  the  simple  power  of  h  in 
the  expansion  will  equal  Xs ;  and  so  on. 
To  show  the  use  of  (a),  take  the  following 

EXAUPLEB. 

Ex.  1. — ^To  find  the  expansion  of  a?*  when  x  is  changed 
into  a?  H-  A,  or  to  develop  (a?  +  A)*  accwdmg  to  the  ascending 
powers  of  A. 

Here  X  is  represented  by  aJ*,  and  allowing  a^  +  4aj'A  to  b© 
the  first  two  terms  of  the  expansion  of  {x  +  A)*,  we  shall 
have  Xi  =  40?*,  and  allowing  the  first  two  terms  of  the  ex- 
pansion of  (a?  +  A)'  to  be  aj"  H-  3aj*Aj  we  shall  have  4{aj  +  A)' 
=  40*  +  12a5*A  +  ;  consequently,  12qi?j  the  coefficient  of  the 
simple  power  of  A,  will  equal  X^ ;  and  from  12(a?  +  A)*  = 
12a?  H  24ajA  +  we  get  X,  =  24flj;  and  from  24{aj  +  A)  =  24» 
+  24A  we  get  X4  =  24 ;  and  since  X4  does  not .  contain  a?,  it 
is  clear  that  X5,  X|,  etc.,  are  (each)  equal  to  0. 

Hence,  putting  {x  +  A)*,  a^,  4a?,  12a?*,  24a?,  and  24,  several- 
ly, for  X',  X,  Xi,  Xt,  X3,  X4,  in  {a),  we  shall  get  (»  +  A)*  = 
a?  +  4a?h  +  6a?A'  +  4a?A'  +  A*,  as  required. 

Ex.  2.— To  develop  8a?  —  5a?  +  2aj  —  7,  when  x  is  changed 
into  aj  4-  A. 

Smce  9a?  —  lOa?  +  2,  18aj  —  10,  18,  0,  0,  etc.,  are  easily 
seen  to  be  the  first,  second,  third,  etc.,  derived  functions,  we 
get  (from  {a))  Z{x  +  Kf  -  5(aj  +  A)«  +  2(aj  +  A)  -  7  =  8a?  — 
6a?  +  2a?  —  7  +  (9a?  —  lOaj  +  2)A  +  (9a?  —  5)A*  +  3A»,  as  re- 
quired. 
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Ex.  3. — ^To  develop  a^  — 2»',  when  x  is  changed  into 
x  +  h. 

Here  the  first,  second,  etc.,  derived  functions  are  4af  — 
6aj*,  12a^  —  12a?,  24x  —  12,  24,  0,  0,  etc. ;  consequently,  we 
get  (»  +  A)*—  2(aj  +  Ay  =  aJ*  —  2aj»  +  (4aj*  -  6a*)A  +  (ftu^  — 
6a;)A'  +  (4a?  —  2)A«  -f  A^  as  required. 

Ex.  4. — Supposing  the  first  derived  function  of  af  to  be 
naf^"^  for  any  value  of  n,  it  is  required  to  develop  {x  +  A)" 
according  to  the  ascending  powers  of  A. 

Here  the  first,  second,  etc.,  derived  functions  are  waf*"*, 

n(n-l)a?^-«,  n(n -  1) (n - 2>c"-«,  /i{n  - l)(n-2)(n-r.3) 

of"*,  and  so  on ;  consequently,  from  {a)  we  get  (a?  +  A)**  =  af* 

.     ^-12   .  Mn  —  l)  ^  ,.,  .  n(n  —  1)  (71  —  2)  .  .,,. 

+  na5"-^A  +  ^^     ^    V-W  +  2      2  3      ^^^  +  ®*^-' 

as  required. 

2.  According  to  what  has  heretofore  been  shown,  we  may 
apply  (a)  to  expand  any  function  of  a?  +  A,  according  to  the 
ascending  powers  of  A,  when  particular  values  are  assigned 
to  a?  and  A,  provided  X,  Xi,  X,,  etc.,  do  not  any  of  them  be- 
come infinite ;  should  any  of  these  quantities,  as  Xj,  become 
infinite,  then  the  expansion  will  be  correct  no  further  than 
to  the  term  wliich  contains  X,. 

If  for  a?,  in  (a),  we  put  the  particular  value  0,  while  A  is 
arbitrary ;  then  if  we  represent  the  values  of  X,  Xi,  Xj,  etc, 
which  correspond  to  a?  =  0  by  (X),  (Xj),  (Xj),  etc.,  {a)  will 

become  X'  =  (X)  +  (Xi) .  A  +  x— *1 .  A*  4-  etc. ;  or  since  we 

1.2 

may  clearly  (here)  use  x  for  A,  we  shall  get  X'  =  (X)  -f 

(XO  .  a?  +  ^.«^  +  j-^  .  iP"  +  etc.,  (J),  which  is  called 

MacZaurin^s  Theorem;  where  it  will  be  noticed  that  X'  is 
a  function  of  x  and  known  quantities,  and  that  (X)  is  the 
value  of  X'  which  corresponds  to  a?  =  0 ;  (Xi),  (X,),  etc., 
being  the  values  of  the  first,  second,  etc.,  derived  functions 
which  correspond  to  a?  =  0. 

MacLaurin's  Theorem  is  often  very  useful  in  the  expan- 
sion of  functions.  Thus,  if  we  wish  to  expand  (J  +  »)"*  ac- 
cording to  the  ascending  powers  of  a?,  we  have,  as  in  Tay- 
lor's Theorem,  (J +  »  +  A)*~=:  (ft -|-a?)"»  +  m(J  +  fl?)"*-*A  + 
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fn{m  -- 1)^^  ^  xy-^h^  +  etc.;  consequently,  if  in  this  we 
put  aj  =  0,  and  change  A  into  a?,  it  will  become  (J  +  a?)*"  = 

^1.2  1.2.3  ^ 

etc.,  as  required; 

It  may  be  added,  that  if  any  ftmction  of  a?,  when  expand- 
ed by  MacLaurin's  Theorem,  contains  infinite  terms,  it  will 
clearly  show  that  the  Theorem  is  not  applicable  to  the  ex- 
pansion. 

3.  If  we  subtract  X  from  the  two  members  of  {a)^  we  shall 
getX^-X  =  Xx.A-f  ^.A»+     ^\  .A^  +  etc,  {d),  for 

the  variation  of  X,  arising  from  changing  x  into  a;  +  A  in  X, 
and  then  subtracting  X  from  the  result. 

If  we  represent  X'—  X  by  writing  the  Greek  letter  A 
(delta)  before  or  to  the  left  of  X,  we  shall  have  X'  —  X  = 
A  X ;  and  in  a  similar  manner,  if  we  represent  a?  -h  A  by  x\ 
we  may  express  A=aj'  —  a?by*Aa?/  consequently,  if  we  use 
aX  and  A  a?  for  X'  —  X  and  A,  {d)  may  be  written  in  the 

form  aX  =  Xi.  AaJ  +  ,^.(Aaj)«  +  _^.(Aaj)«  +  etc., 
1  •  ^  1 .  2  •  o 

(e) ;  which  is  (sometimes)  called  an  equation  of  finite  differ- 
ences, because  aX  and  A»  are  supposed  to  have  definite 
values,  and  A  is  said  to  be  the  characteTnstio  of  finite  dif- 
fe7*€nces. 

.  Again,  if  we  represent  the  first  term  of  the  right  member 
of  (d)  by  writing  d  before  or  to  the  left  of  X,  we  shall  have 
the  equation  dX.  =  Xi .  A,  (/),  which  is  called  the  differential 
of  X,  since  it  is  only  a  part  of  the  difference  in  the  right 
member  of  {d). 

If,  for  uniformity  of  notation,  we  represent  A  in  {/)  by 
da?,  and  then  divide  both  members  of  the  equation  by  A  = 

da?,  we  shall  get  ?— -  =  Xj,  {a) ;  in  which  _  is  called  the 
dx  dx 

first  differential  coefficient^  sinee  dx  multiplied  by  it  gives 

(i^X,  the  differential  of  X ;  and  it  is  clear,  from  (^),  that  the 

value  of  the  first  differential  coefficient  is  expressed  by  the 

first  derived  function  of  X. 

If  we  divide  the  two  members  of  (d)  by  A,  it  will  be  re- 
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dnced  to   ?l:p^  =  X,  +  -^A  +  _^.A»+etc.,  (A); 

and  if  in  this  we  put  A  =  0,  the  right  member  of  the  equa- 
tion will  be  reduced  to  Xi,  the  first  derived  function  of  X, 

/TIC 
which  is  the  same  as  the  value  of  ._.  in  (a) ;  while  the  first 

member  of  (A)  is  reduced  to  the  form  -,  since  the  factor  which 

is  common  to  the  numerator  and  denominator  is  put  equal 
toO. 

Hence,  if  we  achcally  dimde  ths  variation  or  difference 
X'  -'KofXbyhythe  corresponding  variation  or  difference 
of  the  independent  varicMe  x^  amdpvi  h^=z^  inthe  quotiefnt^ 
the  remit  wiU  he  the  first  derived  fmustion  of  X.^  or  it  will  he 

the  valite  of  the  first  differential  coefficient  -— .. 

dx 

TliUs,  we  get  the  first  differential  coefficient  of  o?  by  chang- 
ing X  into  x  ■\-  A,  which  gives  (a?  -|-  A)'  =  a?  -|-  2a?A  +  A*  or 
(a>  +  A)'  —  aj*  =  2a7A  +  A* ;  and  by  indicating  the  division  by 
A,  in  the  first  member  of  this  equation,  and  performing  it  in 

the  second  member,  we  get  \^  +    }  ""     =  2a?  +  A  /  conse- 

A 

quently,  putting  A  =  0  in  the  quotient,  we  have  2a?  for  the 

daf 
first  derived  function,  or  -r-  =  2a?.    In  a  similar  way  from 

3a?»weget^  =  ^  =  9a?». 
dx        dx 

Because  X,  is  the  first  derived  function  of  Xi,  it  follows,, 

from  what  has  been  done,  that  we  shall  have  Xj  =  — ^,  or:. 

dx 

since  Xi  =  ^,  we  shall  have  Xj  =  —j — .    Because  the- 

/7X 
quotient  -_  is  actuaUy  independent  of  <&?,  we  may  clearly 
cue 

express  its  differential  coefficient  by  — — ,  and  call  it  the- 

{dxf 

second  differential  coefficient  of  X ;  and  in  the  same  way  we* 

/^X 
may  express  the  third  differential  coefficient  by  -t-t-^j  and  so 

17 
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on.  Hence,  we  shall  have  Xj  =  Lr-n,  X.  =  r^rrzi  a^d  so  on ; 
consequentlj,  by  substituting  the  differential  coefficients  for 
Xi,  Xj,  Xj,  etc.,  in  (a),  it  will  be  reduced  to  X'  =  X  +  3*  •  ^ 

Because  X'  is  supposed  to  be  the  same  function  of  »  -f  A 
that  X  is  of  aj,  if  we  represent  X  hjfix)  =  a  function  of  x, 
we  must  express  X'  by  f{x  +  A)  =  a  function  of  a?  +  A. 
Hence,  puttingy(a?)  Qjidf{x  +  A)  for  X  and  X',  {a^  becomes 

/{x  +  h)=f(x)  +  &.h  +  ^l.^  +  eU,.,{a'y,  which 

agrees  with  the  form  in  which  Taylor's  Theorem  is  usually 
given. 

(50.)  Still  supposing  X  to  be  a  function  of  «,  and  that  X, 
X'l,  X'„  X'j, ....  X.^n  are  the  values  of  X,  which  correspond 
to  a?,  a?  -h  A,  »  4-  2A,  a?  +  3A, . . . .  flj  +  nA,  severally ;  we  pro- 
pose to  find  X'n. 

1.  We  shall  usfe  aX,  aX'i,  aX'j,  etc.,  to  represent  the 
variations  of  X,  X'l,  X'a,  etc.,  which  result  from  changing 
X  into  X  +  h;  and  in  a  similar  way  we  shall  express  the  vari- 
ations of  aX,  aX'i,  aX'„  etc.  (which  result  from  changing 
X  into  X  +  A),  by  a'X,  A*X'i,  A*X'„  etc.,  and  the  varia- 
tions of  these  will  be  expressed  by  A*X,  A'X'i,  A'X'j,  etc., 
and  so  on. 

Hence,  if  we  change  aj  in  X  into  a?  +  A,  we  shall  get  X  + 
AX  =  X'l,  since  X  +  aX  and  X'l  are  different  expressions 
for  the  value  of  X,  which  corresponds  to  a?  +  A. 

And  if  in  X  +  aX  =  X'l  we  change  x  into  a?  +  A,  we  shall 
get  X  -I-  2aX  +  A'X  =  X'l  +  aX'i  =  X'„  since  X  is 
changed  into  X  +  aX  and  aX  into  aX  +  A*X,  and  that 
X',  corresponds  to  »  +  2A. 

Similarly,  from  X  +  2 aX  +  A*X  =  X'„  we  shall  get 
X  +  8  aX  +  3  A'X  +  A*X  =  X'j  +  aX^,  =  X',,  and  so  on 
to  any  extent. 

Hence,  it  is  clear  that  we  shall  have  X^n  =  X  +  nAX  + 

^^-^)A'X  +  ^^-"^)(^-^)A^X  +  ...,+nA->-^X  + 
1.2  1.2.3 

A"X,  {a) ;  for  it  is  plain,  from  the  law  of  the  coefficients  in 

the  successive  changed  values  of  X,  that  the  coefficients  of 
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aX,  A*X,  a'X,  etc.,  must  be  the  same  as  the  coefficients 
of  the  second,  third,  fourth,  etc.,  terms  of  a  binomial  when 
raised  to  the  n^  power ;  while  the  numbers  to  be  applied  to 
A  in  the  successive  terms  are  the  same  as  the  indices  of  the 
second  term  of  the  binomial  in  the  expansion. 

It  is  clear  that  in  order  to  get  X'„  from  (a),  n,  X,  aX, 
A^X,  etc.,  must  be  known. 

2.  Supposing  n,  X,  X'l,  X'j ....  X'„  to  be  given,  we  will 
now  show  how  to  find  aX,  A*X,  etc.,  which  are  called  the 
first  terms  of  the  fi/rat^  secondj  etc.y  orders  of  differences. 

From  the  equations  X  +  aX  =  X'l,  X'l  +  aX\  =  X'a, 
X',  +  aX',  =  X'a,  and  so  on,  we  easily  get  aX  =  X'l— X 
A  X'l  =  X',  -  X'x,  aX',  =  X's  -  X's,  and.  so  on. 

And  from  a'X=aX\-aX,  A'X'i  =  aX',- aX'i, 
and  so  on,  we  get  A»X  =  X'j  -  X'l  -  (X'l  -  X)  =  X'3  - 
2X'i+X  A»X'i  =  X's-2X',  +  X'i,  A'X',  =  X',-2X'3 
+  X'„  and  so  on ;  similarly,  we  get  a'X  =  X^,  —  3X^j  + 
SX^  -  X,  A'X'i  =  X',  -  SX'a  +  3X',  -  Xi,  etc. ;  the  law  of 
continuation  of  the  successive  differences  being  evident. 

Hence,  it  is  clear  that  the  first  difference  of  the  n^  order 

will  be  expressed  by  A"X  =  X'„  -  7iX'„_i  +  ^fclDx'.^a 

—  ^ — ^—^ — 5 — X'^_5  +  etc.,  (J) ;  observing  that  the  coef- 

ficients  are  the  same  and  have  the  same  signs  as  in  the  cor- 
responding terms  of  (X'  —  1)**  when  expanded  according  to 
the  descending  powers  <rf  X',  while  the  numbers  »,  71  —  1, 
n  —  2,  etc.,  joined  to  X'  (below)  are  the  same  as  the  expo- 
nents of  X'  in  the  corresponding  terms  of  the  expansion ; 
noticing  that  the  last  term  is  X  if  n  is  an  even  number,  and 

—  X  when  n  is  an  odd  number.  K  we  write  the  right  mem- 
ber of  (J)  in  a  contrary  order,  it  will  evidently  become  A"X 

=  ±  tX  -  «X',  +  J^X',- ^^-l)(^-%.,  +  etc.], 

(<?) ;  observing  that  +  must  be  used  for  ±  when  ti  is  an  even 
number,  and  that  —  must  be  used  for  ±  when  n  is  an  odd 
number;  and  it  is  clear  that  the  coefficients  and  their  signs 
are  the  same  as  those  which  correspond  to  them  in  the  expan- 
sion of  (—  1  -I-  X')**,  according  to  the  ascending  powers  of 
'3L!j  while  the  numbers  1,  2,  3,  4,  etc.,  which  are  joined  to  X 
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(below)  are  the  same  sb  the  exponents  of  X^  in  the  cois 
responcling  terms  of  the  expansion. 

3.  To  show  the  use  of  the  formulad  (a)y  (i),  and  ((?),  take 
the  following 

•  Ex.  1.— To  find  the  {n  +  1)**  term  of  the  series  1,  8,  e,  10, 
15,  21,  etc. 

Here,  X,  X'l,  X'j,  X',,  etc.,  are  severally  represented  hj 
1,  3,  6,  10,  etc. ;  consequently,  we  have  aX  =  X\  —  X  = 
3-1=2,  aX/  =  X',-X\  =  6-3  =  3,  AX',  =  X'a- 
X'a  =  10  —  6  =  4,  and  so  on,  for  the  first  order  of  diflfeiv 
ences ;  and  a'X  =  X',-  X\  -  {X\^  X)  =  X',  -  2X\  +  X 
=  3-2  =  1,  A'X\  =  X'a-  X'a-  (X',-  X^)  =  4-3  =  1, 
and  so  on,  are  the  diflferences  of  the  second  order ;  and  the 
differences  of  the  third,  fourth,  etc.,  orders  are  0. 

Hence,  putting  1,  2, 1,  0,  0,  etc.,  for  X,  aX,  a'X,  A*X, 

A*X,  etc.,  severally,  (a)  becomes  X'„  =  1  +  2w-  -f  r^ — ^^ 

= =  ^ — ^ — — — X — '  =  the  term  whose  num- 

ber,  reckoned  from  the  first  term  1  (of  the  series),  is  n,  or  it 
is  the  (w  +  1)'*  term  of  the  series ;  and  because  it  expresses 
the  terms  of  the  series  in  a  general  form,  it  is  said  to  be  its 
general  term  ;  thus,  if  for  n  we  put  0,  1,  2,  3,  4,  etc.,  we  get 

/from  (^  +  ^)-(^+l)\  1^  3^  6,  10, 15,  21,  etc.,  the  terms  of 

the  series. 

Ex.  2. — ^To  find  the  sum  of  n  terms  of  the  preceding  series* 
Here,  we  form  the  new  series  0, 1,  (1  +  3),  (1  +  3  +  6), 
(1  +  3  +  6  +  10),  (1  +  3  +  6  +  10  +  15),  etc.,  whose  differ^ 
ences  of  the  first  order  are  1,  3,  6,  10,  15,  etc.,  which  are  the 
terms  of  the  given  series ;  and  2,  8,  4,  etc.,  are  the  differ- 
ences of  the  second  order ;  also,  1,  1, 1, 1,  etc.,  are  the  differ- 
ences of  the  third  order ;  and  the  differences  of  the  following 
orders  equal  0.  Hence,  putting  0, 1,  2.  1,  0,  Of  etc.,  for  X, 
aX,  a*X,  a*X,  etc.,  in  (a),  we  have  X'^  =  0  -f  n  +  n{n  — 
..n(w.- 1X71-2)      n(n -h  l)(7i -h  2)       .  ,^ 

^)+  1   .  2.8       =  l\  2.3      =  *^^  '^''«^*  '^^• 
Thus,  if  we  put  6  for  t^,  we  get  1  +  3  +  6  +  10  -h  15  = 
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1  ^g  ^3  =  35 ;  and  »  =  6  gives  1  +  3  +  6  +  10  +  15  + 

Hence,  to  find  the  aum  of  n  terms  of  any  series^  we  must 
in  (a)  pvt  0  for  X,  the  first  term  of  the  series  for  aX,  the^ 
fi/rst  term  of  the  fi/rst  order  of  differences  of  the  series  fcyr 
A'X,  the  fi/rst  term  of  the  second  order  of  differences  of  the 
series  for  a'X,  cmd  so  on. 

Thus,  to  jSnd  the  earn  of  n  terms  <^  the  series  of  cubes  1, 
8,  27,  64,  125,  216,  etc.,  we  bAv©  7,  12,  and  6  for  the  first 
terms  of  its  first,  second,  and  third  order,  of  differences,  the 
differences  of  higher  orders  being  0 ;  eonsequentlj,  since  1 
is  the  first  term  of  the  series,  we  get  (from  (a),)  X.^n  =  0  +  ^t 

+  r72""''^+l  .2.3      "^^^+1.2    .    3     .T" 

X  6  = J =        A         =  "^®  8^^  ^"  ^  terms,  as 

required. 

Ex.  8.~Given,  1.690196,  1.698970,  1.707670,  1.716003, 
the  logarithms  of  49,  50,  51,  and  52,  to  find  the  logarithm  of 
60.76. 

Here  we  find  0.008774,  -  0.000174,  and  0.000007,  for  the 
first  terms  of  the  first,  second,  and  third  orders  of  differences ; 
and  subtracting  49  from  50.75,  we  get  1.75  for  n. 

Hence,  from  {a)  we  get  X'„  =  log.  50.75  =  log.  49  +  1.75 

X  0.008774  ^  ^'"^^  ^  ^^'"^^  "^  -^^  X  0.000174  (when  we  omit 

the  remaining  term  on  account  of  its  minuteness),  or  log, 
50.75  =  log.  49  +*  0.0153545  -  0.0001143  =  1.7054362,  as 
required ;  which  to  six  decimal  places  agrees  with  the  log- 
arithm of  50.75,  as  found  directly  from  the  tables  of  log- 
arithms. 

Remark. — ^When  any  intermediate  term  of  a  series  is  found 
(as  above),  the  term  thus  found  is  said  to  he  interpolated. 

Ex.  4. — ^From  the  same  logarithms  as  in  the  preceding 
question,  it  is  required  by  (ft)  or  {c)  to  find  the  logarithm 
of  53. 
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Here,  by  taking  the  first  of  the  fourth  order  of  differences, 
we  get  A*X  =  X'4-4X',  +  6X',-4X'i  +  X,  which,  by 
rejecting  A*X  (on  the  supposition  that  it  is  of  no  importance 
in  the  investigation),  becomes  X'4  —  4X^8  +  6X'a  —  4Xi  -f 
X  =  0 ;  consequently,  we  easily  get  X'^  =  4(X'i  +  X',)  — 
(eX'a  +  X).  Hence,  putting  the  logarithms  49,  60,  51,  and 
*52  for  X,  X'l,  X'„  X'3^  severally,  we  get  X'4  =  1.724276  = 
the  logarithm  of  58,  which  agrees  with  the  logarithm  as 
found  from  the  tables. 

Ex.  5. — Given  the  series  2, 12, 20,  SO,  etc.,  to  find  the  term 
which  is  wanting  between  2  and  12. 

Putting  the  third  order  of  differences  equal  to  0,  and  pro- 
ceeding as  in  the  last  question,  the  sought  term  will  be 
found  to  be  6. 

Ex.  6. — ^To  find  the  first  term  of  the  third  order  of  differ- 
ences of  the  series  of  cubes  1,  8,  27,  64,  etc. 

From  A'X  =:=  -  (X  -  3X'i  +  3X',  -  X'j),  the  sought  dif- 
ference will  be  found  to  equal  6. 

Ex.  7. — Eequired  the  first  term  of  the  fourth  order  of  dif- 
ferences of  the  series  1,  6,  20,  60,  105,  196,  etc. 

From  A'X  =  X  -  4X'i  +  6X',  -  ^X',  +  X\y  the  sought 
difference  will  be  found  to  equal  2. 

4.  jRemarks, — 1.  If  we  have  the  equation  S  =  w  -f  a»  + 
ba?  +  ca^.  +  da^  +  etc.,  to  infinity,  or  its  equivalent,  S  —  m  = 
aao  +  ho^  +  caf  +  da^  +  etc.,  (1) ;  then  by  multiplying  the 
members  of  the  equation  by  1  —  »,  we  get  (S  —  m)  (1  —  a?)  = 
«i»  +  (J  —  dyj^  +  (<?  —  V)^  +  (rf  —  c)aJ*  +  etc. ;  or,  by  sub- 
tracting axe  from  the  two  members,  we  ha\je  (S  —  m)  x  (1—  a?) 

—  aa?  =  Aa.a5^  +  A  J-a?*  +  A<?.aJ*  +  etc.,  (2),  since  5  —  a,  (?— ft, 
rf  —  <?,  etc.,  are  clearly  the  first  differences  of  a,  ft,  Cy  etc. 

K  we  multiply  the  members  of  (2)  by  1  —  a?,  and  proceed 
in  the  same  way  as  before,  we  shall  get  [(S  --  m)  (1  —  a?) 

—  aaj](l  — »)—  Aa.a'=(Aft^  Aa)^' +  (Ao  — Aft)i*  +  etc. 
=  A'^.a?"  -h  A'ft.a^  +  etc.,  (3),  since  Aft  —  Aa,  A<?  —  Aft, 
etc.,  are  clearly  the  first  differences  of  A  a.  Aft,  etc.,  or  the 
second  differences  of  «,  ft,  etc. ;  and  in  like  manner  we  may 
find  Equations  which  involve  the  third,  fourth,  etc.,  differ- 
ences of  a^  ft,  etc. 
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If  we  have  the  equation  8'  —  m'  =  a*x  +  5  V  +  c'of  +  etc., 
(4) ;  then,  multiplying  its  members  by  1  —  aj*,  and  proceed- 
ing as  before,  we  shall  get  (S^  —  rnf)  (1  — aj*)  —  a'x  =  /^a'jof 
+  Ah'jxf  +  etc.,  (5 ;  and  thence  [(S'  —  mO  (1  —  «^  —  a'x] 
(1— aj*)  —  Aa\sf  =  A^a'jgf  +  etc.,  (6),  and  so  on. 

K  the  differences  of  any  order  which  resxdt  from  (1)  or  (4) 
equal  0,  we  can  evidently  find  S  or  8',  which  are  called  the 
generating  functions  of  die  series ;  also,  if  the  differences  do 
not  equal  0,  yet  if  they  are  so  small  that  they  may  be 
rejected,  we  can  find  the  approximate  value  of  8  or  8'. 

To  illustrate  what  has  been  done,  we  shall  take  the 
following 

EXAMPLES. 

Ex.  1.— To  find  the  generating  function  of  8  =  1  +  2aj  + 
8a?  +  4aj«  +  5a^  4-  etc. 

Comparing  the  equation  to  (1),  we  get  w  =  1,  cj  =  2,  J  =  3, 
{?  =  4,  etc.,  Aa  =  i  — a  =  3  — 2  =  1,  A&  =  o  — i  =  4  — 8 
=  1,  the  first  differences  being  each  equal  to  1';  consequent- 
ly, the  second  differences  will  be  0.  Hence,  (3)  will  become 
[(S~l)(l-a)~2aj](l-«)-aj»=(S-l)(l-iB)«-2aj  + 

fl?  =  8(1  —  a?)*  —  1  =  0,  which  gives  8  = -,  as  re- 

(1  -  xf 

qmred. 

Ex.  2. — ^To  find  the  generating  function  of  8  =  1  —  2iP  + 
2a5*  —  2aj"  +  etc. 

Putting  x=  --y^  the  series  becomes  8  =  l  +  2y  +  2y*  + 
2y*  +  etc.,  whose  first  differences  being  0,  we  shall  get 
(8  —  1)(1  —  y)  — ^  2y  =  8(1  —  y)  —  (1  +  y)  =  0,  which  gives 

8  =  /^y ,  or  since  y  =  —  a?,  we  get  8  =     ""^,  as  required. 
1  —  y  1  +  a? 

Ex.  8. — ^To  find  the  generating  function  of  8  =  1  +  a  + 
ief  +  9Q?  +  16a^  +  25aj*  +  ZQt?  +  etc. 

Here  the  differences  of  the  third  order  being  0,  we  get 
(8  —  1)(1  —  xY  —  (»  +  2aj^(l  —  »)  =  Saj*;  consequently,  we 

shall  have  8  =  ^"•^  +  ^""^,  as  required. 
(l-»y 

Ex.  4.— To  find  the  generating  function  of '8'  =  1  +  8»  + 

6a?  +  7a?  +  9iB^  +  etc. 
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Because  the  second  differences  are  0,  if  in  (6)  we  put 
m'  =  l,  <i'  =  3,  Aa'  =  5-8  =  2,  we  shaU  get  [(S'-l) 
(l-aj>)-3a.](l_a5S)_2aJ»  =  S'(l-aJ»)*-l  +  2ai»-aJ*- 

to  +  «»  =  0,  which  gives  8-=^  +  ^;:^^-:/  +  ^/ as 

required. 

Ex.  6. — ^To  find  the  generating  function  of  S  =  1  +  a?  + 
6a?  +  18aj»  +  41a^  +  121aj*  +  etc. 

Here  our  method  is  not  applicable,  because  there  is  no 
order  of  the  differences  of  the  coefficients  which  equals  0. 
Nevertheless,  the  coefficients  are  found  to  be  connected  with 
each  other  by  a  very  simple  law ;  for  if  we  multiply  the  co- 
efficient of  X  by  8,  and  that  of  a^  by  2,  their  sum  gives 
8  +  10  =  18  =  the  coefficient  of  o? ;  and  if  we  multiply  the 
eoeffident  of  af  by  8,  and  that  of  of  by  2,  their  sum  gives 
15  4-  26  =  41,  the  coefficient  of  a^,  and  so  on.  Hence,  the 
given  series  is  clearly  a  recurring  series,  such  that  (3aj*,  2x) 
is  the  scale  of  relation  of  each  of  its  terms  (after  the  first  two 
terms)  to  the  two  preceding  terms. 

And  it  is  clear,  from  what  was  formerly  shown  of  such  a 
series,  that  the  given  series  must  be  the  expansion  of  a  frac- 
tion of  the  form i or  that  we  must  have 

1  —  2a?  —  Sa? 

.  ^j"^o^  =  1  +  »  +  5aj»-h  18aj»  +  41a^  +  12W  +  etc.,  in 
1  —  2x  —  oar 

which  A  is  to  be  found  so  to  satisfy  the  equation.  To  deter- 
mine A,  we  develop  the  fraction,  and  thence  get  1  +  ( A  + 
2)  a?  +  etc.  =  1  +  a?  +  etc.  j  consequently,  because  the  series 
must  be  identical,  we  must  have  A  -h  2  =  1,  or  A  =  —  1, 

and  of  course 5-5  is  the  generating  function  of 

the  given  series. 

Hence,  it  is  clear  that  the  method  to  be  used,  in  order  to 
find  the  generating  function  of  a  series,  must  be  varied 
according  to  the  nature  of  the  case. 

2.  If  the  generating  function  of  a  series  equals  the  sum  of 
its  terms,  or  differs  insensibly  from  it,  U  is  called  the  sum  of 
the  series;  otherwise,  the  series  is  called  the  development  or 
expansion  of  the  generating  ftmction. 
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The  generating  function  of  a  serieB  can  sometimeB  be 
fonnd  by  adding  its  terms  as  they  are  given,  or  by  changing 
them  into  equivalent  fonuB. 

XXAHFliXB* 

Ex.  1. — ^To  find  the  sum  of  n  terms  of  the  series  6  3= 


1.2^2.3^3.4:^  ^n(n  +  l) 

Here,  hj  adding  the  terms  as  they  are  given,  we  have 

l.a'''2.8~6      8'l.2"''a.8"^8.4~12~4'X.2 
+  ^  +  ^i  +  4^^  =  ^^  =  t^'^^'>oon;cormcimnt\y, 

it  is  clear  that  we  shall  have  S  =:     ^  -  =  the  generating 

function,  as  required. 

Again,  by  changing  the  terms  of  the  series  into  equivalent 
forms,  we  shall  get  B  =  Jl^  +  J-^  +  etc.  =  (l  ~  IJ  + 

1  n. 

1 = -,  as  appears  by  erasing  the  terms  which 

71  +  1         H  +  1 

destroy  each  other. 

It  may  be  added,  that  the  series  can  be  obtained  from  the 
development  of  the  generating  function. 

Thus,  since  -^  = ^ --,  we  shaU  get      ^ 


n+l      2»-^(7k-^iy  ®     7^  +  1 

1     +^;^-\;  and  since    ^-^  ^-1 


1.2  '  2{n  +  iy  2(71  +  1)      2[(8n-3) -(271-4)] 

-    1      I     ^-8     we  set  ^a^  ^  J— ^  J- -u-H^-^ 
"2.  3  "^3(71  +  1)'        ^     71  +  1  "^1.2*^  2.  3  "^3(71+1)' 

also    because      ^  "~  ^    ^ n  —  2 1 

'  3{n  +  1)^  3[(47i-  8)  -  (371-  9)]  ^371  ^ 

•^-8        eget_^=    1     +    1     +    1     +    «-8    . 


4{n  +  iy         ^      7»  +  l~l. 2^2. 3'^3. 4^  4(71  +  1)' 
and  we   may  proceed   in   the   same  way  indefinitely. 
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Hence  it  is  clear,  if  n^  ie  infinite,  that  we  must  take  1  far 
the  generating  ftinction,  and  that  the  sum  of  the  terms  of 
the  series  will  diflfer  insensibly  from  1. 

Ex.  2. — To  find  the  sum  of  n  terms  of  the  series  S  = 

1.2. 8  "^2. 8. 4  "^8. 4, 5"^  n{n  +  l){n  +  2)' 

Changing  the  terms  into  equivalent  expressions,  we  get 

\n(n  +  l)      («  +  !)(» +  3)/  4      2(n +  !)(»  + 3)' 

required. 

Ex.  3. — ^To  find  the  sum  of  n  terms  of  the  series  S  =  1 .  8 
+  3.8  +  3.4  + +  »(»  +  1). 

Here  we  have  S  =  (1.2.3  —  0.1.2) -^  3  +  (2.3.4  — 
1.2.3)^8+(3.4.6-2.8.4)^3+....+[«(n+lXn+ 

2)  _  («  _  ix„  + 1)]  H- 8  =  n^L+l)(!L!i2). 

3 

8.  We  will  now  give  the  substance  of  the  preceding  re- 
mark in  a  more  general  form. 

To  the  end  in  view,  we  shall  resume  the  series  S  =  4. 

f  . . . .  +  -^ r-  J  and  we  shall  represent  the  sum  of 


2.8^ ^  n(n  +  1) 

n  +  1  terms  of  the  same  series  by  S'  =  — — h  — : — u  . . 

^  1.2^2.8^ 

+  7 5T7 ^  J  ^^^y  ^y  subtraction,  we  get  S'  —  S  = 

{n  +  l){n  +  2) 

Because  the  first  and  second  members  of  (1)  are  of  like 

forms,  and  that  S  and  _?_  are  changed  into  S'  and  -i_, 
n-i-l  ^  n  +  2' 

when  n  is  changed  into  n  + 1,  it  is  clear  that  (1)  can  be 

satisfied  by  assuming  8  =  0—     ^    ,  and  S'  =  C  —     ^.  ., 

n  +  1  n  +  2 

in  which  0,  called  the  arbitrary  constam/t^  is  independent  of 

n.    To  determine  0,  we  put  0  for  nj  then,  since  n  =  0  gives 
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S  =  0,  the  equation  8  =  0—  is  reduced  to  0  =  0  —  1 

n  +  1 

or  0  =  1;  conflequently,  putting  1  for  0,  we  get  S  =  1  — 

-,  which  is  the  same  expression  for  the  sum  of  n  terms 

n  +  1 

that  we  have  previously  found* 

It  is  evident  that  S'  —  8  and  — —  are  the  dif- 

n+2      n+1 

forences  of  8  and ,  which  result  from  changing  n  into 

n  +  1]  consequenfly,  (1)  is  equivalent  to  the  equation  aS  = 

n  +  1 
If  we  denote  tiie  reverse  of  the  method  of  taking  the  dif- 
ference of  a  quantity  by  writing  ^  before  or  to  the  left  of 

the  quantity,  then,  from  (2),  we  shall  get  -/^  A  8  =  ^— 

A -J  or  S  =  0  — -. ;  because  the  operation  indicated 

n+ 1  n+1  p 

by  A  is  destroyed  by  the  reverse  operation  denoted  by;;  , 

and  that  0,  called  die  arbitrary  constant,  is  added  to  the 

right  member  of  the  equation  to  correct  the  result,  or  for 

generality,  since  the  difference  of  0  — is  the  same  as 

n  +  1  * 

that  of  — -,  because  C  does  not  contain  n. 

n  +  1 

It  is  evident  that  this  process  which  is  called  integration  is 
substantially  the  same  as  that  previously  given  (though  it  is, 
perhaps,  less  simple),  and  that  0  can  be  found  in  the  same 
way  as  before. 

It  clearly  follows  from  what  we  have  done,  that  any  term 
of  a  series  is  the  difference  of  the  sum  of  all  the  preceding 
terms  taken  with  their  proper  signs,  and  that  in  order  to  find 
the  sum  of  the  preceding  terms  from  the  difference,  the  dif- 
ference must  be  put  in  the  form  of  an  exact  difference,  after 
the  manner  of  the  right  member  of  (1)  or  (2) ;  where 
it  may  be  noticed  that  the  finding  the  sum  of  the  terms 
from  the  difference  is  called  the  ji/ndmg  the  mteffralj  or 
integration. 

To  illustrate  what  has  been  done,  take  the  following 
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Ex.  1. — ^To  find  the  sum  of  n  terme  of  the  series  S  = 
{a  +  h)  +  {a  +  2h)  +  (a  +  Sb)  + +  (a  +  {n^  1)J). 

Here  we  have  a  +  nb  for  the  difference  of  the  sum  of  n 
terms  of  the  series ;  and  since  {n  +  1)*  —  n*  =  2n  -f- 1,  we 
have  n  =  (n  +  iy^n^-l  ^  An>«--1 .  consequently,  put- 

ting  this  value  for  n,  we  have  a  +  nJ  =  a  +  ""    = 

•"  Q  ^^  >  ®^^  ^^  7^  +  1  —  n  =  l=  An.j  the  expres- 
sion  is  reduced  to  i^  -  V) An  +  h An\^  consequenUy,  by 
taking  the  integral,  we  shall  get  /  (a  +  nj^)  =  G  + 
(2<a^  -  »>  +  hn*^  or  the  sum  of  n  terms  of  the  series,  is 

expressed  by  S  =  0  +  ^^±i|ZlM  X  n. 

To  determine  C,  we  put  n  =  0,  which  gives  S  =  0,  and 
thence  we  have  0  =  0;  consequently,  the  sum  of  n  terms 

of  the  series  is  expressed  by  S  =  ^  +  ^  +  (tt-l)^  ^  ^ 

Ex.  2. — To  find  the  sum  of  n  terms  of  the  series  S  =  1  +, 
4  +  9  +  16  +  25  + +n\ 

Here  we  have  A8  =  (n  +  l)»  =  n«  +  2n  +  l  =^!^-±^!L±i 

8  6 

(n  +  1)*  —  n*  =  A  n*,  6n  +  8  =  3{n  +  1)*—  8n*  =  8  An»,  and 

(«  +  l)^n=  An)we8haUhave  aS=::^'  +  ?^^±^ 

8  6 

^2An*  +  SAn*  +  An.  eonseqnendy,  by  taking  the  ioter 
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that  it  is  not  xxecesaary  to  use  any  constant,  since  it  will 
equal  0* 


?0WEB8    AND    INVOLrTION. 


SECTION    X, 

POWBSS  AVD   IVVOLUTIOS. 

(!•')  AcooBDiKo  to  9,  of  Sec.  I.,  the  prodncts  obtained  hj 
the  Bucceseive  multiplications  of  any  number  or  quantity 
{called  the  rooij  by  itself,  are  called  patvere  of  the  root 

Thus,  if  A  is  taken  for  the  root,  it  is  said  to  be  the  first 
power  of  A ;  A  x  A  =  A*  is  called  the  second  power  or 
square  of  A ;  A  x  A  x  A  =  A*  x  A  =  A*  is  called  the 
third  power  or  cube  ofA;AxAxAxA  =  A*xA  =  A* 
is  called  the  fourth  power  of  A ;  and  generaUy,  A  x  A  x  A 
X  ....  X  A  to  Wr  factors  =  A**  is  called  the  n^  power  of  A, 
and  n,  which  denotes  the  number  of  times  that  A  enters  as 
a  factor  into  A%  is  called  the  index  or  eooponent  df  the  power. 

(«•)  The  process  used  in  obtaining  any  power  of  the  root 
is  called  Involution;  and  when  the  power  is  formed,  the 
root  is  said  to  have  been  involved  or  raised  to  the  power. 

(8.)  Because  any  power  is  formed  or  derived  from  the  root 
by  multiplication,  it  is  evident  that  we  shall  have  the  follow- 
ing rule  fcr  raising  any  root  to  any  proposed  power. 

BULB, 

1.  By  the  rules  of  MuUipUoaHon,  mtdtiph/  the  root  Jyy 
itself^  and  the  product  hy  the  root  again^  amd  so  on^  untU  the 
number  of  multiplications  is  one  less  them  th^  number  of 
tmits  in  the  index  of  the  power ;  thefn  the  product  th/us  ofh 
tained  will  be  the  required  power. 

2.  By  the  rule  of  signs  in  m/ultipliccttion,  when  the  root 
is  positive,  all  its  powers  will  be  posUi/oe  /  hd  if  the  root  is 
negative^  aU  the  even  powers^  or  those  whose  index  is  am,  even 
number  J  wiU  be  positive  j  and  aU  the  uneven  powers^  or  thas^ 
whose  index  is  an  uneven  number^  will  be  negative^  or  will 
have  the  same  sign  as  the  root. 

3.  If  the  root  is  a  fraction^  it  follows  from  the  rule  for 
the  muUiiMcation  of  froMions^  thai  the  power  will  be  fou/nd 
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by  raising  the  numerator  and  denominator  to  the  proposed 
power ;  aleo^  if  the  root  is  of  a  mixed  form^  or  parti;/  inr 
tegral  amd  partly  fra/stional^  it  Timy  he  reduced  to  the  form 
of  an  improper  fraction^  amd  then  the  power  may  he  found 
as  in  the  case  of  a  fraction. 

4.  If  the  root  consists  offactors,  the  power  may  he  found 
hy  raisinff  the  factors  to  the  power^  and  taking  their  product 
for  the  sought  power. 

5.  Becmise  powers  of  the  same  root  may  he  multiplied  hy 
adding  their  indices  for  the  index  of  their  produ^^  it  is 
dear  if  the  root  has  no  index  expressed^  that  hy  gimng  it  or 
its  factors  the  index  of  the  power  for  an  index^  the  power 
will  he  expressed  as  required;  also^  if  the  root  or  its  factors 
ha/oe  indices^  then  the  index  of  the  root  or  the  indices  of  its 
factors^  when  m/uiUiplied  hy  the  index  of  the  power ^  wiU 
eoEpress  the  power y  as  required, 

6.  If  we  take  differerU  powers  of  the  root^  such  that  the 
sum  of  their  indices  equals  the  index  of  the  power  to  which 
the  root  is  to  he  raised^  then  the  producfl  of  the  powers  will 
equal  the  required  power  of  the  root. 

Remark. — ^It  is  clear  from  2  of  tlie  role  that  it  is  impoesible 
for  an  even  power  of  a  number  or  quantity  to  equal  a  nega- 
tive number  or  quantity ;  thus,  a?  =  —  2,  fl^=  —  a*,  y*  =  —ft* 
are  impossible  equations,  since  there  are  no  real  values  of 
X  and  y  which  can  satisfy  them ;  consequently,  x  and  y  are 
said  to  be  impossible  or  imaginary. 

To  illustrate  the  rule,  take  the  following 

EXAMPLES. 

1.  To  find  the  second,  third,  fourth,  and  fifth  powers  of  a 
and  —ft. 

Here,  a  x  a^c?^  a  y.  ay.  a^a^  x  a^cf^  ax  a  x  a  x 
a^a^  X  a*  =  €f  xa  =  a\axaxaxaxa=:(^xa^  =  efi 
are  the  required  powers  of  a/  and  — ftx— ft  =  ft*,  — ft  x  — 
ftx-ft  =  ft^x-ft=-ftS-ftx-ftx-ftx-ft  =  ft'x 
y=_j8x-ft  =  ft*,  -ftx -ftx -ft  X -ft  X -ft  =  ft« 
xft^x  — ft=— ft"xft^=—  ft*,  are  the  required  powers  of 
-ft. 

2.  To  find  the  square  of  Sa'ft*  and  the  cube  of  7ah(f 
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Here  we  have  ZciV  x  ZtSV  =  8»<t*6*  =  9<lV,  and  (TaW/ss 
7*a*J*c'  =  348o'i*o»,  as  required. 

8.  To  find  the  fourth  power  of and  the  square  of 

Z<fcP 

Here  ^2aJ^*_2Wtf|     16aW  ^.  (     S<fcP\*    /8<*dY 

4.  To  find  the  square  of  a  —  — ,  and  the  cube  of  —  ( 4^  )• 

Here  we  have  L _  ???  =  (?f£ll25y  ^  (3«c-2^ ^ 

V        3c/       V      3tf     /  .  (3o)* 

(Sag  -  2ft)*  _  90*0*  -  12abo  +  4ft*       ,  /_  ^\»  _  /_  U\*  _ 

9c*        ~  9c*  '         \     ^/~l      8/~ 

2744 

-,  for  the  sought  answers. 


27 

6.  Given,  («  +  i)»  =  a»  +  2aJ  +  ^  and  {a  +  lf=z(^  +  Sa*i 
+  30**  +  J«,  to  find  {a  +  J)*,  or  the  fifth  power  of  a  +  i. 
Here,  {a  +  hf  x  {a  +  by  =  (a  +  if  gives  {a  +  hY  =  {cf-h 

lOa^V  +  Sab*"  +  l\  as  required. 

(4.)  Because  the  raising  of  compound  or  polynomial  ex- 
pressions to  powers  by  common  multiplication  is  often  long 
and  very  operose,  we  will  now  proceed  to  show  how  the  pro- 
cess may  generally  be  greatly  abridged.  To  the  end  in 
yiew,  we  shall  commence  by  giving  the 

INVBSTIOATIOK  OF  THB  BINOMIAL   THEOBEli. 

1.  Supposing  5  -f-  A  to  stand  for  the  binomial,  and  n  for  any 
positive  whole  number,  then  from  (C),  in  the  remarks  under 
Ex.  8  (p.  48),  in  Multiplication,  and  from  (A)  in  the  remarks 
under  Ex.  6  (p.  70),  in  Division,  we  gettheequations,(J+A)'* 
=  &»  +  [(& -h  A)"-' -f  (S -f  A)"~'J  +  (t  + A)"-*J* +  ....  + (J + 
^)j«-«  4-  J«-i]  X  A= J"  +  nJ^-^A  +  terms  depending  on  A*,  A*, 
etc.,(l);  and (J+A)-»  =  5-*+[J-X*+^)""+i-'(J-f  A)-<«-^>-|- 


272     ELEMEKTABT  AND  HiaHEB  ALGEBRA. 

—  A  =  J""—  TiJ-^^+^^A  +  terms  depending  on  A*,  A',  etc.,  (2), 

BecaiiBe  n  — - 1,  ti  —  2,  n  —  3,  etc.,  are  positive  whole  num- 
bers, it  follows  from  the  expansion  in  (1),  that  we  shall  have 
(J  +  hy-'  =  J*-^  +  (n  -  1)J~-«A  +  etc.,  (J  +  A)«-*J  =  [6«-* 
+  (n  -  2)J"~^A  4-  etc]  x  J  =  J"-^  +  (/^  —  2)&«'»Av+  etc.,  (J 
+  A)"-'&*  =  J**"^  4-  (^  —  3)J'*"*A  4-  etc.,  and  so  on ;  conse- 
quently, from  (1),  we  shall  get  [(n  —  1)  +  (n  —  2)  +  (ti  —  3) 
+  (t^  —  4)'+  .  .  .  .  +  1,  making  t*  —  1   terms]  J'^-W  = 

!5i!LZ_V-W,  as  appears  from  the  Appendix  to  Multiplica- 
tion and  Division ;  consequently,  we  shall  have  (J  4-  A)**  = 
J«  4-  nb'^^h  4-  ^^^  ""  "^V-^A'  4-  etc.  If  we  proceed  with  (2) 
in  the  same  way  as  before,  w©  shall  get  {i  +  A)"*  =  J""*  — 
^-<«+DA  +  !^^!LilDj-<*'+«>A«  —  etc.;  which  can  also  clearly 

be  obtained  from  the  expansion  of  (1),  by  changing  tlie 
sign  of  n. 

Hence,  we  shall  have  (J  4-  A)"-*  =  i"-^  +  (n  —  1)5'»-"'A  4- 
(^      l)(^^2)^,,a^,  ^    ^^^^  ^j  ^  ^j,^5j  ^  j„_i  4-  (/^  -  2) 
X      •      2 

j»-«A+^2lZ:^}fc:A)j-«A»  +  etc.,  (J  +  A)"-»J'  =  &-»  +  (f» 
1.2 

-  8)J"-«A  +  ("'-3)(»-4)^-»^«  ^  gtp^  ^  J  gQ  Qjj .  gj^ng^j. 
quently,  from  (1)  we  ehall  get  r(>^-l)(>^-2)  +  (n-2Xn--8) 
_^^n-3)in-i)  +....+  2^]  X  J-W  =  (by  the  Ippen- 
dii before  cited)  «(^-l)(^-2)  ^  j,_,„  ^j^-^j^  .^  ^j^^  ^^^^^j^ 

term  of  the  expansion  of  (J  4-  A)** ;  and  proceeding  in  like 

manner  with  (2),  we  get  -  K^  +  1)  (n  +  2)^^(,^,p^8  fo^  the 

■  ®  1.2.3 

fourth  term  of  the  expansion  of  (J  4-  A)-^  Proceeding  in 
like  manner  from  the  fourth  terms  of  the  expansions  to  get 
the  fifth  terms,  and  so  on,  it  is  clear  that  we  shall  have 

(J  +  A)- =  J- +  «5-»A  +  ^iV-W  +  ?^^^1H^)  X 
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tenns,  (l^;  and  (J  +  A)-  =  J-  -  «J-<"+«A  +  p?LtJ) 
&-(n.^A« _ ^^  +  1)(^  +  g)»-<n.^;^,  +  etc.,  to  fffi  unlimited 

number  of  terms,  (2^) ;  which  are  the  required  expansions  of 
(1)  and  (2). 

2.  We  wDl  now  investigate  the  theorem,  when  the  expo- 
nent of  the  power  is  a  positive  or  negative  vulgar  fraction. 

Putting  a  =  J-hAora  —  J=:A,  and  using  ~  to  represent 

m 

n  n 

any  vulgar  fraction,  it  is  clear  that  we-shall  have  ^"^  ""  ^  = 

"  5  n— 1  n~>   1  n— 8   1^  n~l 

"m  m  "■■"     m— 1  m— i    1  m— 8    a  m— 1       ^j 

om  —  ^m      tfm4-fl^mj»ii4-a»»  5^+  . . . .  +  iT^y  to  m  tcHns, 
as  is  evident  by  dividing  the  numerator  and  denominator  by 

their  common  factor  am  —  JSl. 
K  the  members  of  the  equation  are  multiplied  hj  a  —  h 

n 

=  A,  and  l^  added  to  the  resulting  products,  and  (6  +  A)  is 

n  n 

put  for  a  in  the  result,  we  shall  get  (b  +  A)^  =  J^  + 

n— 1  n— a    1^  n— 8   £  n— 1 

(&  4-  A)  m    +  (t  +  A)  m  &m  +  (^  -f  A)  m  tm  4-  .  .  .  .  +  &  m  ,  to   n 

fi»— 1  m— 8    1  mm-^    a  m— 1 

(J  -f  A)"^  -h  ( J  +  A)  m  Jm-f  (J  -h  A)  m  Jm  4-  .  .  .  .  +  J  m  ,  to  m 

!?£???!  X  A,  (3). 

terms,  _ 

If  in  (3)  we  put  1  for  w,  and  then  change  n  into  — ,  it  will 

become  (J  +  A)^  =  ftm  +  [(ft  +  A)^~^  +  (J  4-  A)^"'J  4-  ( J  + 
h)nr  J*  4-  etc.,  to  an  unlimited  number  of  terms]  x  A,  (3') ; 
which  is  clearly  the  same  result  that  we  shall  get  from  the 
division  of  the  numerator  of  the  fraction  in  (3),  by  its  de- 
nominator, m  m  1  1^  -« 
Again,  if  we  divide  a  —  &  =  O"*  —  J«  by  am  —  Jm,  and  am 

—n  — n  — n        1 

—  J  m  by  —  Jm  4-  a»,  we  shall  get —  = - 

a  m 
4-a  »n  J  »»4-a  m  T>  w*4-----4-flt  '^  »»jto7^  terms 

m— 5    1  m— 8    S  w>— 1 

4-  a~mhm     4-  a  m  ftm  4-  ....  4"  5  "*  >  to  ?;i  terms 

18 


?,  (4). 
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K  we  put  A  for  a  —  J,  iiiid  J  +  A  for  a,  the  equation  is 

easUy  changed  to  (J  +  A)"^  =  r s  +  {h  +  h)  nj-^ +  {h  + 

{h  +  h)^    +    (ft  + 

— n-fl    —1  — w+>    —8  1.        * 

A)    m    ^  m  +  (^  -f  A)    «    i»»    +  .  .  .  .  (J  +  A)"^»ni"*w  »     r^\ 

— ^ZTT m=rT ^  ^      ^y  W- 

A)m6»»      4-(6  +  A)mJ»       +••••         +  i  ^ 

If  we  put  1  for  m,  and  change  n  into  — ,  (5)  will  become 

m 

{h  +  h)"^  =  r^  +  [(»  +  A)-^-»  +  (J  +  A)-^*V*  +  (i  + 

A)"*  m  "*■*&-*  +  etc.]  X  —  A,  (5'),  which  is  clearly  the  same  as 
to  convert  the  fraction  in  (5)  into  a  series. 

Because  i^  is  the  first  term  of  the  expansion  of  ((  +  A)m 

in  (8),  it  is  clear  that  i  ^   is  the  first  term  of  the  expansion 

of  (&  +  A)  m  ,  and  that  «ach  term  in  the  numerator  of  tho 

fraction  in  (3)  gives  h  m    for  the  first  term  of  its  expansion^ 

BO  that  all  the  terms  give  tA  m  ;  and  in  a  similar  way,  the 

m-l 

terms  of  the  denominator  give  mb~m  ;  consequently^  (3)  is 

n-l 

J     -1.1    ..    /I  .    i\-      ,  1  ,  nJ  m   4-   terms  in  A       ^      ,» 
reducible  to  ( J  +  A)m  =  &»»  h ^^-^^ x  A  =  ^ 

77i6"Jir+  terins  in  A 

4.  ^Jm"^A  +  tei-ms  depending  ou  A*,  A*,  etc.,  (3"),  as  is  evi* 
m 

dent  from  the  division  of  the  numerator  of  the  fraction  by 
its  denominator;  and  similarly,  (6)  gives  {b  +  A)~m  =:  J'm^ 
^U'^^^^A  +  terms  in  A',  A*,  etc,,  {5"%  which  can  at  once 

be  obtained  from  (3"),  by  changing  the  sign  of  ~  . 

m 

Again,  because  the    fijrst    terms  of  the  expansions  of 

(J  +  A)^"\  (J  +  A)^"*ft,  (6  +  A)^"^J',  etc.,  are  l^'\  l^''\ 

Jw""*,  etc,  we  get  from  (3')  {b  +  A)m  =  &m  +  (Jm"^  +  J^^^^. 

^"^  +  etc.)  X  A  +  etc.,  so  tnat  the  coefficient  of  A  is  ex- 
pressed in  an  indeterminate  form,  when  its  true  value  is 

-Zjsi""* ;  consequently,  the  conversion  of  (3)  into  (3')  converts 
m 
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:;:  ^^ ::: — iz — :;:a  =  I  +  z — z;: — iz — sza  =  1  +  1  + 

(n--2m)-(n-8m)  -  +  +  1  +  »  -  8»|,  -  (^  -  4^)' 
and  80  on,  indefinitely ;  and  it  is  dear  that  similar  observa* 
tions  are  applicable  to  (5)  and  {b^y 

Because   1^-1^1-%   (^_2)jS-'A,    g-sjj^-'A, 

etc.,  are  the  second  terms  of  the  expansions  of  (J  +  A)m~^, 
(ft  +  A)^'''ft,  (ft  +  A)«"*ft»,  etc.,  in  (3'),  ^  follows  that  we  shall 

(Binca,  by  the  Appendix  to  Ifnltiplication  and  Division, 
(—  —  ll  +  ( 2 j  -f  etc.  is  the  expansioii  of  nXm  ^   )  \ 

rnXm  )hm  A*,  for  the  third  term  of  the  expansion  of 
1.2 

(ft  +  A)m ;  and  by  changing  the  sign  of  — ,  it  will  become 

m 

_  n 

the  third  term  of  the  expansion  of  (ft  +  A)   m. 

-(-  -  1^ 
Proceeding  in  a  similar  way,  we  readily  find  rmm        / 

1.2. 

\^ ""  *yft^""*A'  for  the  fourth  term  of  the  expansion  of 

3 

(ft  4-  A)m ;  and  by  changing  the  sign  of  ~,  it  will  become 

m 

the  fourth  term  of  the  expansion  of  (ft  +  A)  m;  and  it  is 
clear  that  the  law  of  the  terms  of  the  expansions  is  the  same 
a^  w^ien  the  exponent  of  the  power  of  the  binomial  is  a 
positive  or  negative  whole  number. 

8.  If  any  positive  or  negative  in*atioQal  number  is  repre- 
sented by  p^  the  expansion  of  (ft  +  hy  will  be  of  the  same 
general  form  as  the  expansions  of  (ft  +  A)",  (ft  +  A)-^ 

For  let  nf  denote  any  very  small  rational  number,  which 
has  the  same  sign  as  p^  then  taking  the  series  n\  2n\  dn\ 
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4n',  etc.,  we  shall  clearly  find  two.  Buccessive  numbetB 
which  may  be  expressed  by  qii'  and  qn!  -f  w.',  such  that  p 
shall  be  numerically  greater  than  qn'^  and  less  than  qnl  +  n\ 
so  that  p  will  have  gn'  and  qW  +  n'  for  its  limits.  Hence^ 
(6  +  Kf  must  clearly  have  (&  +  Kf"  and  (J  +  A)«^'+»'  for  its 
limits;  consequently,  since  n'  may  be  taken  so  small  that 
either  limit  shall  differ  insensibly  from  the  other,  it  follows 
that  (5. 4-  Ay*  may  be  considered  as  coinciding  with  either  of 
them ;  hence,  because  (5  +  A)^  and  (J  -h  A)*"'+*'  can  be  ex- 
panded into  series  of  the  same  form  as  ( J  +  A)"  or  (J  +  A)~*, 
it  is  clear  that  (&  +  Kf  can  also  be  expanded  in  a  similar 
way,  when  p  is  put  for  n  or  —  n. 

4.  If  n  stands  for  any  real  positive  or  negative  number,  it 
follows  from  what  has  been  done  that  we  shall  have  (5  +  A)" 

=  J"  "i-  rJt^^h  -f  !r    7^    V-'A'  +  etc,  in  which  h  and  A  are 

clearly  arbitrary. 

If  for  A  we  put  -  A,  we  shall  get  (A  —  A)"  =  J"  —  /i*'-^A+ 
nKji  —  lj^n-.2^8  _  g|^^^  since  the  odd  powers  of  A  are  nega- 
tive, and  the  even  powers  positive. 

Hence,  (J  ±  Kf^  }P±  n*-^A  +  f^V'W  ±  ^<^) 

^——^  X  J'*-^  4-  .^    o"    — Q  -     -V      *'*"*A*  ±  etc.,  («), 

which  is  such  that  if  the  number  of  any  term  is  repre- 
sented by  m  +  1,  the  term  itself  will  be  expressed  by  ± 

1.2  3       X  ....  X  m 

-h   must  be  used  for    ±   when    m  is  an  even  number, 

a^d  —  must  be  used  when  m  is  an  odd  number ;  thus,  if  m 

=  2  the  terra  becomes  ^(^  ^  ^ V-^A*,  and  if  m  =  3  it  be- 

1.2 

comes  ±  ^(^""^)(^'^""%*'-«A^;  consequently,  all  the  t»rm» 
1*2.3 

of  (a)  can  be  deduced  from  (&),  tcAeoA  t«  calXed  the  general 
term  of  (a). 

If  in  A  ±  A  we  call  ft  the  first  or  leading  term,  and  ±  A 
the  second  or  following  term,  then  it  is  clear  that  if  we  mul- 
tiply any  term  of  (a)  by  the  index  of  the  leading  term  in  it, 
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diminish  the  index  by  unity,  multiply  the  result  by  the  fol- 
lowing term  (or  ±  A),  and  divide  by  the  index  of  the  follow- 
ing term  in  the  product,  the  result  will  equal  the  next  suc- 
cessive term  of  {a) ;  consequently,  all  the  terms  of  (a)  can 
clearly  be  deduced  from  J",  taken  as  the  first  term  of  the 
expansion  in  (a) ;  and  it  may  be  added,  that  the  method  here 
given  for  finding  the  successive  terms  of  {a)  is  substantially 
the  same  as  what  is  called  NewUnCB  Binomi<U  Theorem. 

EXAMPLES. 

1.  To  find  the  third  power  or  cube  of  a  ±  J. 

Putting  a  for  J,  and  h  for  A,  and  8  for  n^  in  (a),  we  get 

(.±5)»  =  a'±3a^->^  +  fiiig=i)a^'y±^^<^-^)xV) 
1     •     ^  1  .    2       .       o 

ijMV  =  (^±  8a*h  +  Sai^  ±V;  noticing  that  a»-*  =  (i«  =  1, 

and  that  all  the  following  terms  of  the  series  are  reduced  to 

0,  because  they  have  3  —  8  =  0  for  a  factor. 

2.  To  expand  {a  +  hf  and  (a?  --  yf. 

Here,  we  have  (a  +  if  =  a«  +  kc^b  -f  15a*S*  +  20a»}«  -f 
15a«J*  +  6aJ»  +  h\  and  (a?  --  y)*  =  «« -  5aJV  +  lOaj'j/'  -  lOaj^y^ 
+  5a?/  —  y*. 

8.  To  expand  (3a  +  4jy,  (5a  -  2J)\ 

Here,  putting  3a  for  J,  and  4&  for  ±  A,  in  (a),  and  using 
8  for  n,  we  get  (3a  -f  4&/  =  (3a/  +  3  x  (3a)*  x  4J  -h  3  x 
(8a)  X  {iby  -f  (4J)»  =  27a«  +  lOSa^b  +  144a5»  +  64&« ;  also 
using  5a  for  J,  —  2b  for  ±  A,  and  4  for  n,  in  (a),  we  have 
(5a-2J)*  =  (5a)*-4  x  (5a)*  x  2J  +  6  x  (5a)*  x  (2J)*  -  4  x 
5a  X  (2J)»  +  {2by  =  625a*  -  lOOOa'J  +  600a»J*  -  leOai'^ 
+  16b\ 

Bemarks. — ^If  the  coeflScients  in  the  first  of  these  expan- 
aions  are  added,  their  sum  will  be  found  to  equal  343  =  7' ; 
and  the  coefficients  in  the  second  expansion,  when  added 
according  to  their  signs,  will  be  found  to  equal  81  =  3*; 
results  which  are  clearly  as  they  ought  to  be,  as  is  evident  by 
putting  1  for  a  and  1  for  b. 

4t.  To  expand  (a  ;t  b)"^  and  {x  +  y)-". 

Here,  using  a  for  J,  ±  J  for  ±  A,  and  —  1  for  n,  in  (a),  we 

(a  ±  J)-^  =  a-^  T  a-^b  +  a-^b*  T  a-^¥  +  etc.  =  i  qp  -^  + 
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ft*        V 

-3^-4-+-  etc.,  which  is  clearly  the  same  result  that  we  shall 

get  from  the  division  of  1  by  a  ±  ft,  as  it  evidently  ought  to 
be ;  and  in  a  similar  way  we  get  (a  +  y)"*  =  »~*  —  2ar'y  -f 

3»-y - 4flJ-y  +  ®*<5.  =  ^  —  ^4-^-^4-  etc.,  which 

is  also  the  same  result  that  the  division  of  1  by  (a?  +  y)^  =  (b^ 
4-  2ajy  +  y*  will  give- 

(»•)  We  will  now  apply  (a)  to  the  expansion  of  any  power 
of  a  polynomial  expression. 

Let  «  +  ftaj  +  <»^  +  &j"  +  etc.,  Represent  a  polynomial,  a 
being  its  first  term,  ft  the  coefficient  of  o^  in  its  second  term,  g 
that  of  a^  in  its  third  term,  and  so  on,  according  to  the  order 
of  the  letters  in  the  alphabet;  then  the  polynomial  may 
clearly  be  supposed  to  be  derived  from  a  by  changing  a  into 
a-rhD^h  into  h  -V  cm^o  into  c  +  ^,  and  so  on. 

K  we  put  a  for  ft  and  fta  +  cw*  +  etc.,  for  ±  A  in  (a),  and 
represent  the  index  of  the  power  by  n,  we  shall  have  (a  +  ft» 

+  oaj*  +  etc.)"  =  tf*+na"-Xftaj  +  cai*  +  etc.)  +  ^  ^  ^  -W* 
(ftaj  +  ca?  4-  etc.)'  4-  etc.  =  a"  4-  naJ^'^o^  ■¥  ex  +  etc.)  + 
^l-V-a^J  +  «»  +  etc./  +  fci)fc^-V(S  +  «. 
+  etc.)«  +  fclfc^X2^)"^  «.-V(i  +  «,  +  etc.)*  + 

,  etc.,  (c) ;  and  it  is  clear  that  the  powers  of  ft  4-  «c  +  etc*,  in 
{c)  admit  of  similar  expansions,  and  so  on. 

If  the  terms  in  (d)  are  arranged  according  to  the  ascending 
powers  of  a?,  and  we  express  the  coefficients  of  tlie  powers  of 
X  by  using  the  vertical  bar,  we  shall  get  {a  -{-  hx  +  cof 


+  etc.)*  =  ar  +  ndr-^hx  +  ^^  ^  ^^dl^' 


*5» 


4.  «a»-io 


a?  + 


«(«.  —  l)(n  —  2) 


,n-»i 


V 


2     .     8 

+  n(»  —  l)a"-'Jc 


>K**-lX^-2X^-8)^-4y 


fl^  + 


2.8.4 

n(n-lXn-2)^,_, 
1.2 


'J»C 


1  .  2 


-V- V  +  2W!) 


etc.,  ((2),  for  the  required  expansion. 


■^nd 


,*-\^ 


«»'  + 
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If  the  termB  of  the  polynomial  are  arranged  according  to 
the  descending  powers  of  x,  or  if  the  coeflScients  are  detached, 
or  1  is  put  for  w  (provided  any  deficient  terms  are  supplied 
by  terms  whose  coefScients  equal  0),  it  is  clear  that  the  expan- 
sion may  be  obtained  as  in  (e2) ;  observing  that  the  coefficients 
of  the  powers  of  Xj  or  the  terms  of  the  given  polynomial,  are 
supposed  to  be  represented  by  the  letters  a,  J,  c,  dj  etc., 
taken  alphabetically* 

If  we  have  any  coefficient  in  the  expansion  in  ((2),  and  sup- 
pose the  letters  of  each  of  its  terms  to  be  written  in  alpha- 
betical order,  it  is  clear,  from  (<?),  that  we  can  find  the  next 
snccessive  coefficient  by  the  following 

BULB. 

1.  When  the  last  letter  of  any  term  of  the  gvoen  ooeffioierU 
ii  not  tfis  Uut  ooeffioient  in  the  given  polynoTndal. 

Multiply  the  term  hy  the  index  of  the  last  letter,  in  the 
termj  and  eultract  unity  from  the  same  exponent  (pf  the  let- 
ter) m  theproducty  and  rmMply  the  result  by  the  next  {fiuc- 
eeseive)  letter  of  the  alphabet;  then  the  product  wiU  he  a 
term  of  the  required  coefficient. 

2.  When  the  last  two  letters  of  any  term  of  the  given  coef 
fident  are  successive  letters  of  the  alphabet. 

Find  the  term  of  the  sought  coefficient^  which  results  from 
the  last  letter  of  the  term^  as  inl\  then  multiply  the  given 
term  by  the  index  of  the  last  letter  but  one  in  the  term^  sub- 
tract one  from  the  index  of  the  same  letter^  and  add  one  to 
the  index  of  the  following  or  last  letter  in  the  term;  then  the 
resuUy  when  divided  by  the  increased  index  of  the  last  letter 
{of  the  term)^  wiU  be  a  {new)  term  of  the  sought  co(fficient. 

3.  All  the  terms  which  can  be  obtainedby  {1^)  and%yfrom 
the  given  coeffi^dent,  when  diUy  ordered  and  connected  by 
their  proper  signs^  vnll  constitute  the  required  coefficient^  be- 
cause the  other  lette?*s  which  may  enter  the  term  of  the  given 
coefficient  must  {according  to  (<?))  be  considered  as  not  giving 
any  terms  in  the  required  coefficient. 

4.  In  the  case  of  (1),  when  the  last  letter  is  not  raised  to 
any  power ,  it  will  be  sufficient  to  change  it  into  the  next 
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succemve  letter  in  the  dlphab^^  in  order  to  get  the  sought 
term* 

5.  jy^  the  last  letter  in.  amy  term  of  the  given  coefficient  is 
the  last  coefficient  in  the  given  polynomial^  it  clearly  can  not 
give  any  term  in  the  required  coefficient^  since  the  successive 
letters  in  the  polynomial  e^aal  0. 

Hence,  we  perceive  how  we  may  proceed  in  order  to  de- 
duce the  expansion  in  {d)  firom  its  first  term,  a". 

Remark, — Onr  rule  is  substantially  the  same  as  that  given 
by  Arbogast,  at  p.  25  of  his  work  entitled  "  Du  Calcul.  Des 
Derivations." 

EXAMPLES. 

Ex.  1. — ^To  expand  (1  +  2a?  —  Zsff^  according  to  the  as- 
cending powers  of  x. 

Using  a,  J,  and  c  for  1,  2,  and  —  8,  we  get  (a  +  &»  -f  oa?/ 

For  Sa'J,  the  coeflScient  of  a?,  has  been  obtained  from  of 
regarded  as  the  coefl5cient  of  aj®  =  1,  by  (1)  of  the  rule ;  the 
term  3aJ^  of  the  coefficient  of  o?  has  been  obtained  from 
3a'J  by  multiplying  by  2  the  index  of  a  and  subtracting  1 
from  the  index,  and  multiplying  the  result  by  J,  and  dividing 
the  product  by  2,  the  increased  index  of  J,  according  to  (2) 
of  the  rule,  and  SaV,  the  remaining  term  of  the  coefficient 
of  Q?  has  been  found  from  ZdH>  by  changing  h  into  c,  accord- 
ing to  (4);  also,  J",  the  first  term  of  the  coefficient  of  a?*,  has 
been  found  from  3aS*  of  the  coefficient  of  a?",  by  changing  a 
into  &,  and  dividing  by  3  the  increased  index  of  h  agreeably 
to  (2).;  and  the  remaining  term,  %dhc^  of  the  coefficient  of  o? 
has  been  obtained  from  Soft*  by  (I) ;  noticing  that  the  term 
Zc^c  of  the  coefficient  of  o?  can  not  give  any  term  in  the  co- 
efficient of  a^,  since  the  letters  a  and  c  are  not  successive  letr 
ters  of  the  alphabet,  and  that  c  is  the  last  coefficient  in 
a  +  &»  -f  «B*,  agreeably  to  (3)  and  (4),  and  so  on. 

Bestoring  the  values  of  the  letters,  we  shall  have  (1  +  2a? 
-  3aj»)»  =  1  +  6a?  +  3a?  -  28aj"  -  9a^  -f  54aj^--  Vl^,  which  is 
clearly  correct,  since  the  sum  of  the  coefficients  in  1  +  2a?  — 
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Sos^  is  0,  and  that  the  sum  of  the  coefficients  in  the  expansion 
is  also  0. 

Ex.  2.— To  expand  (2a?  +  3a?  —  8/  according  to  the  de- 
scending powers  of  x. 

Here,  using  a,  J,  and  c  for  2,  8,  and  —  3,  we  have  {aa?  + 


^c 


12ab(? 


Q?  + 


6JV 


«•  + 


4aJ« 


12a«&3 


(X?  +12ab*c 
6aV 


a^  + 


4a(f 


a?  4-  ^^x  -I-  {?*,  as  required. 

Kestoring  the  values  of  the  letters,  we  get  (2a?  +  Sa?  —  8)* 
=  16a?  +  96aj^  +  120a?  -  216a?  -  851a?  +  324a?  +  270a?  - 
824a;  +  81,  which  is  clearly  correct,  since  the  sum  of  the  co- 
efficients (in  the  expansion)  is  16,  which  is  the  fourth  power 
of  2,  the  sum  of  the  coefficients  in  2a?  +  8a?  —  3. 

Ex.  3.— To  expand  (a  +  J  +  c  +  d)\ 

V    .   2le 


Here  we  have  (a  +  &  +  o  +  rf)*=  a"  +  2aJ  + 


2ao'^  2ad'^ 


ibd 


+  2cd  +  d\ 


Ex.  4.— To  expand  (oof  +  &»~""*  +  <ar""  +  daT'^^  +  etc.)", 
according  to  the  descending  powers  of  a;. 

Because  aW^  is  clearly  the  first  term  of  the  expansion, 
we   easily  get   (oaf*  4-  haf^"^  +  «b^~*  +  etc.)"  =  a^'o^  + 

n(n— l)(n— S 


^«-ijaj«*-i  +  1.2 


n(n~l)^„,y 


jg>»«-«+i 


8 


-V-»i» 


n(n— l)o*-'Jo 


l)(n-2)(7^-3)  • 


na" 


aj~-»  + 


n(»  — 1)(»  — 2) 
T~.     2     ^ 


••ye 


1  .  2 


a»- V  +  2W) 


aT"-*  +  etc. 


jBwww*.— If  weputm  =  8,  a  =  81  =  8*,  i  =  — 216,  c  =  0, 
<?=  886,  «=  -  56,/=-224,  y  =  0,  A  =  64, 1  =  16,  *  =  0, 

Z  =  0,  and  so  on ;  then,  if  we  put  n  =  _,  our  formula  be- 

.  4 

comes    (8V  —  216a)'  +  0  .  »•  +  886a!»  -  66<B*  —  224(8«  + 
0  .  a?  +  64*  +  16)*  =  ±  (8a?  — 2a>  —  2)  =  the  fourth  root  of 


S82  ELEIUCEKTABT    AND    HIGHER    ALGEBBA. 

the  first  member  of  the  equation,  since  the  index  *  clearly 
indicates  that  its  fonrth  root  is  to  be  taken ;  and  since  the 
root  is  of  an  even  degree,  it  may  have  either  of  the  signs  + 
or  — ,  which  is  indicated  by  writing  the  umbigtions  sign  ± 
before  the  root«    Thns,  since  oaf  is  represented  by  S^, 

a"a5*",  in  the  general  expansion,  is  represented  by  S***  J  x  a?*  i 
=  8a?,  the  first  term  of  the  root;  and  the  term  ?w^**"'^5flf"*~*, 

in  the  general  expansion,  becomes  -^J^^"^  x  (—  216)a?''T-* 
zs  —  2a;/  and  beoanse  <;  £=  0,  the  third  term  of  the  general 

^        c^     V""*y  X  of""-'  =  :; ^  X  ^=^- 


expansion  becomes  .^         V""*y  x  of""-'  =  ^ 5—  x  —^ 

X  (216)'  =  —  05  ^  qTj  ^  216'  =  —  2,  the  remaining  term 
the  root ;  and  it  is  eacfy  to  perceive  that  the  root  is  exact. 


SECTION   XL 
EVOLVTIOV. 


(1.)  EvoLunoK,  or  the  extraction  of  roots,  is  the  reverse 
of  Involution,  and  consists  in  finding  the  root  of  any  number 
or  quantity  regarded  as  a  power  of  the  root. 

Tins,  since  AxAxAx  ....  xAtoTi  factors  =  A*, , 
the  n'*  power  of  A,  it  follows  that  A  is  the  n**  root  of  A" ; 
consequently,  in  order  to  get  the  n^  root  of  a  number  or 
quantity,  we  must  resolve  (or  separate)  it  into  n  equal  factors, 
and  take  one  of  the  factors  for  the  root. 

(«.)  According  to  10  of  Sec.  L,  ^A"  is  used  to  ftignify  the 
n**  root  of  A",  4/"""  being  called  tlie  surd  sign,  and  n  written 
above  it  is  called  its  index  or  exponent,  since  it  indicates 
what  root  of  the  number  or^quantity  under  the  surd  is  to  be 
extracted. 

Because  ^fEl"  =  A,  it  follows  that  the  extraction  of  the  »* 


EVOLUTION.  S83 

root  of  A**  is  equivalent  to  freeing  A  of  its  index  «-,  or  con- 
6isfs  in  reducing  the  index  to  unitj;  consequently,  sinc€( 

A«  =  A^  =  A,  we  may  also  express  the  n'*  root  of  A"  by  An, 

or  by  (A")**,  supposing  the  meaning  to  be,  that  the  index  of 

1  1 

A  is  to  be  multiplied  by  - ;  hence,  ^A?*  and  (A**)**  are  equiv- 
alent expressions,  and  so  are  V{ai)  and  (a&)',  since  ai  Is  to 
be  considered  and  treated  as  being  an  exact  square ;  and  in 


Kke  manner  ^{a  +  b^cy^  and  [(a;  +  ft  —  6)**]"  are  equivalent 
expressions,  which  signify  the  n**  root  of  the  m**  power  of 
a  +  h  —  c  or  the  m'*  poWer  of  the  «^  root  of  a  +  J  —  Cj  as  ii 

dear  by  puttiflg  a  +  J  *-  o  =s  *r  or  »  =  (a  +  J  —  c)**  a=  the 
nf^toot  ota  +  b  —  c. 

(a.)  If  we  represent  the  n**  root  of  A*  by  a?,  we  shall  have 
a?*  =  A*  or  aj"  —  A**  =  0,  (1),  and  according  to  what  has  here- 
tofore befen  shown  (regarding  it  as  the  independent  variable), 
we  shall  have  nsf""^  =  0  or  af*~*  n=  0,  (2),  for  the  first  derived 
equation  of  (1) ;  where  it  may  be  noticed  that  (1)  is  called  a 
hinamdal  ^qriation^  since  its  first  member  consists  of  only  two 
terms. 

Since  the  first  member  of  (2)  is  the  (n  --  1)**  power  of  »,  it 
clearly  has  ti  —  1  roots,  whose  common  value  is  0 ;  conse- 
quently, (1)  can  not  have  more  than  one  positive  nor  moro 
than  one  negative  root ;  for  if  it  can,  then  0,  a  root  of  (2), 
must  He  between  every  successive  two  of  them,  which  is 
impossible. 

Hence,  and  fronci  what  has  heretofore  been  shown,  if  ^  fa 
an  odd  number,  it  results  that  (1)  can  have  only  otie  real 
root,  whose  sign  is  contrary  to  that  of  —  A*,  or  the  same  ad 
that  of  A** ;  consequently  (1)  must  have  n  —  1  impossible  or 
imaginary  roots. 

Similarly,  if  ^  is  an  even  number  and  A**  positive,  (1)  has 
only  two  real  roots,  one  of  which  is  positive  and  the  other 
negative ;  consequently,  the  remaining  n  --r  2  roots  must  be 
imaginary ;  also,  n  still  being  an  even  number,  if  A**  i»  neg- 
ative ;  then,  since  (1)  can  not  Lave  an  even  number  of  posi- 
tive or  negative  roots,  it  follows  that  its  roots  must  all  be 
imaginaiy. 
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(4.)  If  n  =pq,  (1)  becomes  a?w  —  A*^  =  0  or  a?^^  =  A*^, 
(3) ;  which,  by  extracting  the  q*^  root,  gives  ixf  =  A',  and 
thence  by  extracting  the  p^  root  we  get  a?  =  A ;  and  if  we 
first  extract  the^**  root,  and  then  the  q'^  root  of  the  result, 
we  shall  still  have  x  =  A;  the  same  result  that  we  shall  get 
from  the  extraction  of  the  pq^  root  of  the  members  of  (3).  ' 

Hence,  when  the  index  of  the  root  is  composite  or  consists 
of  factors,  we  may  clearly  extract  the  root  denoted  by  any 
one  of  the  factors,  and  then  taking  any  one  of  the  remaining 
,  factors  as  an  index,  we  may  extract  the  root  of  the  root  found, 
and  so  on  until  all  the  factors  have  been  used ;  then  the  final 
root  will  be  the  same  that  we'  shall  get  from  the  extraction 
of  the  root  denoted  by  the  given  index. 

Thus,  for  f^ie  we  may  write  fVie  =  2  =  the  fourth  root 
of  16;  and  for  ^  we  may  write  |/f^  =  V^  =  2  or 4/?^ 
=  Vi  =  2  =  the  sixth  root  of  64. 

(5.)  It  is  clear  that  A",  which  expresses  the  n^  root  of  A, 

may  be  written  in  the  form  A"  =  A«+i»  x  A(n+p)«  x  A(n+p)i  x 
etc.,  (1) ;  for  by  adding  the  indices  of  A,  in  the  right  mem- 

ber  of  the  equation,  their  sum  becomes f-  - — E —    4- 

t^  11 

.    -^    .,  +  etc.  = =  -,  so  that  the  members  of  (1) 

i^+p)  n-i-p—p     n'  ^^ 

become  identical. 

If  n  =  8  and^  =  1,  (1)  becomes  A*  =  A*  x  A^'^  x  A^'^, 
X  etc.,  consequently  the  extraction  of  the  cube  root  can  be 
reduced  to  that  of  fourth  roots,  and  of  course  to  that  of  square 
roots,  and  their  product  continued  indefinitely;  thus,  if 
A  =  2,  we  get  (by  using  eight  factors  in  the  preceding  pro- 
duct) 2^  =  1.2599  =  the  cube  root  of  2,  correct  to  four 
decimals. 

It  is  evident  that  p^  in  (1),  may  be  positive  or  negative, 
provided  that  the  indices  of  A  are  sensibly  less  than  unity. 

It  is  clear,  from  what  has  been  done,  that  the  extraction  of 
the  n^  root  may  be  reduced  to  the  extraction  of  square  roots 
and  their  products.  ^ 

(••)  Supposing  9*^  to  be  an  exact  power  of  r  (r  being 
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rational,  at  least  in  one  of  its  letters),  and  that  r  is  not  the 
product  of  rational  factors,  then  if  for  r  we  put  r  +  y,  we 
shall  get  (r  -h  y)**  =  r*  -f  Tw^'y  +  etc. ;  consequently,  if  we 
find  the  greatest  common  divisor  of  r"  and  m'^^  (the  coef- 
ficient of  y,  which  is  the  first  derived  function  of  r**),  we  shall 
get  r^"\  and  then  if  we  divide  r^  by  r^*,  we  shall  get  r,  the 
root  of  r^. 

EXAMPLES. 

Ex.  1. — ^To  find  the  square  roots  of  a"  +  2aJ  +  J*  and 
a*~2aJ  +  i*.  • 

Putting  6^  +  y  for  a  in » these  expressions,  we  get  %p,  +  V) 
and  %a  — &)  for  the  coefficients  of  y  ;  consequently,  we  shall 
get  a-^h  and  a  —  J  for  the  square  roots,  which  may  clearly 
be  taken  with  the  sign  +  or  — . 

Ex.  2. — ^To  find  the  square  root  of  e^—  2a^»4-  8aV  —  2aaj" 

Putting  «  +  y  for  a,  we  get  4^  —  6a'aj  4-  6aa?  —  2aj*  for 
the  coefficient  of  y  /  also,  putting  x-^-y  for  »,  we  get  \af  — 
6aa?  +  6a^aj  —  ^c?.  Because  the  sought  root  is  clearly  the 
greatest  common  divisor  of  these  (;pefficients,  we  add  half 
the  second  taken  in  a  reverse  order  to  the  first,  and  thence 
get  4a?  —  ^€?x  4-  6aaj*  --  2aj»  ~  a*  +  Zo?x  —  3aaj*  +  2aj»  =  8a" 

—  3a*a?4-3aaj*=3a(a'— aaj+a?);  consequently,  ±(a'-— aa?+aj*) 
equals  the  required  root. 

Ex.  3.— To  extract  the  cube  root  of  »•  —  6a?+  15a^  —  20a» 
-f  15a»  -  6a  +  1. 
Putting  a  +  y  for  a,  we  get  6(a*  —  5a*  +  10a?  —  10a*  +  6a 

—  1)  for  the  coefficient  of  y/  consequently,  dividing  the 
given  expression  by  a?  —  5a*  +  lOo*  —  10a*  +  5a  —  1,  we 
get  a  —  1  for  the  quotient,  which  is  clearly  the  sixth  root  of 
tibe  given  expression,  and  of  course  (a  —  1)*  =  a*  —  2a  +  1 
must  be  the  cube  root,  as  required. 

Ex.  4. — ^To  find  the  square  root  of  o?^  —  2a^a  -f  a^  —  2a»" 
+  4a?;5  —  2»  +  2*  —  22  4- 1. 

Putting  aj  +  y  for  a?,  we  get  2033*  —  4a»s  +  2a3  —  2i3*  -f  4^  ■— 
2  =  %^  —  2a»  +  «  —  s*  +  2^  — '  1)  for  the  coefficient  of  y  / 
consequently,  dividing  the  given  expression  by  a»*  —  2a»4-a? 

—  2*  +  23  —  1,  we  get  a?  —  1  for  one  of  lie  factors  of  the 
root ;  and  putting  s  +  y  for  «,  by  proceeding  as  before,  we 
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get  2;  —  1  for  the  other  factor  of  the  root,  so  that  the  bou^ 
root  equals  (a—  l){z  —  1)  =  aJi?  —  (u  — ;?  +  1. 

Hence,  when  the  root  r  of  r"  ia  composed  of  independent 
factors,  W9  pereeiy^  how  w^  mnajt  proceed  in  order  to  find 
them. 

Remark, — It  is  clear  that  the  preceding  method  of  finding 
the  roots  of  polynomials  is  essentially  the  same  as  that  of 
finding  the  equal  roots  of  eqiuiioiis. 

(Y.)  From  what  has  been  done,  we  deduce  the  following 
rnjie  for  finding  any  root  of  a  nionoi;aial  quantity. 


BITLB. 

1.  Hesolve  or  9€pa/rate  the  qucmUty  into  as  marvy  equal 
f  adore  ae  there  are  unite  in  the  index  or  rmmber  which 
denotee  the  root  to  he  ewtractedj  then  one  of  the  equal  factore 
mil  be  the  required  root,  ff  ths  monomial  has  a  coejioientj 
we  may  extract  its  root^  as  in  Arithmetic;  then  the  root  thus 
fotmd^  being  jprefiaoed  as  a  coefficient  to  the  produd  of  the 
letters  in  the  qucmlity^  after  their  indices  have  been  severaU/y 
dMded  by  the  index  of  the  root^  wiU  be  the  rooty  as  required^ 
which  is  clearly  the  sa/ms  as  to  take  the  product  of  the  roots 
of  all  the  factors  of  the  quantity  for  its  root. 

2.  If  the  monomial  is  a  fraction,  the  root  of  the  nujneror 
tor^  when  divided  by  tbat  of  the  denominator,  will  be  the 
root,  as  required. 

3#  J^  the  index  of  the  root  is  an  odd  number,  the  sign  of 
the  root  must  be  the  same  as  that  of  the  given  monomial;  hut 
if  the  index  of  the  root  is  an  even  number,  the  root  Tnvst 
have  the  ambiguous  sign  ±  prefaced  to  it,  to  show  that  it  mm/ 
be  either  posiUve  or  negative. 

If  the  monomial  is  negative,  and  the  index  of  the  root  on 
even  trnmber,  then  the  root  wHlclearhf  be  am,  imwgvnary 
quamtity. 

EXAMPLES. 

1.  To  extract  the  square  root  of  ^d^. 
Because  9a*  =  3a  x  3a  =  —  3a  x  —  8a,  the  root  equals 
±3a. 


V 
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2.  To  find  the  cube  root  of  6ia?b%  an4  the  fifth  root  <tf  — 
243aWV«. 

Because  64^^  =  4aJ^  x  4aJ*  x  4a5^,  and  -  248a^y«c«  = 
-  SaS'<f  X  -  SoVc*  X  ~  So^c*  X  -  8aA»c»  x  -  Sa^c*,  the 
roots  are  ^aV  and  —  3ay<^. 

Otherwise,  since  f  64^'  =  i?"?^'  =  4 W*^  =  4aJ*,  and 

we  hav^  4ai'  a^d  —  So&V  f(»r  the  roots,  as  i)efore. 

8.  To  find  the  square  root  of  — -~  and  the  cnbe  root  of 

_27aW^ 
125d^*^ 

Here  we  have  ±y-r^=  ±.,    ''_  =  ±2!^,  »d 

4.  To  find  the  square  root  of  4^h\  and  the  cube  root  of 

Here  ±  Vi^  =  ±  V4aW  x  aJ  =  ±  Vi^*  x  Va*=± 
2a5^  4/^,  and   ^'sl^^  =  y'27a»J*  x  3a*  =  >^27^  x  fSoJ 

Jtemarks. — ^These  roots  are  in  part  freed  from  the  signs  of 
the  roots,  and  in  part  affected  by  them ;  consequently,  be- 
cause the  roots  can  aot  be  wholly  freed  from  the  signs  of 
the  roots  (or  from  the  radical  signs),  they  are  called  gurch  <yr 
irrational  qiMfUities. 

Also,  because  2ay  Vc^  =  2aJ^  x  Vab^  and  8aJ*4?^3aJ=  So^ 
X  VSo^,  2a^,  and  3a^,  which  are  called  the  rational  factors 
of  the  roots,  are  sometimes  called  the  coeffidenta  of  fo^  and 
V'Sod,  which  are  their  irrational  or  surd  factors. 

5.  To  find  the  square  root  of  —  9€fb\  and  the  sixth  root 
of  -  64a"  J^. 

Here±4^~9a*ft*=  ±  V^^  x  /^=1  =  ±  So^ Z":^, 

and  ±  ^-64a"J»*=  ±4/^-  64a^=  ±  V-4^b^^  ± 
V45*JPx  /^=^=±2aVi^^=T, 
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Remark, — These  roots  are  imposeible  or  imaginary^  be- 
catifle  1^  —  1  is  iTrvpoasible  m  real  numbers  ;  and  Sab%  2a"S* 
are  called  the  coefficients  of  V  — 1,  in  the  roots. 

6.  To  find  the  square  root  of  a^Vc^  =  a^Vd*^  x  &?. 

Ana.  ±ab(?Vbc. 

7.  To  find  the  fourth  root  of  c^l^cT.         Ans.  ±  oTh^c^. 

8.  To  find  the  aube  root  of  2aJV.  Ana.  So*v'2aiV. 

9.  To  find  the  fifth  root  of  -  32flV^VA 

Ana.  —  2a*a*jMi 

10.  To  find  the  sixth  root  of  64a"J'*c~.    Ana.  ±  2a*JVa*. 

11.  To  find  the  m*  root  oi^^:^^.  Ana.  ^^l 

ci^dr"  (fid* ' 

12.  To  find  the  fourth  root  of  H^. 

8U-" 

.         ,  2a-»        .  2J» 

(§.)  Before  giving  the  usual  rules  for  the  extraction  of  the 
roots  of  compound  or  polynomial  quantities,  we  will  premise 
the  following 

PROPOSITION. 

Any  expression  of  the  form  1  -f  -,  in  which  a  and  h  have 

like  or  unlike  signs,  may  be  resolved  into  factors  of  a  similar 
form. 
For  if  n  stands  for  any  positive  whole  number,  it  is  clear 

that  we  shall  have  1  -f  -  = x --j-  x ;r^  x 

a         na  na  +  o       n^  +  2b 


X  — 

na 


na  +  nb  /-.    .    *  \      /i    .        *     \      /-.    . 

+  {n  —  l)b       \        na/      \        na  -\-b/      \ 

-^.)x  ....  x(i  +  ——r — txa)  *^  *  ^^^^^^'  (^)'  ^" 

na+2J/  \        na-i-  (n  — 1)6/ 

required 

Hence,  having  reduced  any  number  or  quantity  to  the 
form  A**  +  B,  such  that  A"  is  an  exact  w**  power  of  A,  we 

shall  have  A~  +  B  ==  A'»(l  +  ;^)  =  ^"  x  (^  +  ^)  x 
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to  n  factors,  (2). 

If  B  is  very  small  in  comparison  to  A",  then  by  omitting 
the  tei-ms  which  contain  B  in  the  denominators  of  the  factors 
of  the  right  member  of  (2),  we  shall  approximately  have 

A**  4-  B  =  A"  X  ( 1  +  -j^l  >  or,  extracting  the  n^  root,  we 
getfAMnB  =  Ax(l  +  -|,)  =  A  +  j3j,(3). 


It  is  dear  from  (2)  that  ^A""  +  B,  or  the  n**  root  of  A"  + 

B 

7lA» 


B 

B,  will  be  less  than  A  +  — r — .   and  areater  than  A  + 


AB 


nA**  +  {n  —  1)B 

To  perceive  the  use  of  what  has  been  done,  take  the  fol- 
lowing 

EXAMPLES. 

Ex.  1.— To  resolve  2  =  1  + 1  =  1  +  ^  into  two  factors,  and 

thence  find  its  square  root. 
Putting  a  =  1,  J  =  1,  and  ti  =  2,   (1)  gives  2=1  + 

i=(i  +  i)(^  +  B)  =  i  +  (i  +  i)  +  l><^*^«'^^°«°*'y' 

1  -h  --  =  1.5  and  1  +  -  =  1.333.  are  the  required  factors. 
2  3 

Because  the  square  root  of  2  is  greater  than  1.333.  and  less 

than  1.5,  it  is  easy  to  perceive  that  the  first  part  of  it  must  be 

1.41 ;  indeed,  if  we  represent  the  root  by  1  +  »,  we  shall 

have(l  +  »)«  =  2  =  l  +  (l  +  l)  +  lx  1  =  1  +  0.5+0.3333. 

+  ~  =  1.833.+  i,  or  since  (1  +  a)*  =  1  +  2»  +  a?,  we  shaU 

have  1  +  2aj  +  a?*  =  1.838.  +  0.166.,  or  2flj  +  aj*  =  0.833.  + 
0.166.,  which,  by  rejecting  a?  and  0.166.  is  reduced  to  2x  = 
0.833.,  which  gives  a?  =  0.41+,  and  of  course  we  have 
1  +  a?  =  1.41  for  the  approximate  value  of  the  root,  as  above. 

Since  2=|J;g^  =  (1.41)»  x  j^=(1.41)'  x  1.0059856, 

1» 
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we  get,  by  resolving  1.0059856  into  two  factors  as  before, 
1.0029928  and  1.0029838  for  the  factors;  consequently  (as 
before)  we  have   1.0029928  x  1.0029838  =  1.0029928  + 

0.0029838  +  =  1.0059766  +,  and  1  +  '^^^^^^^  =  1.0029883 

2 

is  the  approximate  sqaare  root  of  1.0059856.  Hence,  we 
shall  have  V2  =  ^/(nilf  x  vT0069856  =  1.41  x  1.0029883 
=  1.4142135  +  for  the  square  root  of  2 ;  which  is  correct  in 
all  its  figures. 

Ex.  2. — ^To  find  the  square  root  of  3. 

2 
Since  3  =  1  +  z-,  if  we  put  tr  =  1,  J  =  2,  and  n  =  2,  (1) 

gives  3  =  (1  -h  l){l  +  -  ),  and  in  a  similar  way  1  -f  1  = 
(l  +  I)  (l  +  ^)  5  consequently,  3  =  (l  +  1)'  x  (l  +  ~).    Be- 
causel  +  |  =  (l  +  -J)(l  +  ^)  =  l+(-^4-^)  +  |x^^^ 
get  1  +  I --  +  ?;)  -S-  2  =  1.1547  for  the  approximate   square 
root  of  1  +  TT ;  consequently,  from  3  =  M  +  -  j  M  +  -|, 

shall  get  VS  =  1.5  x  1.1547  =  1.73205  +  for  the  approxi- 
mate square  root  of  3 ;  which  is  correct  in  all  its  figures. 

Ex.  3.— To  find  the  square  root  of  17.3056. 

Since  16  is  the  greatest  integral  square  in  17,  we  shall  put 

the  number  in  the  form  17.3056  =  ^^^^"^'^^^^  =4«  x  1.081 6 ; 

16 

consequently,  resolving  1.0816  into  two  factors  by  (1),  we 

shall  have  1.0816  =  1.0408  x  1.0392  =  1.0408  +  0.0392  -f 

08 
=  1.08  -h;  consequently,  we  shall  have  1  +  1--  =  1.04  for  the 

2i 

square  root  of  1.0816. 

Hence,  we  shall  have  VlfJo^e  =  V4^  x  VTo816  =  4  x 

1.04  =  4.16  for  the  square  root  of  the  given  number,  the  root 

being  exact. 

Ex.  4. — ^To  resolve  11  into  five  factoi-s,  and  thence  obtain 
its  fifth  root. 

Because  11  =  1  +  i? ,  if  we  put  «  =  1,  J  =  10,  and  n=  5, 


we 
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(l)giye8H  =  (l+2)(l  +  |)(i  +  |)(n-2)(i  +  2^,a8r^ 
quired ;  consequently,  the  fifth  root  of  11  lies  between  the 

limits  3  and  1  +  ?  =  1.222. 
9 

If  we  multiply  the  factors  in  the  preceding  value  of  11 

together,  we  shall  have  ll  =  l+/2  +  |  +  |  +  |  +  |)4-the 

2  2  2  2 

sum  of  the  products  of  eveir  two  of  the  terms  2,  _,  _,  f ,  f. 

^  "^  3  5'  7  9 

+  the  sum  of  the  products  of  every  three  of  them,  etc.    Now 

if  we  represent  the  6th  root  of  11  by  1  +  a?,  we  shall  have 

11  =  (1  +  »)*  =  1  +  6aj  +  lOaj*  +  lOof  +  6a^  +  afi,   which  is 

clearly  of  a  form  analogous  to  the  preceding  value  of  11 ; 

consequently,  if  we  equate  the  corresponding  terms,  we  shall 

get  6a?=2  +  |  +  |  +  |  +  i  =  2  +  0.6666.  +  0.4  +  0.2857 
o       5       T       *7 

+  0.2222.  =  3.6745,  or  a?  =  ?:®^  =  0.7149. 

6 

Again,  if  we  take  the  sum  of  the  products  of  every  two  of 
the  terms  2,  ?,  ?,  etc.,  we  shall  have  lOaj^  =  2x^-  +  -  +  - 

0.6062  +  0.20316  +  0.0634  =  4.0207 ;  which  clearly  shows 
that  the  preceding  value  of  a?  is  a  little  too  great,  and  that 
the  true  value  of  x  lies  between  0.6  and  0.7,  so  that  1.6  are 
clearly  the  first  figures  of  the  root.     Since  11  =  (1.6)*  x 

=  (1.6)*  X  (1.049041  +),  we  have  to  extract  the  root  ot 


(1.6)* 

1.049041  +,  which,  by  our  metho,d,  will  be  found  to  be 

1.00962  +. 

Hence,  we  shaU  have  fu  =  1.6  x. (1.00962  +)  = 
1.61639  +  for  the  fifth  root  of  11,  correctly  found  to  five 
decimal  places. 

Ex.  6.— To  extract  the  cube  root  of  48228644. 

Since  48228644=1000000  x  ^^^={100f  x  48.228644, 

1000000 
it  is  evident  that  the  extraction  of  the  root  is  reduced  to  that 
of  48.228544. 
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Also^  becaufie  27  is  the  greatest  integral  cube  in  48,  and 
that  48.228644  =  27  x  ^^'^f^^  =  3«  x  1.786242  +,  it  is 

clear  that  the  extraction  of  the  root  is  reduced  to  that  of 
1.786  +. 

To  extract  the  root  of  1.786  +,  we  resolve  it  into  the  fac- 
tors 1.262  +,  1.207  +,  and  1.171  +  ;  oonseqaentlj,  we  shall 

have  1  +  2:^  for  the  root. 
3 

Hence,  we  get  48228644  =  (100)*  x  3»  x  (l  +  2:^)*  = 

(100)*  X  (3.64)*  =  (364)*,  which  gives  ^^48228544  =  364,  the 
root  being  exact. 

Remark. — It  is  clear  that  the  reduction  of  48228644  to 
48.228644  is  equivalent  to  the  separation  of  the  number 
jfrom  the  right  into  periods  of  three  figures  each,  according 
to  the  common  rule  for  the  extraction  of  th(d  cube  root  given 
in  Arithmetic. 

Ex.  6.— To  find  the  n^  root  of  1+  -. 

a 

By  taking  the  n^  root  of,  the  members  of  (1),  we  shall 
have  (l  +  *f  =  (l-H  Af  ^  (i  +      *     )\(i  +  _l_)- 

X  ....  X  (l  + . --. I  ,  which  expresses  the  n** 

V        na  +  (f>  —  1)*/  ^ 

•root,  as  required. 

BecauBe  (by  (1))  1  +  l  =  (i  +  4_)  x  (l  +-r^)  x 

(1  +    i^  ,  o?.)  X  ....  X  (1  +  -z — —7 r^l,  if  ft  is  so 
v^a  +20/                   \    "^  rfa  +  (ti  —  Vjbr 

smaU  in  comparison  to  via  that  for  7fa  +  &,  v^a  +  2J,  etc., 
we  may  write  n'a,  n'a,  etc. ;  then  we  shall  have  1  H = 

(1 
1  J ^r=  1  4-  very 
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nearly,  and  (l  +  ^)"=  1  +  ^^^^  very  nearly, 

and  80  on. 
Hence,    by    Bnbstituting    the    approximate    values    of 

-^_^_^^)  very  nearly. 

I£  we  take  the  product  of  the  factors  in  the  right  member 
of  the  preceding  equation,  we  shall  clearly  get  n  4.  ^  J  = 

i  +  -^  \  —  + r-i  + r-oi+ + TT ^Ti  ^ 

Wr      LTkJ      na-^  0      na  +  2o  na  +  {n-—  l)oJ 

(2),  very  nearly;  for  it  is  clear  that  the  products  -—  x 

^  — _^_— _«  X J  etc.,  and  —  x  ■ 

n{na  +  h)  n(na  4-  i)      n{na  +  26)  n^a      n{na  +  b) 

X  — —,  etc.,  and  so  on,  may  be  rejected  on  account 

n{na  +  2o) 

of  their  minuteness  in  comparison  to  the  terms  which  are 

retained  in  (2). 

If  we  convert  y, —, .... ; — ^  into 

na  +  b   na  +  2o  na-^  {n  —  lp 

series  arranged  according  to  the  ascending  powers  of  by  we 

viiv  b  b         V         V         b*        ^  b 

shaU  have ^=: n+-r:5 r:*  +  «tc., — , 

na-\-b      na      red,       wcf      nV  na  4- 2J 

=  A_28^  + ?!*!-?!*-  +  etc,—!—  ^  A  -  sy 

na       v?c?       nfcf       n^ci^  na  +  Sb       na      n^a^ 

^  _  ?!^  +  etc ^         1  _  (^-i)y  . 

♦J.V      »%*  '         na  +  (n  —  l)b      na-         n*a' 

(^-J^-Cj^^g^  +  etc. 

Hence,  by  substituting  the  preceding  values,  we  get  —   f 

na 

h       ,        i        ,       ,     ,  ft  -  ^    I    ^    ■ 

na  +  h      na  +  2b  na+  {n  —  l)b      na      na 
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—  + n  terms  —  -^[1  +  2  +  3  +  4  +  .... +»  —  1] 

+  -1^  [1«  +  2«  +  8*  +  .  .  .  .  +  (71  - 1)^ *!L  [1*  +  2«  +  8» 

+  •  . .  .  +  (n^  1)T  +  ^[1*  +  2*  +  8*  +  . . . .  +  (n~l)*] 

-7-4  X  —^-7 — ^  +  etc.  =  -  H ■=■ 5  + 

fiV  4  dt  2      a* 


2  .  3 


0^  4        tf« 


-;  +  etc. 


SubBtitatiiig  the  value  of  — -  -< ^— ,  +  etc.,  in  (2),  we 

7M     na  +  0 

BhaUget(l  +  -)=l  +  --  +  p-^^  +  ^  ^^     .     8 
^  -  ^4^      ^  +  etc.,  (8),  very  nearly. 
If  we  expand  il  +  -j   \>j  the  Binomial  Theorem,  we 

first  four  terms  agree  with  those  of  (3). 

Since  n  is  supposed  to  be  a  whole  number  not  less  than  2, 
and  that  in  (2)  ft  is  regarded  as  being  small  in  comparison  to 

na.  it  is  clear  (since  » is  generally  much  smaller  than  - )  that 
.      \         na  al 

when  ~  is  very  small,  it  will  be  nauch  more  exact  to  find 
a 


M 
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from  (2)  tlian  to  take  the  first  four  terms  of  (4)  for 

its  value. 
Again,  if  we  suppose  n  to  be  a  very  great  number,  it  is 

plain  that  for 1, 2, 3,  etc.,  we  may,  without 

n  n  n 

sensible  error,  write  —  1,  —  2,   —  8,  etc. ;  consequently, 
when  n  is  very  great,  (3)  or  (4)  will  be  reduced  to  M  +  -  j 

= ^  +  Ml  -  £ + S -|i + "**^-)  ^"^  ^^^^' ^^^' '^^'^ 

shows  that  if  n  is  infinitely  great,  (2)  will  be  as  exact  as  (4) 
continued  to  infinity. 

By  putting  A  =  ^-^4-^-|,+  etc.,  (6),  (5)  wUl 

become  (1  4-  _)  =  1  +  -,  (7),  supposing  n  to  be  unlimitedly 

great. 

K  we  raise  the  members  of  (7)  to  the  vm^'^  power,  it  will 

l  +  ~|=ll4.-j    ,or  expanding  the  right  mem- 

1  +  -)  =  1  + 

mh  4-  —^ — ^  — f-  --i -^-^ — - — /  -- -f ,  etc. ;  or  smce 

we  must  clearly  write  mn,  for  mn  —  1,  nm  for  mn  —  2,  etc., 
BO  that  the  second  member  may  (like  the  first  member)  be 

1  +  -1    =  1  +  mh  + 

1.2^1.2.3^1.2.3.4^         '  ^  ^' 
EBponerdial  Theorem^  in  which  any  real  positive  or  nega- 
tive number  may  evidently  be  used  for  m,  according  to  the 
nature  of  the  case. 

In  order  to  apply  (8)  to  the  extraction  of  a  root  of  1  +  -, 
it  will  be  necessary  to  find  A,  which  is  called  the  Hyperbolic 
or  Napierian  Logarithm  of  (1  +  -J  from  (6),  and  to  substitute 
it  for  A. 
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ThuB,  to  extract  the  Slet  root  of  5,  we  get  from  the  tables 

of  hyperbolic  logarithms  h  =  1.60943791,  and  putting  — 

81 

for  m,  wo  shall  have  mh  =  ^-^^^^3791  _  0.05191735. 

31 

Hence,  from  (8)  we  get  6"  =1+0.05191736+0.00134770 
+  0.00002332  +  0.00000029  =  1.0532886  +  for  the  root, 
which  is  correct  to  seven  decimal  places. 

Because  we  may  proceed  in  a  similar  way  to  extract  any 
root  of  a  number,  it  follows  that  the  extraction  of  the  roots 
of  numbers  is  reduced  to  the  calculation  of  their  hyperbolic 
logarithms. 

Also,  since  the  common  logarithm  of  a  number  mtdtiplied 
by  2.30258,  50929,  94045,  68402  (the  hyperbolic  logarithm 
of  10)  equals  the  hyperbolic  logarithm  of  the  number,  it 
results  that  the  extraction  of  any  root  of  a  number  is  reduced 
to  tlie  calculation  of  the  common  logarithm  of  the  number. 

(9.)  We  will  now  proceed  to  show  how  to  extract  the  n** 
root  of  a  polynomial,  regarded  as  being  an  exact  n^  power. 

Supposing  the  polynomial  to  be  arranged  according  to  the 
descending  or  ascending  powers  of  one  of  its  letters,  and 
that  A**  denotes  the  n^  power  of  the  sum  of  any  number  of 
terms  of  the  root  supposed  to  have  been  found,  then  if  we 
subtract  A**  from  the  polynomial,  and  denote  the  remainder 
by  B,  it  is  clear  that  the  polynomial  will  be  reduced  to  the 
form  A**+B,  (1),  which  agrees  with  the  form  given  in  (2),  at 
page  289,  whose  approximate  n^  root  was  there  shown  to  be 

expressed  by  A  ^ ^,  (2). 

Now,  since  the  first  or  left-hand  term  of  the  arranged 
polynomial  must  clearly  be  (or  be  regarded  as  being)  an 
exact  «r'*  power,  we  may  put  it  for  A",  and  placing  its  n** 
root  in  the  form  of  a  quotient  to  the  polynomial  written  as 
a  dividend,  by  subtracting  the  n**  power  of  the  quotient  or 
root  found  from  the  polynomial,  the  remainder  will  be  ex- 
pressed by  B ;  then,  dividing  the  first  or  left-hand  term  of 
B  by  TiA"""^,  we  shall  get  the  second  term  of  the  root,  which 
must  be  put  for  the  second  term  of  the  quotient. 

If  we  now  denote  the  sum  of  the  terms  of  the  root  found 
(taken  with  tiieir  proper  signs)  by.  A,  and  subtract  A*  from 
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the  (arranged)  polynomial,  the  first  term  of  the  remainder, 
divided  by  the  same  divisor  as  before,  will  give  the  third 
term  of  the  root  ^ 

If  we  now  represent  the  sum  of  the  three  terms  of  the 
root  foimd  by  A,  and  proceed  as  before  (by  using  the  same 
divisor),  we  shall  get  tiie  fourth  term  of  the  root,  and  so  on, 
to  any  extent  that  may  be  required. 

Hence,  the  n^  root  of  a  polynomial  may  be  found  by  the 
following 

SULB. 

1.  Arrcmge  the  terms  of  the  polynomicU  aocording  to  the 
descending  or  ascsTiding  powers  of  one  of  its  letters^  <md 
east/rdct  the  n^  root  of  its  frst  or  left-hand  term,  <md  place 
it  in  the  quotient  for  the  first  term  of  the  root,  a/nd  svbt/ract 
the  n*'^  power  of  the  first  term  of  the  root  from  the  polyno- 
mial, a/nd  hring  dawn  the  fi/rst  term  of  the  remainder  {to  the 
place  of  the  remainder)  for  a  dvmdend. 

2.  Raise  the  fi/rst  term  of  the  root  to  the  power  whose 
exponent  is  n  —  1,  and  multiply  the  power  hy  n,  for  the 
constant  divisor;  then  divide  the  dividend  hy  the  consta/nt 
divisor,  and  put  the  resvU  in  the  quotient  for  the  second  term 
of  the  root,  and  subtract  the  n^  power  of  the  root  now  found 
from  the  polynomial,  and  bring  down  the  fi/rst  term  of  the 
remmnder  for  a  second  dividend, 

3.  Divide  the  second  dividend  ly  the  constant  divisor  for 
the  third  term  of  the  root;  then  proceed  in  the  sam^e  way  as 
hefore,  with  the  root  now  fownd  amd  the  constant  divisor,  to 
find  the  fourth  term  of  the  root,  and  so  on,  to  any  extent 
reqwred. 

EXAMPLES. 

1.  To  extract  the  cube  root  of  a?^  +  6aj"  +  96®  —  64  —  4(to". 
Arranging  the  terms  according  to  the  ascending  powers 
of  X,  since  ti  =  3,  and  ti  —  1  =  2,  we  shall  get 

— 64+96a?— 40g'+6a^+a^|--4+2a?+a?'=  the  root. 

const,  div.  =48  |  96a?  =  first  dividend. 
'^64+96a?-48a^+8a?» 

48  1 4t%si?  =  the  second  dividend. 


.64+96«— 40aj'+6»«+aJ» 
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Here,  because  —  64  =  —  (4)',  we  have  —  4  for  the  fiist 
tenn  of  the  root,  and  3(—  4)*  =  48  is  the  constant  divisor- 
Subtracting  —64  from  the  polynomial^  and  bringing  down 
the  first  term  of  the  remainder,  we  get  96x  for  the  dividend, 
which,  divided  by  the  constant  divisor,  gives  2x  for  the  sec- 
ond term  of  the  root.  Then,  subtracting  (—  4  +  2a?)'  =  — 
64  +  96x  —  iSa?  +  Sa?  from  the  polynomial,  we  get  48aj*  for 
a  second  dividend,  which,  divided  by  the  constant  divisor, 
gives  a?  for  the  third  term  of  the  root. 

And  since  (—  4  +  2aj  +  a?*)'  =  —  64  +  9ft»  —  40aj»  +  6aJ*+ 
«•,  when  subtracted  from  the  polynomial,  gives  0  for  the 
remainder,  it  follows  that  the  root  is  exact. 

Remark. — ^If  we  take  the  first  derived  function  of  the 
given  expression,  and  reject  the  factor  6,  which  is  common 
to  its  terms,  we  shall  get  aj"  +  6a^  —  20a3*  +  16 ;  then  a^+4a^ 

—  4aj*  —  16aj  -f  16  will  be  the  greatest  common  divisor  of 
this  and  the  given  expression. 

Hence,  if  we  divide  the  given  expression  by  the  greatest 
common  divisor,  we  shall  find  a?  +  2aj  —  4=— 4  +  2a-|-a? 
for  the  cube  root  of  the  given  expression,  as  we  clearly  ought 
to  do,  according  to  what  has  heretofore  been  shown. 

2.  To  find  the  square  root  of  4a^—  4<3kb*  —  3aV+2a'a  +a*. 
If  we  extract  the  root  of  the  polynomial  under  its  given 

form,  we  shall  get  2ai^  — a»— -a'  for  the  root;  but  if  we 
write  the  terms  in  a  reverse  order,  and  then  extract  the  root, 
it  will  be  found  to  be  a*  +  oa?  —  2a?* ;  consequently,  the  ex- 
pression admits  of  two  square  roots,  which  may  be  expressed 
by  ±  (2a?  —  oa?  —  a*),  by  using  +  for  ±  for  one  of  the  roots, 
and  using  —  for  ±  ifor  the  other  root. 

3.  To  find  the  fourth  root  of  Slaj^  —  216aj'  +  336aj»  —  66a?* 

—  224aj»  +  64flj  +  16.  Am.  ±  (3aj»  -  2aj  -  2). 

4.  To  find  the  square  root  of  a?—  2a5  —  2a<?-f-  J*+  ^hc  -f-tj*. 

An8.  ±(a  — J  — c). 

5.  To  find  the  cube  root  of  a?  —  603?*  +  15aV  —  20a»aj'  + 
16aV  —  6a^a?  -f-  of.  Ana.  a?  —  2aaj  +  a\ 

6.  To  find  the  fourth  root  of  16fl^  —  96a»a?  +  216aV  — 
216aa? -h  81a^.  Ana.  ±(2a  — 3a?). 

Jtemarh. — The  answer  may  be  found  by  extracting  the 
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square  root  of  the  square  root  of  the  given  expression,  as  is 
clear,  since  4,  the  index  of  the  required  root,  equals  2x2. 

7.  To  find  the  fifth  root  of  -  1  +  lOa?  -  40a?»  +  80aj»  — 
80a?*  -f  S2af.  Ans.  —  1  +  2a?. 

8.  To  find  the  cube  root  of  o^  —  6flH-  12a-*  —  Sa-\ 

Ana.  a 

a 

9.  To  extract  the  square  root  of  d?^  —  6a*^'a^  +  4a"*af*+ 
9^3jj«i-sp^_12a"*-'iB~+^  +  4a*^.         Am.  a'^—Zar-^^+^aT. 

10.  To  extract  the  fourth  root  of  8a^+12a^+18a^+12a^-f  3 

3a^-12aj»+18a?*-12a?+3 

Reducing  the  expression  to  its  lowest  terms,  and  dividing 

the  root  of  its  numerator  by  that  of  its  denominator,  the  root 

will  equal  i  Jt^. 
1  — a 

11.  To  extract  the  square  root  of  1  h ^rr. 

Keducing  the  expression  to  the  form  of  an  improper  frac- 
tion, and  extracting  the  root  of  its  numerator  and  denomina- 
tor, the  answer  will  be  ^  "^   . 
a  —  0 

4m  "* 

12.  To  extract  the  square  root  of  4 f- 


2a— a?     4a*— 4aaj+a? 
3a  — 2a? 


Ana. 


2a—   » 


13.  To  extract  the  cube  root  of  a*  -  }^  +     ^^ 


{b  +  df  b  +  d  b-i-d 

Remarka. — Ist.  If  we  have  to  extract  the  n^  root  of  an 
expression  of  the  form  a"  ±  J,  whose  root  is  not  exact,  then 

by  putting  ±  i  =  a'^Xj  or  a?  =  ±  _ ,  we  shall  get  a^  ±,bz=.a^ 

a** 

+  oTx  =  a''(l  +  a),  or  V^aT  ±  b  =  a  vTT»  =  a(l+»)'';  con- 
sequently, the  extraction  of  the  root  is  reduced  to  the  extrac- 
tion of  the  n^  root  of  1  +  a?.    Thus,  to  find  the  square  root 

of   38,  since    38  =  36  +  2  =  86(l  +  — )==6'(l  +  ~),  we 
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/  1\* 

shall  have  VSS  =  61 1  +  jg  j  ;  also,  to  get  the  cube  root  of 

24,  we  have  24  =  27  -  8  =  3«(l  ~  ^),  or  ^=  3(1  -  |)'. 

2d.  We  will  now  apply  our  rule  to  the  extraction  of  the 
n*^  root  of  1  +  a?,  supposing  the  terms  to  be  arranged  accord- 
ing to  the  ascending  powers  of  x. 

Thus,  since  1  is  the  n^  root  of  1,  we  shall  have  1  for  the 
first  term  of  the  tj.**  root  of  1  +  a?,  and  n  will  evidently  be 
the  constant  divisor.    Then,  dividing  x  by  71,  we  shall  have 

-  for  the  second  term  of  the  root,  and  of  course  1  +  ?  are 
n  n 

the  first  two  terms  of  the  root 

Eaising  1  +  ~  to  the  n**  power  by  the  binomial  theorexti, 
n 

weshaUhave  (l  + -\"=1 +a>  +  !^^~-^^^+ etc.  =  l  + 

X  +  y -La?  +  etc.,  which,  subtracted  from  1  +  a,  gives 

1.2  , 

l-i 

^        fl^  for  the  first  term  of  the  remainder,  which,  divided 
1  •  ^ 

¥->) 

by  n.  gives  —^ 1  a?*  for  the  third  t^rm  of  the  root ;  con- 

lA-i) 

the  root. 

To  fiind  the  next  term  of  the  root,  we  may  treat  1  +  ?  + 

n 

--^ ia?  as  being  a  binomial  whose  first  term  is  1,  and 

1.2 

-f--i) 

second  term  ?  4.  ^— la?:  then,  since  it  will  clearly  suf- 

fice  to  notice  only  those  terms  which  contain  sfj  we  shall  have 


sequently,  1  -|-  ?  +  !!!j!?! iaf  are  the  first  three  terms  of 
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«(n—  !)(»  — 2)  af  _n{n  —  l),^  —n)'^4-  »(>*  —  !)(»— ^)a^ 
1.2     .     3       7i»~l  .  2      ^  ''n«'^l  .  2    .    3     n» 

(l-l)(i-2) 

\        71/  \7i        /^ .  consequently,  subtracting  this  from 


a     .     3 
1  +  a?,  and  dividing  the  remainder  (in  a^  by  n,  we  shall  get 

1(1-1)  (1-3) 

!^ {Ja: -la*  for  the  fourth  term  of  the  root 

1.2.8 

1(1 -l) 

Hence,  we    shall  clearly  have  1  +  -x  +  -^ a*  + 

•  n        1   .  2 

l(i-l)      (1-2) 

^ i  X  — !»•  +  etc.  for  the  n**  root  of  1  +  x,  which 

is  the  same  that  the  expansion  of  (1  +  xY  y  according  to  the 
ascending  powers  of  x  by  the  binomial  theorem,  will  give ; 
consequently,  since  the  root  of  1  +  a?  can  more  readily  be 
found  by  the  binomial  theorem  than  by  our  rule,  it  ought  to 
be  preferred  in  practice. 

3d.  To  perceive  the  use  of  the  binomial  theorem  in  the 
extraction  of  the  roots  of  expressions  of  the  form  1  +  fl?,  take 
the  following 

EXAHFLBS. 

Ex.  1. — ^To  extract  the  square  root  of  38. 

Since  i^rrefl  +  i)  ,  if  in  (1 +«)•  =1+  1«+  ""^^  ^  'a? 
^      18'  n       1.2 

+  etc.,  we  put  2  for  rij  and  —  for  a?,  we  shall  get  V^  =  6 

lo 


6(1  +  0.027777".  - 


fl  +  lv  1    ,  2(2      1  ■  ■  1    .  etc)- 

0.00038580  +  0.00001071  —  0.00000087  +  etc.)  =  6.1644188 
+,  which  is  correct  to  seven  decimal  places. 
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Ex.  2.— To  extract  the  cube  root  of  124=126— 1=126  x 

Here,  by  using  3  for  n^  and for  a?,  we  shall  get 

126 

1 
^^I2i  =  5(1  -  -l-V  =  5(1  -  0.0026666.  -  0.00000711  - 

etc.)  =  4.9866313,  which  is  correct  to  seven  decimal  places. 
Thus,  we  have  in  this  question  found  the  value  of  ^124 
more  readily  than  that  of  4^38  in  the  preceding  question, 

because  —  is  much  smaller  than  —  in  comparison  to  1  or 
125  18  ^ 

unity,  so  that  the  terms  of  the  series  diminish  much  more 

rapidly  in  this  than  in  the  preceding  question. 

Ex.  3.  To  extract  the  fourth  root  of  3. 

Sinee3  =  l  +  2=(l  +  l).(l  +  ^,(n-|).(l  +  l). 

/l  +  _  I .  n  +  _  J,  by  extracting  the  fourth  root  we  have 
^    =    (,,l)».(,,J)*.(>H-l)*(l.l)*.(l.^f. 


(^-t 


Hence,  extracting  the  roots  of  the  binomials  in  the  right 
member  of  the  equation  by  the  binomial  theorem  to  six 
decimal  places,  and  then  taking  their  products,  we  get  f^ 
=  1.31607  correct  to  five  decimal  places. 

Remarks^ — Ist.  We  have  given  the  preceding  question  for 
the  purpose  of  showing  how  the  binomial  theorem  may  be 
applied  to  the  extraction  of  any  root  of  a  number.  For 
since  any  whole  number  can  clearly  be  resolved  into  bino- 
mial factors  whose  first  terms  are  1,  and  second  terms  are 
very  smaU  in  comjJarison  to  1,  it  is  evident  that,  by  extract- 
ing the  roots  of  the  factors,  and  then  taking  their  product, 
we  shall  get  the  root  of  the  proposed  number. 

Thus,  since  20  =  16  +  4  =  16^1  +  ^\  =  (1  +  iWi  4.  IW 
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(l+l)'.(lH.l)-.(l  +  l)'.wesH.Ug,.fro=(,^.|) 


ii. 


(»-r(^-r=(('-i)T((>-r)'(('^B)T 

for  an  expression  for  the  n^  root  of  20 ;  consequently,  if  we 
pnt  particular  numbers  for  71,  by  finding  the  values  of 

(1  4-  ~)  ,  (1  +  -)  ,  and  M  +  -J   by  the  binomial  theorem, 

we  shall  readily  get  the  roots  of  20,  which  correspond  to 
the  particular  values  of  n. 

2d.  It  may  not  be  improper  to  give  in  this  place  the  fol- 
lowing method  of  approximating  to  the  root  of  a  number  of 

the  form  1  4.  -,  in  whicli  -  is  very  small  in  comparison  to  1. 
a  a 

Thus,  supposing  n  to  denote  the  root  to  be  extracted,  we 

«  / r  7 

shall,  by  the  binomial  theorem,  have  yi+  -=1/-|- 1- 


na 


n\n        )  V      n\n        )\n        )  b^      etc.,  (1). 
1.2       a"      1   .  2      .      3       a*  "^ 

If  we  put  A  =  na  H rr—b  4-  s 1 f-  ?r-^ — 7  -n 

^  2  3.4n(z2.3.4  n V 

4-  etc.,  (2),  which  is  of  the  form  A=  na  -\-  Aib  -f  Aj \. 

na 

A,—-  4-  A4-^-;  4-  etc.,   (3),  such  tliat    the   coefficient    of 
^_^  ^_i  is  given  by  the  equation  A^  4- A^^J— — -j  4- 

/(l-7^)(l-277.)\  .    A       /(l-n)(l-2/i)(l-3n)\ 

-^-'l  2   .   3    ;  ■*■  ^-A   2  .  3    r"i    /  "^ 

^  /(l-7i)(l-2yi)(l--3yOx  ....  x(l-(m-l)n)\ 

'I    2      .      3       .      4        X X     m  / 

(l->n)(l-27i)(l-370x....x(l--7yin)^^  ,^.    ^^^^^ 
2     .     3       .      4         X  ....X  (7/2.4-1) 

(1)  will  be  reduced  to  y  l  4-_  =  i-|--^,  (5),  since  J  divided 

a  A 

by  the  value  of  A  will  make  the  right  member  of  (6)  identi- 
cal with  that  of  (1). 
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It  is  clear  that  we  may  put  1  for  a  in  (2)  and  (5),  provided 

-  is  put  for  J. 
a 

Because  n  is  supposed  to  be  a  whole  number  not  less  than 

2,  if  a  and  h  have  like  signs,  and  the  terms  of  (2)  decrease  in 

a  high  ratio  from  left  to  right,  it  is  clear  that  if  we  take  an 

odd  number  of  the  terms  of  (2)  for  A,  the  root  as  found  from 

(5)  will  be  too  great,  while  an  even  number  of  the  terms  of 

(2)  being  taken  for  A  will  make  the  root  too  small. 

It  may  be  noticed  if  1  +  -  exceeds  1  by  a  very  small  num- 

a 

ber,  that  by  putting  -  for  n,  in  (2)  and  (5),  we  shall  clearly  get 

an  approximate  value  of  the  n**  power  of  1  +  -. 

a 

To  perceive  the  use  of  what  has  been  done,  take  the  fol- 
lowing 

EXAMPLES. 

1.  To  extract  the  square  root  of2  =  l-f-l  =  l  +  -. 

Putting  a  =  1,  J  =  1,  and  ^  =  2,  the  first  three  terms  of 

1  1      19 

(2)  give  A  =  2H q  =  -b-'  ^^^  *^®  ^™*  ^^^  terms  give 

2  8       o 

1  1       1       39 

A  =  2  +  -  —  ^  +  r^  =  r^;  consequently,  the  square  root  of 

2  8      16      16 

2  has  1  +  :^  =  1.4:2  +  and  1  +  ^  =  1.41  +  for  limits,  and 
19  39 

of  course  1.41  must  be  the  first  three  figures  of  the  root. 
Since  2  ==  (1.41)*  x  ,    ?   ,  =  (1.41)*  x  1.00698561  -f ,  we 

get  1^2  =  1.41  Vl.00598561  -f  =  1.41  x  1.00298833  +  = 
1.4142135  +,  correct  to    seven    decimals;    noticing   that 
fl.00598561  +  =  1.00298833  +  has  been  found  by  putting 
(^  =  1,  5  =  0.00598561  +,  and  ti  =  2,  in  (2),  etc. 

2.  To  extract  the  thirteenth  root  of  1.02.         \ 
Putting  d^  =  1,  J  =  0.02,  and  n  =  13,  (2)  gives  A  =  13  -f 

0.12  —  0.0004307  -f  etc. ;  consequently,  the  thirteenth  root 

of  1.02  has  1  +  ^  =  1.0015243  +  and  1  + 


1312        •  ^   ^  ^^^  1311.96698  + 
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=  1.0016244  +  for  limits,  and  of  course  we  have  1.0015243+ 
for  the  root,  correct  to  seven  decimals. 

3.  To  find  the  first  five  figures  of  the  seventh  root  of  1.5. 

Ans.  1.0696. 

4.  To  find  the  square  of  1.1  =  1  +  — . 

Putting  a  =  1,  J  =  _,  and  ti  =  -  =  0.5,   (2)  gives  A  = 

1 L  ;  consequently,  the  square  lies  be- 

2      40^800      16000^'  ^         ^'  ^ 

tween  the  limits  1  +  ^=1.2097  +  and  1.2100O1,  from 
3810 

which  it  is  clear  that  we  must  have  (1.1)'  =  1.21. 

5.  To  find  the  twentieth  power  of  1.02  to  four  decimal 
places. 

Putting  a  =  1,   b  =  0.02,   and  ^  =  — ,  (2)  gives  A  = 

JL  -  .1^  +  -i?? 1?^    +  etc.  ;    consequently, 

20       2000  ^  200000       20000000  '  ^         J^ 

using  the  sums  of  three  and  then  of  four  terms  of  this  series, 
1         19  133  8233         aa^}__ 

we  get  A  -  2^      2000  "^  200000  ^  200000  20 

19  133 133      _    823167   .  tl     1  4- 

•    orumAA       onnnnnAA       oaaaaaaa  '  ^  Jj      "> 


2000      200000      20000000      20000000 

of  the  power,  1.4858  must  be  the  required  figures.  It  is  evi- 
dent that  by  carrying  the  series  (2)  suflSciently  far  we  may 
find  the  power  to  any  required  degree  of  exactness. 

3d.  It  is  clear  that  we  can  apply  our  rule,  or  the  Binomial 
Theorem,  to  the  extraction  of  the  roots  of  series ;  but  they 
can  clearly  be  more  readily  found  by  the  rule  given  for  find- 
ing the  powers  of  binomials. 

To  understand  the  applications  of  the  rule  to  the  extraction 
of  thfc  roots  of  series,  take  the  following 

EXAMPLES. 

1.  To  extract  the  square  root  of  the  series  1  +  2a?  +  3rf  -F 
4flj'  +  &g*  +  etc. 
According  to  the  rule,  we  shall  have  (a  -f-  Ja?  -f  «b^  + 

20 
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(fo»  -h  «a?*  +  etc.)'*  =  a"  +  ndJ^'^lx  +  ^^  "^  -^  V~*y 
^  1.2 


7Wi^'*"^(? 


aj*  + 


iT 


«(n  —  l)a"-*Jo 


!»•  + 


yt(»-l)(n-2)(w-3)    _4M 
12.3.4 

!^"-~V  +  2i^»-» 

1.2 


naJ^'-^e 


etc.,  (1). 
It  is  clear  from  (1),  that  if  we  put  -  for  n^  and  1, 2,  3, 4,  etc., 

severalty  for  a,  5,  c,  rf,  etc.,  we  shall  get  (1  +  2aj  +  3a?+  etc.)^ 
=  ±(l  +  aJ  +  a?'  +  a3'  +  etc.),  for  the  root. 

2.  To  extract  the  cube  root  of  Sd^  +  36aJ*  +  102q?  +  231aj* 
+  etc.  =  ar^(8  +  36a?  +  102aj»  +  etc.). 

Putting  -  for  n^  and  8,  36,  etc.,  for  a,  J,  c,  etc.,  in  (8),  we 
o 

get  iB(8  +  36a;  +  102ar»  -f  etc.)^  =  2a?  +  3a?  +  4^  +  etc.,  for 
the  root. 

3.  To  extract  the  fourth  root  of  1  -f  2aj  -f-  Sa?*  +  etc.,  or  the 
square  root  of  1  +  «  -f  a?  +  etc. 

^;...  ±(l  +  _  +  _  +  _+__  +  etc.). 

4.  To  extract  the  square  root  of  a?  —  2a?  +  3a?  —  4a? -f 
etc.  =  a?(l  -  2a?  +  3a?  —  etc.). 

Arts.  ±(a?  —  a?  +  a?  —  aj^  +  a?  —  etc.). 

(10.)  We  will  now  proceed  to  show  how  to  obtain  the 
rules  which  are  commonly  used  in  the  extraction  of  square 
and  cube  roots. 

1st.  To  extract  the  square  root  of  a  polynomial. 

Suppose  the  polynomial,  whose  root  is  to  be  extracted,  is 
arranged  according  to  the  powers  of  one  of  its  letters,  and 
that  A  stands  for  the  sum  of  any  number  of  terms  of  the  root 
considered  as  known ;  then  it  is  clear  that  the  polynomial 
will  be  reduced  to  the  form  A*  +  B. 

By  our  general  nile  for  the  extraction  of  roots,  if  we  divide 
the  first  term  of  the  remainder  B  (obtained  by  subtractuig 
A*  from  the  arranged  polynomial)  by  the  first  term  of  2A, 
we  shall  get  a  new  term  of  the  root,  which  we  shall  repre- 
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sent  by  h;  then,  according  to  the  rule,  subtracting  (A  +  Iff 
=  A«  4-  2AJ  +  V  from  A*  +  B,  we  shaU  get  A»  +  B  -  (A 
+  J)^  =  B  -  (2AJ  +  J«)  =  B  -  (2A  +  h)b  for  the  remainder; 
from  this  remainder  we  must,  as  before,  get  another  term  of 
the  root,  and  so  on,  to  any  required  extent. 

Since  the  remainder  B  —  (2A  +  J)ft  is  of  the  form  of  a 
remainder  in  common  division,  B  being  the  dividend,  2A-f-J 
the  divisor,  and  h  the  quotient,  it  is  customary  to  call  the 
divisor  2A  (which  we  have  used  in  finding  h)  the  incomplete 
divisor }  since  2 A  -f  J  is  the  complete  or  true  divisor. 

Hence  we  can  extract  the  square  root  of  a  polynomial  hy 
thefoUowvng 

BULB. 

!•  Arramge  the  polynomial  according  to  the  powers  of  one 
of  its  letters^  and  put  ilie  squxj/te  root  of  its  first  tei^m  in  the 
quotient  for  the  finest  term  of  the  root^  and  subtra>ct  the  sguan^e 
of  the  root  found  from  the  polynomial^  and  its  first  term  will 
he  dest/royed;  then  the  remmning  terms  of  the  polynomial 
will  constitute  the  first  remainder. 

2.  Take  twice  the  first  term  of  the  root  for  the  first  incomr 
plete  divisor^  and  divide  the  first  term  qf  the  first  remainder 
by  it  J  and  put  the  result  in  the  quotient  for  the  second  term 
of  the  root,  and  annex  the  second  term  of  the  root  to  the  incom- 
plete divisor^  and  the  result  will  he  the  complete  divisor. 
Multiply  the  complete  divisor  hy  the  second  term  of  the  root^ 
and  subtract  the  product  from  the  first  remainder^  am.d  the 
resuU  will  constitute  the  second  remainder. 

3.  Take  twice  the  root  now  found  for  the  incomplete  dir 
visoTy  and  divide  the  first  term  of  the  second  rernainder  hy 
its  first  term  J  and  the  result  put  in  the  quotient  will  he  the 
third  term  of  the  root;  then  complete  the  divisor  as  hefore^ 
and  proceed  to  fimd  the  third  remainder ;  amd  so  onto  amy 
required  extent. 

EXAMPLES. 

!•  To  extract  the  square  root  of  oj*  +  Sa?^  +  1  —  2a?  —  2aj. 
Arranging  the  polynomial  according  to  the  descending 
powers  of  a?,  etc.,  we  diall  have 
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aj*  —  2a?  -h  So?*  —  2a;-f  l|a?  — a?  +  1  =  the  root 


2a?  -  2aj  +  1 


2a?  —  2a?  -f  1 
2a?  —  2»  4-  1 


Explanation. — ^Here,  since  a?*  =  (a?)',  we  get  a?  for  the  first 
term  of  the  root,  whose  square,  aJ*,  subtracted  from  the  poly- 
nomial, gives  —  2a?  +  3a?  —  2aj  -f  1  for  the  first  remainder, 
then  2^  is  the  first  incomplete  divisor,  and  dividing  —  2a?, 
the  first  term  of  the  first  remainder,  by  it,  we  get  —  x  iot 
the  second  term  of  the  root,  and  annexing  —  »  to  2a?,  we 
have  2a?  —  a;  for  the  first  complete  divisor. 

Multiplying  2a?  —  a?  by  —  a?  we  get  the  product  —  2a?+a?, 
which  subtracted  from  the  first  remainder  gives  2a?  —  2aj  +  1 
for  the  second  remainder.  Taking  twice  the  root  now  found, 
we  have  2a?  —  2aj  for  the  second  incomplete  divisor ;  and 
dividing  2;^?,  the  first  term  of  the  second  remainder,  by  2a?, 
the  first  term  of  the  second  incomplete  divisor,  we  get  1  for 
the  third  term  of  the  root,  and  annexing  1  to  the  second 
incomplete  divisor,  we  get  2a?  —  2aj  -f  1  for  the  second  com- 
plete divisor. 

Multiplying  the  second  complete  divisor  by  1,  the  third 
term  of  the  root,  we  get  2a?  —  2»  -f  1  for  the  product,  which, 
subtracted  from  the  second  remainder,  gives  0  for  the  re- 
mainder ;  consequently,  a?  —  a?  -i- 1  is  the  exact  root  of  the 
given  polynomial ;  indeed,  we  have  {^  —  x  -\-  !)•  =  a?  —  2a? 
+  3a?  —  2aJ  +  1. 

2.  To  extract  the  square  root  of  9a?  +  12a?  —  26a?  —  20aj 
-h  25.  Ana.  3a?  +  2aj  —  5. 

If  we  arrange  the  polynomial  according  to  the  ascending 
powers  of  aj,  and  extract  the  root,  it  will  be  found  to  be 
6  —  2a?  —  3a? ;  which  is  clearly  as  it  ought  to  be,  since  any 
even  root  may  be  taken  with  either  of  the  signs  +  or  — . 

3.  To  extract  the  square  root  of  a*  —  6a'a?  -f  13a'a?  —  12<m? 
+  4a?.  Ana.  c?  —  Soa?  -f  2a?, 

4.  To  extract  the  square  root  of «?  4-  _«?  _  ^  -f-  ^. 

9      3        3         2       16 

A       2  a? 
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6.  To  extract  the  square  root  of  <?^  —  2Jeaj^  +  ^a?*  +  %aca? 

—  2aiaj*  +  (j?.  Ana.  ca?  —  ho?  -{■  a. 

6.  To  extract  the  square  root  of  x^  —  2&a?^^  +  Vx^  +  2oaj^ 

—  2Jca?«  4-  <?.  An8.  x^  —  hx^  +<?. 

2d.  To  extract  the  cube  root  of  a  polynomial. 

Arranging  the  polynomial  according  to  the  powers  of  one 
of  its  letters,  it  appears  (as  in  the  case  of  square  roots)  that 
it  may  be  reduced  to  the  form  A'  +  B ;  supposing  A  to  stand 
for  the  sum  of  any  number  of  terms  of  the  root  considered  as 
having  been  found,  and  B  as  tlie  remainder  resulting  from 
the  subtraction  of  A*  from  the  polynomial. 

According  to  our  general  rule  for  the  extraction  of  roots, 
if  we  divide  the  first  term  of  B  by  the  first  term  of  3  A',  and 
represent  the  quotient  by  J,  then  h  will  be  a  new  term  of  the 
root ;  then  subtracting  (A  +  hf  =  A*  +  SA'^J  +  3A5^  +  ^ 
from  A»  +  B,  we  shall  get  A»  +  B-(A  + J/ =  B-(3A'6  + 
SAS*  +  J«)  =  B  —  (3 A^  -f  3AJ  -f  J=)5  for  the  remainder ;  and 
i5pom  this  remainder  we  must,  as  before,  get  another  term  of 
the  root,  and  so  on  to  any  required  extent. 

Because  the  remainder  B  —  (8A'  +  3AJ  +  V)b  is  of  the 
form  of  a  remainder  in  common  division,  B  being  the  divi- 
dend, ZA?  +  3A5  -h  ¥  the  divisor,  and  b  the  quotient,  since 
3A',  the  divisor  used  to  get  5,  is  but  a  part  of  the  divisor,  it 
is  called  the  incomplete  divisor. 

Hence ^  we  can  extract  the  cube  root  of  a  polynomial  hy  th^e 
following 

BULE. 

1.  Arrange  the  polynomial  according  to  the  powers  of  one 
of  its  Utters^  and  put  the  cube  root  of  its  first  term  in  th^ 
quoticTit  for  the  first  term  of  the  root ;  theyi  subtracting  the 
cube  of  the  root  found  from  the  polynomial^  its  first  terra  wiU 
be  destroyed^  and  its  remaining  ttiras  will  constitute  the  first 
remainder. 

2.  Take  three  times  the  square  of  the  root  found  for  the 
first  incomplete  divisor ^  and  dimd-e  the  first  term  of  the  first 
remmnder  hy  it,  and  put  the  result  m  the  quotient  for  the 
second  term  of  the  root  Catnplete  the  divisor  by  adding  to 
it  three  time^  the  last  term  of  the  root  multiplied  hy  the  pre- 
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ceding  part  of  it  for  the  first  correction,  and  then  add  ths 
square  of  the  last  term  of  the  root^for  the  second  correction, 
to  the  suniy  and  the  dvvisor  will  ie  completed. 

Multiply  the  complete  divisor  ly  the  last  term,  of  the  root^ 
and  subtract  the  product  from  the  first  remainder  ;  then  the 
result  wiU  constitute  the  second  remainder. 

3.  To  the  preceding  complete  divisor  add  once  the  f/rst  of 
th^ preceding  corrections  and  twice  the  second^  and  the  sum 
wUl  equal  three  tim£s  the  sqvure  of  the  root  now  fownd^ 
which  will  he  the  second  incomplete  divisor ;  then  dimde  the 
first  term  of  the  second  remainder  hy  the  fi/rst  term  of  the 
second  incomplete  divisor^  and  put  the  result  in  the  quotient 
for  the  third  term  of  the  root  Complete  the  divisor  in  the 
same  way  as  before^  amd  thence  get  the  third  remainder;  amd 
then  proceed  as  before  to  find  three  times  the  square  of  the 
root  now  founds  or  the  third  incomplete  divisor^  and  so  onto 
any  required  exte7it. 

EXAMPLES. 

1.  To  extract  the  cube  root  of  a^  +  9a^  —  3a^  —  12iB  —  18af 
+  8  +  ISaj*. 

aj*— 3aj^+9a^— 13aj»+18aj»— 12»+8  [jg'--a?+2  = 
a?'  [the  root. 


3a?*-3af^+  a? 


— 3aj^H-8a?*— a" 


3a*4_6a?^+3aj'^ 


6a;*— 12»»-fl8iB»—12aj+ 8  =  the  2  rem. 
6aJ*-12aj»H-18*-12aj+8 


3a?*-.6ar»+9aj'— 6a? +4 

Explanation. — Since  of  =  (a^^,  a?  must  be  the  first  term  of 
the  root,  and  {oFf  =  a?'  subtracted  from  the  polynomial  gives 

—  3a?*  for  the  first  term  of  the  first  remainder ;  and  S{q^^  =  3a^ 
is  the  first  incomplete  divisor,  which  is  contained  in  — 3ar^,  — » 
times ;  consequently,  —  a?  is  the  second  term  of  the  root.  The 
first  correction  of  the  incomplete  divisor  is  ar  x  —  3aj  =  —  Suf, 
and  (—a?)*  =  aj*  is  the  second  correction,  so  that  3aJ*— 3aj'4-a?  is 
tlie  first  complete  divisor ;  which,  multiplied  by  —  a?,  and  the 
product  subtracted  from  the  first  remainder,  gives  6a?*  for  the 
first  term  of  the  second  remainder.  By  adding  —  Sm?  and  2a? 
to  the  first  complete  divisor,  we  get  3a?*  —  6a?  -f  33?*  =  3(a? 

—  xf  for  the  second  incomplete  divisor ;  whose  first  term,  8a?, 


BVOLUTIOK.  811 

being  contained  in  6a^  two  times,  it  follows  that  2  must  be 
the  third  term  of  the  root.  The  first  correction  of  the  second 
incomplete  divisor  is  (a?  —  a?)  x  3  x  2  =  6a?  —  6a,  and  (2)* 
=  4  is  the  second  correction ;  consequently,  3a^  —  6a?  +  9a? 
—  6a?  4-  4  is  the  second  complete  divisor.  Because  the  pro- 
duct of  the  second  complete  divisor  and  2,  when  subtracted 
from  the  second  remainder,  gives  0  for  the  remaiuder,  it  fol- 
lows that  the  root  is  exact. 

2.  To  extract  the  cube  root  of  a?  +  Sa*h  +  3aJ*  +  i^  -^Sa^o 
-{-eabc  +  Wo  +  Sog"  -f  3J(?  +  (?.  Ans.  a  +  J  -h  c. 

3.  To  extract  the  cube  root  of  27  +  64a?  +  36a?  +  8a?. 

Am.  3  +  2a?. 

1       1         1        fl^ 

4.  To  extract  the  cube  root  of ^aj*  4-  _aj  4-  —-. 

27      4    .^6;^  8 

Ans.  -X . 

2        3 

6.  To  extract  the  cube  root  of  €^¥  —  Za^V  +  3a*y  —  Ji^. 

Ans.  ah  —  a^h. 

6.  To  extract  the  cube  root  of  a?"  —  9a?«  +  42a?"  —  117a?" 
+  210a?"  —  225af»  +  125.  Ans.  a?«  —  3aj"  +  5. 

7.  To  find  the  cube  root  of  8a?  +  36a?  +  188a?  +  279a?  -f 
483a?  +  441aj  +  343.  An^.  2a?  +  3a?  +  7. 

Final  Remxi/rks. — ^The  beautiful  method  of  Homer,  as  ex- 
hibited in  the  scheme  (E),  given  at  p.  115,  can  be  applied  to 
the  extraction  of  roots  of  all  degrees,  and  that,  whether  the 
expressions  whose  roots  are  to  be  extracted  are  algebraic 
or  arithmetical;  observing,  that  an  algebraic  expression 
must  be  arranged  according  to  the  powers  of  one  of  its 
letters. 

EXAMPLES. 

Ex.  1. — To  extract  the  square  root  of  4a?  —  4a?  +  12a?  + 
a?  — 6a?  +  9. 

Let  y  stand  for  the  root,  then  we  shall  have  y*  =  4a?  — 
4a?  +  12a?  +  a?— 6a?  -f  9,  or  j^  +  O.y  —  4a?  +  4a?  — 12a?  — 
a?  -h  6a?  —  9  =  0. 
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Hence,  detaching  the  coefficients  of  the  powers  of  y,  since 
the  root  of  4a^  is  2d^,  we  shall  by  the  method  get 

2aj*+0— a5+8=:aB* 
— a?+8=11ieroot 


1+0    — 4a^+0  +  4aJ*— 12aj»— flj*+6aj— 9 

iaf  —  12iB»+6a?— 9 

2a?'  +  12a?'— 6a? +9 
4af—  X  0+0  +  0 

—  X 


Ex.  2.— To  extract  the  cube  root  of  cfi  —  6€fi  +  16tf*  — 
20a«  +  15a*-6fl5  +  l. 

Representing  the  root  by  y,  we  easily  get  the  equation 
y»  +  0.s^  +  0.y  —  a'  +  erf^  —  15tf*  +  20a^  —  15a*  +  6a  —  1 
=  0.  Since  a*  is  the  root  of  the  first  term,  by  detaching  the 
coefficients,  etc.,  we  shall  get 


1+0+  0    -a*+6a«-16tr*+20a^-15aM  6a^l 

a*  a*+a*— 6aH12a*—  8a? 


_€^  2c^  -.3^+12a«-15a*+6a^l 

2a«  3a^  +  3a*— 12a'+16a*~6a+l 

a'  — 6a»+4:a«  0    +0   +6    +0+0 


a«-.2a+ 
l  =  the 
root. 


8a*— 2a        3a*-6a»+4a* 
—2a  — 6a«+8a* 


8a>-4a        8a*-12a»+12a« 

—2a +  3a*— 6a+l 

8a*— 6a+l  3a*— 12aH15a*— 6a+l 

It  is  clear  that  we  may  proceed  in  a  similar  way  to  what 
we  have  done  in  these  examples,  in  order  to  extract  any 
algebraic  root ;  and  it  is  also  easily  seen  how  we  may,  by 
the  same  method,  raise  any  algebraic  expression  to  any  pro- 
posed power. 

We  propose  to  show  how  to  apply  the  same  method  to 
the  extraction  of  arithmetical  roots,  in  the  remaining  ex- 
amples. 

Ex.  3. — ^To  extract  the  square  root  of  66169. 

Because  66169  =  10000  x  |^^  =  (100)*  x  5.6169,  we 


shall  have  1^56169  =  100  i/6.6169;  consequently,  if  we  ex- 
tract the  root  of  6.6169,  and  move  the  decimal  point  in  the 
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root  two  places  to  the  right,  we  shall  get  the  root  of  56169. 

Tx  X.        ^'    A     '         56169  66169  561.69 

It  may  be  noticed,  since  -^— -  =  — - — -----  =    ,        = 
^  '  10000      100  X  100         100 


6.61.69,  that  we  shall  have  V'66169  =  100  V5.61.69,  which  is 
in  accordance  with  the  mle  in  Arithmetic  for  pointing  off 
the  number,  preparatory  to  the  extraction  of  its  root 

Proceeding  as  in  the  preceding  questions,  to  extract  the 
root  of  5.6169,  we  shall  get 

1  +  0  —  5.6169  [2.87  =  the  root ;  consequently,  287  is  the 

[root  of  66169. 


2  +  4 

2  - 1.6169 

4.3  + 1.29 

.3  -  0.3269 

4.67  +  0.3269 

0.0000 

The  analogy  of  this  method  of  extracting  the  root  to  the 
common  methods  is  so  evident  as  scarcely  to  need  any  com- 
ment. 

For  2  is  the  root  of  the  greatest  square  in  5,  4  is  the  first 
incomplete  divisor,  and  1.61  the  corresponding  dividend; 
4.3  is  the  first  complete  divisor,  which,  multiplied  by  .3,  the 
second  figure  of  the  root,  gives  the  product  1.29 ;  and  4.6  is 
the  second  incomplete  divisor,  and  0.3269  the  corresponding 
dividend,  etc. 

Ex.  3.— To  extract  the  cube  root  of  41781923. 
Here  we  have 


f 41781923  =  100  ^41.781923  =  100f41.781.923. 

To  extract  the  cube  root  of  41.781.923,  we  have 

1  +  0+0 

—41.781.923  3.47  =  the  root;  and  347 is  tie 

3+  9 

+27                      [root  of  the  gtven  number. 

3    18 

-14.781.923 

6    27 

+12.304 

3      3.76 

-  2.477.923 

9.4    30.76 

+  2.477.923 

.4      3.92 

O.OOO.OOO 

9.8    84.68 

.4        .7189 

10.27    35.3989 
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Here  the  first  dividend  is  14.781,  and  27,  30.76  are  its  in- 
complete and  complete  divisors ;  also,  2.477.923  is  the  sec- 
ond dividend,  its  incomplete  and  complete  divisors  being 
34.68  and  35.3989. 

Ex.  4.— To  extract  the  fifth  root  of  7,  to  seven  decimal 
places. 
Proceeding  as  in  the  preceding  examples,  we  get 
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In  this  example,  6  is  the  first  dividend,  and  5, 10.9456  are 
its  incomplete  and  complete  divisors ;  1.62176  is  the  second 
dividend,  and  19.2080,  21.22726501  are  its  incomplete  and 
complete  divisors,  and  so  on.  Having  found  the  first  four 
decimals  as  in  the  preceding  examples,  we  have  found  the 
remaining  three  by  dividing  the  dividend  +  0.00173495  + 
by  its  incomplete  divisor  23.7116794  —  • 


SECTION    XII. 
SVBDS,    OB   IBBATIONAL   EXPBESSIONS. 

(!•)  Whek  a  root  is  indicated  by  the  use  of  the  surd  sign 
or  by  a  fractional  index,  and  is  such  that  the  root  can  not  be 
exactly  extracted,  it  is  called  a  surdj  or  am,  vrrational  ex- 
pression. 

Thus,  t^,  Vi,  8*,  \^a\  f  J,  3V^,  and  Vc^o  are  surds, 
because  the  indicated  roots  can  not  be  exactly  extracted. 

(2.)  Any  number  or  quantity  which  is  not  aflfected  by  the 
sign  of  any  root,  or  which  can  be  freed  from  the  sign  of  any 
root  by  tiie  exact  extraction  of  the  root,  is  said  to  be 
rational. 

Thus,  8,  5,  7,  a,  Jc,  def,  are  rational ;  and  so  are  1^36, 
Vf27,  Vc^,  \^\  since  their  roots  are  ±  6,  3,  ±  a\  and  5*,  re- 
jecting imaginary  roots. 

(8.)  If  a  monomial  consists  of  two  factors,  such  that  one 
of  them  is  rational,  while  the  other  is  irrational,  then  the 
rational  factor,  when  written  before  or  to  the  left  of  the 
irrational  factor,  is  called  its  coefficient.  Thus,  in  5  V2  we 
call  5  the  coefficient  of  4^,  and  in  ahVcdy  ah  is  called  the 
coefficient  of  Vcd.  Jf  a  monomial  surd  has  no  coefficient 
expressed,  it  is  clear  that  the  coefficient  must  be  understood 
to  be  1.  'Thus,  ^5  is  clearly  the  same  as  1  X  f^,  and  Vai 
=  1  X  Va^. 

(4.)  Monomial  surds,  which  do  not  differ  from  each  other 
in  any  other  respect  than  their  coefficients  and  signs,  are 
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said  to  be  srniUar  or  alike^  while  those  whose  snrd  factors 
are  different  are  dissimilar  or  unlike.  Thus,  51^4  and  —2Vi 
are  similar  surds,  while  5^4  and  —  2  Vi  are  dissimilar  surds. 

(5.)  We  will  now  proceed  to  the  consideration  of  surds, 
in  the  following  cases. 

CASE    I. 

To  reduce  a  rational  number  or  quantity  to  the  form  of  a 
surd. 

RULE. 

liaise  the  number  or  quantity  to  sfuch  a  power  as  is  denoted 
hy  tlie  index  of  the  surd^  and  draw  the  surdy  with  its  jproper 
index^  over  the  power  /  then  the  number  or  quantity  wUl  he 
eoRpressed^  as  required, 

EXAMPLES, 

1.  To  reduce  2  to  the  form  of  the  square  root,  or  to  find  a 
number  whose  square  root  equals  2. 

Here,  since  the  index  of  tlie  root  is  2,  we  have  2^=  4,  and 
of  course  V2*  =  2  =  -/i,  as  required. 

2.  To  put  3  under  the  form  of  the  cube  root,  and  6  under 
the  form  of  the  fourth  root.  Ans.  ^27  and  v'625. 

3.  To  put  7ab  under  the  form  of  the  square  root,  and  ~ 

under  the  form  of  the  fifth  root. 

A71S.  1/49^  and  l/'l^^. 
^  243^ 

4.  To  reduce  a^¥  to  the  form  of  the  cube  root,  and  --3a'  V^b 
to  the  form  of  the  squai'e  root.        Ans,  Va^h^  and  —  V9a*b. 

6.  To  reduce  a  —  b  to  the  form  of  the  square  root,  and 
a  +  b  to  the  form  of  the  cube  root. 

Ans.  Va^  -  2ab  +  b^  and  ^a^  +  Sa^b  +  3a¥  +  b\ 
1 
a  9    1 

6.  To  reduce to  the  form  of  the  fifth  root,  and  c^d^ 

1 

to  the  form  of  the  twelfth  root.     Am.  —(— \    and  (c^cF)^^. 
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B&mark. — ^If  we  reduce  the  coefficient  of  any  surd  to  the 
form  of  the  surd,  it  is  clear  that  it  may  be  put  under  the 
surd  sign. 

EXAMPLES. 

1.  To  put  the  coefficients  in  3  V^  and  2V^  under  the  surd 
signs. 

Since  3  =  i^,  and  2  =  V  8,  we  shall  have  3  V^=zV9  x 
V5  =  V45  and  2V^  =  V'S  X  fi  =  f 32. 

.2.  To  put  the  coefficients  in  -y  -  and  ^y  ~  under  the 

3     3  bo 

surds.  Ans.  \  --  and  i/-^-. 

^27  ^   b^ 

3.  To  put  the  coefficients  in  *V^  and  ^  x  \~tE^±'^\ 

under  the  surds.  Ans.  i/^  and  V  ^"    -  "^^^A. 

^   b  ^  c'  -  "led  +  d- 

4.  To  put  the  coefficients  in v'9a  and  -  l/'Ki  under 

^  3  4 

the  surds.  An8.  —  Va  and  V  ^• 

5.  To  put  tlie  coefficients  in  3a(c  +  df  and  .  (75a'cZ^/^ 
under  the  signs  of  the  roots. 

Ana.  {27c^c  +  27c^d)^  and  {Sad!')K 

CASE   II. 
To  reduce  surds  having  different  indices  to  others  which 
are  equivalent,  having  a  common  index. 

BULE. 

1.  Take  a  common  mvltiple  {the  least  is  to  he  preferred) 
of  the  indices  of  the  surds  for  the  common  inde.v ;  then 
divide  the  common  index  hy  the  index  of  each  of  the  surds^ 
and  the  quotients  multiplied  hy  the  indices  of  the  numbers  or 
quantities  under  the  corresponding  surds  micst  he  taken  for 
the  new  indices  of  the  numbers  or  quantises. 
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2.  Pvt  each  number  or  quantity  with  its  new  index  %mder 
the  sign  of  the  common  root;  then  the  ev/rds  will  he  reduced^ 
as  required. 

EXA&IPLES. 

1.  To  reduce  V^  and  V^  to  a  common  index. 

Here  2  and  3  are  the  indices  of  the  surds,  whose  least 
conmion  multiple  is  6 ;  and  6-5-2  =  3,  6-7-3  =  2  are  the 
new  indices  of  2  and  5  under  the  common  surd;  conse- 
quently, we  have  V^=V^=f8  and  ^5=-^=  -^26, 
and  the  surds  are  clearly  reduced,  as  required. 

2.  To  reduce  V^,  1/^,  and  the  V^ll  to  a  common  index. 
Since  60  is  the  least  common  multiple  of  4,  5,  and  6,  the 

answer  is  V^^  W\  7vi}\ 

3.  To  reduce  a^,  J=^,  c^^  and  t?*  to  a  common  index. 
Here  60  is  the  least  common  multiple  of  2,  3,  4,  and  5, 

and  60 -T- 2  =  30,   60 -^  3  =  20,  60-5-4  =  16,   60 -r- 5  =  12 
are  the  new  indices  of  a,  J,  c,  and  d;  consequently,  the 

answer  is  (O"  =  «^^  (jV  =  **^  (0"  =  ^^*,  (O'"'' 

^d^y 

1  a 

4.  Eeduce  a^  and  J*  to  a  common  index. 


I 


Ans.  {cPy"^  and  (J») 


I 


5.  Eeduce  f^a',  V^,  and  V^  to  a  common  index. 

Ans,    X'^\  i^,  and   ^. 

6.  Reduce  j^{a  +  J)*  and  ^'{c  -f  df  to  a  common  index. 

Ans.    vta  +  if  and  ^(c  +  dy. 
CASE    III. 

To  reduce  a  surd  to  its  most  simple  form. 

RULE. 

Resolve  the  rmmber  or  qvmdity  under  the  swrd  vrvto  two 
factors^  such  that  one  of  thein  shaU  be  the  greasiest  exact  power 
contained  in  the  given  swrd;  tlien  eoctract  its  rootj  and  it  vnll 
be  freed  from  the  sign  of  the  root  Multiply  the  coefficient 
of  the  given  surd  by  the  root  thus  founds  and  take  the  product 
fqpr  the  coefficient  of  the  remaining  surd  factor  of  ike  given 
surd. 
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EXAMPLES. 


1.  Eeduce  3  V%  and  4vi^  to  their  most  simple  forms.    . 
Because  8  =  4  x  2  =  2*  x  2,  and  108  =  27  x  4  =  3»  x  4, 

we  have  3V^  =  3V2*xV^  =  3x2xV^  =  6i^,  and 

4fl08  =  4x  i?^xi^  =  4x3  x  i?^  =  121^4,  and  the  surds 
have  been  reduced,  as  required. 

2.  Keduce  VbOc^b^  and  f^243aVv  to  their  most  simple 
forms.  Ans.  Sc^V^ai  and  Sac^i^'Sc^c. 

3.  Eeduce  1^^270*  4-  54a«6  and  l/^^  to  their  most  simple 

27y5 

forms.  Ana.  3a^^+^  and  ^~  x   V^  =  —  4/^. 

4.  Eeduce  (fi25a^I^  +  1875a*J«)*  and  (^Y  to  their  most 
simple  forms. 

Ans.  5a[b\i  +  3a)]*and  (g^,)'x  (16a»J)i  =  g^Is^. 

6.  Eeduce  -(-\    and  ^  (7-)    *^  ^^^^  ^^^  simple  forms. 

^^-  I  Ve  and  1^6. 

Hemarks. — 1.  If  the  number  or  quantity  under  the  surd 
can  not  be  separated  into  two  factors,  such  that  one  of  them 
is  an  exact  power  of  the  kind  denoted  by  the  index  of  the 
surd,  it  is  clear  that  tlie  surd  is  irreducible. 

Thus,  VT6  =  V6  X  V2,  Vai  =^  Va  X  Vb,  &nd  ^21  =:  V7 
X  V'S,  are  irreducible  surds. 

2.  If  the  number  or  quantity  under  the  surd  has  the  form 
of  a  fraction,  then  if  the  numerator  and  denominator  are  mul- 
tiplied by  such  a  number  or  quantity  as  will  make  the  denom- 
inator of  tlie  resulting  fraction  an  exact  power  of  the  kind 
denoted  by  the  index  of  the  surd,  by  taking  the  root  of  the 
denominator  the  given  surd  will  clearly  be  reduced  to  tlie 
form  of  a  fraction,  whose  numerator  is  under  the  surd  while 
tlie  denominator  is  freed  from  it. 
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Tims,   |/-  =  |/-=_-    =-|/6,    and  V^^=|/p-  = 

CASE    IV. 
Addition  and  subtraction  of  surds. 

RULE. 

1.  Reduce  the  mirds  to  their  most  simple  forms  ;  then  if 
the  surds  are  similar,  the  s-urds  wiU  he  added  hy  takvng  the 
mm  of  the  coefficients  {according  to  their  signs)  for  the  coef- 
ficient of  the  common  surd;  and  the  surds  will  he  subtracted 
hy  changing  the  signs  of  all  the  su/rds.  which  are  to  he  svb- 
tracted^  and  then  proceeding  as  hefore. 

2.  If  the  surds  are  dissimilar,  they  must  he  added  hy 
uniting  them  according  to  their  &igns,  +  and  —  ;  and  they 
must  he  subtracted,  hy  changing  the  signs  of  the  surds  to  he 
suhtracted,  and  then  proceeding  as  hefore. 

EXAMPLES.  ^ 

1.  To  find  the  sum  of  3  Vl2  and  5  V^. 

Because  3  /i2  =  3  Vi  x  ^3  =  3  x  2  |/3  =  6  ^3  and 
5  VWt  =  5V9  X  VS=  loVSy  by  adding  the  coefficients  6 
and  15  we  get  21  for  the  coefficient  of  the  common  surd  (-^^), 
and  of  course  the  required  sum  equals  21  VS. 

2.  To  subtract  9^^M  from  TV^. 

Because  9^  =  XSf^  and  TM  =  21 V^,  we  have  7V^ 
—  9V^2i  =  211^  —  18V^3  =  3V^  for  the  difference. 

,     3.  To  add  5  V^  and  3V'2,  and  to  subtract  5v'2  from  eiJ'S. 

Here  we  have  5^21  +  3^2  for  the  sum,  and  6^^  -  5^ 
for  the  difference. 

4.  To  find  the  sum  of  V2i,  Voi,  and  —  3  1^6. 

Ans.  2y^  +  3i^6-3V^  =  2V^. 

5.  From  the  sum  of  6V^5i^'  and  7hcVl6a*  subtract  the 
sum  of  5V2a*  and  —  2JcVl28a% 

A71S.  {ISab  +  22ic  -  5)^W. 
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6.  To  add  3  Va»  +  2a*J  and  -  i^4a»  +  6a*b. 

Ans.  aVa  +  2h. 

1.  To  find  the  sum  of  4  V6,  |/A,  and  '^/\. 

8.  To  subtract;^' from  yl^      '        Ans.  ^i/^. 

9.  To  add  6(a*  +  a^J»)^  and  7a(64a^  +  64J«)*. 

JLtw.  34a(a'  +  5^^. 

10.  To    find   the  -sum    of   (a-'^+O*^   -  3(a-*"^'")^   and 

1                                     .       ^  -V  =£*      tf  —  Sa^  4-  4<r' 
4(a-"*+^^^.  .Arw.  {a  —  3a*  +  ^a'jfl^  6  = -^ . 

CASE   V. 

Multiplication  and  division  of  surds. 

BULK. 

JBy  Case  11.  reduce  the  mrda  to  equivalefU  ones  having  the 
same  ind^x^  and  then  multiply  or  divide  as  required. 

EXAMPLES. 

1.  To  multiply  Vs  by  ^^2,  and  divide  the  product  by  ^. 
Here  the  common  index  is  12,  and  the  surds  are  equiva- 
lent to    i^,  V^,  and  V  5^;   consequently,  we  shall  have 

^=     -r    g3    -y  125: 

2.  Find  the  product  of  3a*,  4a*,  and  5a^     Ans.  60a  Vc^. 

3.  Divide  12a*J^  by  3a*J^.  Ans.  ^a^b^'^. 

4.  Multiply  3V^  by  4R  Ans.  48. 

6.  Find  the  product  of  Im^bc,  &r?^,  and  4p1^ 

21 
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7.  Multiply  8a^  by  4:a*,  §nd  divide  6qP  by  8««. 

m-i-n  g— P 

^n^.  82a  mn  and  2ai>g 


8.  Find  the  product  of  2%  3*,  and  4*.      Ans.    \^^  x  3^^ 

9.  Multiply  y»  +  i^  by  V^  -  i^.  ^^-  «  -  y 

10.  Divide  (a?  -  yY  by  (ic  -  ^)^.  ^^-  («  +  ^)^ 

11.  Multiply  f aJ*  +  2ar^y  +  a?f  by  ^a?  +  a?y. 

J.71^.  aj(aj  +  y) 

12.  Divide  V^T^  by  t'a?  +  y.        ^tw.  ^a?  -  a^  +  y* 


pASE   VI. 
To  find  powers  and  roots  of  surds. 

BULE. 

1.  To  find  a  power  of  a  surd^  raise  the  surd  to  such  a 
power  08  is  denoted  by  the  index  of  the  power. 

2.  To  find  a  root  of  a  surd^  ea^act  such  a  root  of  the  surd 
as  is  denoted  by  the  index  of  tJie  root  to  he  extracted. 

EXAMPLES. 

1.  Find  the  square  of  2  \^  and  the  cube  of  5V^. 

Here  we  have  (2  4^)*  =  2  4^  x  2  i^  =  2^^  i^  =  4  x  3  = 
12,  and  (6^9/  =  b^\^¥  =  125  x  9  =  1125. 

2.  To  extract  the  square  root  of  9  4^2,  and  the  cube  root 
of64V^. 

Here  we  have  (9  V^)^  =  3^2,  and  (64V^)^  =  4^7. 

3.  Find  the  cube  of  ab^c^.  Ans.  a^bc^. 

4.  Find  the  fourth  root  of  81a*.  Ans.  3V^. 

5.  Find  the  fifth  power  of  Sah^c^^^  and  the  fourth  root  of 
256(?d^e^.  Ans.  243a^J^c^'^  and  ±  ^d^e^^. 

6.  Find  the  cube  root  of  ^(^Ve^\  Ans.  l^oJV. 
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7.  Find  the  fourth  power  of  -y  -a  and  the  square  root  of 

5^  6  729  \126/ 

8.  Find  the  square  of  3  —  Vl  and  ofa+Vb. 

Am.  11  -  6  i^  and  (J*  +  J  +  2aVj. 

9.  Find  the  square  root  of  a?  +  2  Vxy  +  y  and  the  cube 
root  of  a  —  zVc^  +  Z\^  —J. 

Ans.  ±(i^+ i^)and  ^-^"Jj 

10.  Find  the  square  ot  dVa^-^Vh  and  the  square  root 

Ans.  9a  —  24  f^  +  16J  and  ±(  i^  +  yj  —  i/4 

CASE    VII. 

To  extract  the  square  root  of  a  binomial,  supposing  that 
one  or  both  of  its  terms  are  under  the  sign  of  the  square  root. 

Assume  a?  =  A  +  B  and  ^  =  A  —  B,  then  by  addition 
and  multiplication  we  have  a?  +  y*  =  A4-B  +  A  —  B  =  2A 
and  a?s^  =  ( A  +  B)  X  (A  -  B)  =  A'-B'or  xy  =  i^A»-B«. 

From  fl?+  y*  =  2A  and  2a5y  =  2  VA?—  W,  by  addition  and 
subtraction,  we  have  aj»+2ajy+S^  =  (»-f  yy  =  2A+2f'A'— B* 

(X  +  yV     A  .  4/AV^~^       ,  /aj-yV     A      ^/A'-B* 

consequently,  by  extracting  the  square  roots  and  taking 

a/x  4.  4/ A* ff 

their  sum  and  diflTerence,  we  have  »  =  ^  — 31 l 

2  ^ 

The  formulsB  {a)  and  (J)  will  enable  us  to  find  the  square 
roots  of  the  binomials  A  +  B  and  A  —  B,  whether  A  and  B 
are  or  are  not  aflFected  by  the  sign  of  any  root. 

EXAMPLES. 

1.  To  extract  the  square  root  of  11  +  6  V2.  \ 
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Putting  11  for  A  and  6  4/2  for  B,  the  binomial  A  +  B  be- 
comes 11  +  6  V^,  as  in  the  question ;  and  we  shall  have 

V A*  -  B*  =  j/lV  -  (6  V2y  =  1/121  -  72  =  V49  =  7,  and 

of  course  from  {a)  we  have  /ll  +  6V2  =  3  +  1^,  as 
required. 

2.  To  extract  the  square  root  of  8  —  2  VT5. 

Putting  A  =  8  and  B  =  2  Vl5,  the  binomial  A  —  B  be- 
comes 8  —  2  V^IS,  as  in  the  question ;  and  we  shall  have 
V A'^  —  B'  =  1^64  —  60  =  2,  and  of  course  from  (J)  we  get 
4/8  —  2^/15  =  -/o  -  V^,  as  required. 

3.  To  extract  the  square  root  of  5  +  12  V—1. 

Here  we  have  A  =  5  and  B  =  12  V—  1,  and  A'  —  B*  = 
25  -  (12  |/^)'  =  25  +  144  =  169  or  V A«  -  B»  =  13;  con- 

sequently,  from  (a)  we  get  |^5  +  12  V"^  =  3  +  2  V^^^,  as 
required. 

4.  To  extract  the  square  root  of  1^7  ±  VS. 

.        >|/  1/7  +  2      ,/^F^ 
^^-       — 2— ^      — 2— 

6.  To  extract  the  square  root  of  a  +  J  +  2  Vab. 

6.  To  extract  the  square  root  of  2a*  —  aj*  +  2a  Va^  —  o?. 

Ana.  a  +  Vcf  —  o?. 

7.  To  extract  the  square  root  of  ±  V^^  =  0  ±  V—  1. 
Putting  0  for  A  and  ±  V^  for  B,  we  get  from  (a)  and 

(J)  '/±"v^l  =  "^  ^    _    ~,  as  required. 

.4/2 

8.  Kequired,  the  square  root  of  3  —  4  V^^  and  of  —  7  — 
24  V^  Ana.  2  -  f"^^  and  3  -  4  V^^l. 

CASE    VIII. 

To  extract  f^ny  root  of  a  binomial,  whether  its  terms  are 
rational  or  surd. 
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AsBume  (a?  +  y)**  =  A  +  B  and  {x  —  yY  =  A  —  B,  and  put 
(A  +  B)(A-.B)  =  A^~B»  =  C«  or.C  =  ^A»-B';  conse- 

.1          1  11 !_      (25  +  vT  +  {^  —  yY      A  ■. 

quently,  we  shall  have  -^^ ^^  ^^  =  A,  or  expand- 
ing the  first  member  of  the  equation  by  the  binomial  theorem, 
we  have  ^  +  ^^^'V  +  ^^^  g '\^"  3 '\^"  ^  '  W 

+ etc.  =  A,  and  since  {x  +  yY  x  (a?—  yY  =  {x^—ffY  =  A'  —  B* 
=  C"  gives  a?— ^  =  C  or  y'  =  ar— C,  the  preceding  equation  is 

easily  reduced  to  a^  +  fciW V  -  C)  +  ^^-^X^-a) 
(!LZLl)af-Xai"  -  C)«  +  etc.  =  A. 

Hence  we  have  the  equations  af*  +  r-^ — ^r — ^af'^Xa?  —  C)  + 
n(^n-l)(n-2)(n-3)^_^^  _  ^y  ^  ^^^  ^  ^^  ^^^^  ^  ^  ^ 

—  C,  (J'),  which  being  solved  give  x  and  y  /  consequently, 
we  easily  get  a?  +  y  =  V'A  +  B  or  »  —  y  =  V^A  —  B,  the  n** 
root  of  A  +  B  or  A  —  B. 

EXAMPLES. 

1.  To  extract  the  square  root  of  7  -f  4  Vs. 

Here,  by  putting  7  for  A,  and  4  VS  for  B,  and  2  for  n,  we 
shall  have  VA*~B^  =  i^?-*  —  16  x  3  =  1  =  C;  consequent- 
ly, (a')  reduces  to  a;*  +  a?*  —  1  =  2a^  —  1  =  7,  or  ar^  =  4,  or 
a?  =  2,  and  from  (5')  y»  =  aj'  —  0  =  4-1  =  3,  or  y=V3. 

Hence,  we  have  y  7  +  4:Vs  =  x  +  y  =  2-\-  Vs^  as  required. 

2.  To  extract  the  cube  root  of  24. 

Put  24  =  48  —  24,  A  =  48,  and  B  =  24,  and  we  get 
1^A'--B'  =  12;  consequently,  since  n  =  S,  (a')  reduces  to 
of  +  Sx{a?  —  12)  =  48,  or  ar*  —  9a?  =  12,  which  is  very  nearly 
satisfied  by  putting  a?  =  3.5223.  Putting  the  values  of  0 
and  X  in  (J'),  we  get  y^  =.aj=  —  C  =  (3.5223)*  —  12  = 
12.40659729  -  12  =  0.40659729,  or  y  =  i^0.40659729  = 
0.6376  very  nearly.  Hence,  f^48  —  24  =  V^  zzzx  —  y^ 
3.5223  —  0.6376  =  2.8847,  which  is  correct  to  three  decimal 
places. 
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3.  To  extract  the  cube  root  of  99  +  70  V2. 

Here  A  =  99,  B  =  YO  V2,  and  1?^A»~B*  =  1 ;  and  since 
n  =  Sy  {a')  becomes  a?  4-  Sx{a?  —  1)  =  4aj*  —  3aj  =  99,  which 
gives  03  =  3 ;  consequently,  from  (J')^  =  a3*  —  C  =  9  —  1  = 

8,  or  y  =  4^8  =  2  V^,  and  of  course  t^99  +  70  V^  =  a?  +  y  = 
3  4-  2V'2,  as  required. 

4.  To  extract  the  cube  root  of  — 10  —  9i^^. 

Here    A  =  -  10,    B  ==  -  9  /^=^,    and    \^A*-W  = 

4^100  -  (9  V^f  =  V'lOO  +  243  =  1^^343  =  7  =  0;  conse- 
quently, since  n  =  3,  {a^  becomes  a?  +  3a?(aj*  —  7)  =  4a^  — 
21aj  =  -—  10,  which  gives  a?  =  2,  and  y^  =  aj^  —  0  =  4  —  7  = 

—  3  gives  y  =  V^.  Hence,  f^—  10  —  9  t^^^  =a?-y= 
2  —  V—3  is  the  required  answer. 

6.  Extract  the  fourth  root  of  1561  ±  696  VE. 

AuB.  3  ±  2^6. 

6.  Extract  the  fourth  root  of  —  7  ±  24 1^^^. 

J.7W.  2  ±  fC3. 

7.  Extract  the  cube  root  of  80  ±  72  i^^^. 

CASE  IX. 
If  we  have  an  expression  consisting  of  any  number  of 
terms,  then  if  any  number  of  its  terms  are  surds,  it  is  pro- 
posed to  find  the  form  of  another  expression  {oaUed  the  rrvuJr 
Uplier\  such  that  the  product  of  the  given  expression  and 
the  multiplier  shall  be  rational,  or  free  from  surds. 

RULE. 

1.  When  the  given  expression  is  a  monomial  surd^  which 
has  1  or  arvy  rational  number  for  a  coefficient.  Raise  the 
surd  to  such  a  power  as  is  denoted  hy  the  index  {of  the  surd)j 
and  the  sttrd  sign  will  he  removed;  then  divide  the  power  hy 
the  sw*dy  and  the  quotient  will  clearly  he  the  mvUiplieT. 

Thus,  \i  mVa  represents  the  given  surd  having  m  for  its 

•/-  o,        Va^      a/^ 

coeflBcient,  we  shall  have  {ydf  =  a.  and  -^  =  -ij=r  =  r  — 


BUBDS,   OR    IBRATIONAL    EXPRESSIONS.  827 

=  fo^  =  the  mtdtiplier,  and  we  shall  have  Va  x  Vc^^  = 
^^  =  a,  which  is  rational. 

2.  When  the  given  enepressian  consists  of  more  than  one 
term,  being  a  binomial  or  a  polynomial. 

If  the  terms  under  any  of  the  surds  are  numbers,  represent 
them  by  letters,  using  different  letters  for  different  numbers, 
and  suppose  the  expression  is  represented  by  P.  Putting  P 
equal  to  0,  we  shall  get  the  equation  P  =  0,  (1) ;  then,  by 
the  common  method  of  freeing  the  terms  of  an  equation 
from  any  surds  which  may  affect  them,  free  the  terms  of  (1) 
from  surds,  and  then  bring  all  the  terms  of  the  resulting 
equation  into  the  first  member  of  the  equation,  and  let  the 
equation  thus  obtained  be  denoted  by  Q  =  0,  (2).  Since  (1) 
and  (2)  exist  together,  it  is  clear  that  Q  must  be  exactly 
divisible  by  P ;  consequently,  if  we  divide  Q  by  P,  it  is  clear 
that  the  quotient  will  be  the  required  multiplier,  sach  that 
P,  being  multiplied  by  it,  the  product  will  be  Q,  a  rational 
product. 

When  letters  are  used  for  numbers  in  P,  restore  the 
values  of  the  letters  in  P,  Q,  and  the  multiplier ;  then  they 
will  be  expressed  as  they  ought  to  be  in  the  final  result. 

EXAMPLES. 

1.  To  find  multipliers  which  shall  free  8  V^  and  4  V^ 
from  surds.  Ans.  Va  and  Va. 

2.  To  find  a  multiplier  which  shall  free  8  i^a  —  Vb  from 
surds. 

Assuming  the  equation  3Va—Vb  =  0y  or  3  /a  =  Vb^ 

then,  by  squaring,  we  have  9a  =  by  or  9a  — -  J  =  0 ;  conse- 

9^  —  b  f-        f— 

quently,  we  have  — ^= -/=  =  3  Vci^  +  r  5  =  the  multiplier, 

and  we  shall  have  (3  4/a  —  4^)  x  (3  i/a  +  V^)  =  9a  -  J, 
which  is  rational. 

3.  To  find  multipliers  which  will  make  5  -  2  4^3,  4  +  5  V^, 
2  V^  -  3  V^,  and  4  i^  +  4^,  rational. 

Ans.  6  +  21^,  4-5  t^,  21^7  +  31/5,  and4  4/2-  Vs. 
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4.  To  find  a  multiplier  wliich  wiU  free  Va  +  Vb  +  Vo 
from  surds. 

Assuming  the  equation  Va  +Vb-^Vc  =  0,  ori/a+Vh 
=z  ^  Vc^wegeta  +  b  +  2  Vol  =  c,  or  2  VaJ  =  c  —  a  —  J, 
which  gives  4aJ  =  (a  +  J  —  c)*,  or  (a  +  J  —  c)*  —  4aJ  =  0; 
consequently,  we  have 

Va+  Vb+  Vg  "  Va+  Vb+  Vc 

=  (^  +  Vb—Vc)  X  {a  +  b  —  c  —  2 Va^)  =  the  required 
multiplier. 

5.  To  find  a  multiplier  which  will  free  V6  +  V3  —  V2 
from  surds.  

^7W.  (1/5  +  V3  +  i^)  X  (5  +  3  -  2  -  2  Vl5)  =  (^5  + 

VS  4-  V2)  X  (6  -  2  |/I5.) 

6.  To  find  a  multiplier  that  shall  free  ^  —  V^*  from 
surds. 

From  the  equation  -^a  =  ^  we  have  a  =  J,  ora  —  &  =  0; 

consequently,  we  have  -«p t|  =  V^  +  VoJ  4-  Vb^  for 

the  multiplier. 

7.  To  find  the  multiplier  which  will  free  ^  —  ^'3  from 
surds. 

A718.  ^  +  i?l2+t^  =  2V^+fi2+^. 

8.  To  find  a  multiplier  that  shall  free  3t^  -  2V^=  ^ 
-  ^  from  surds.  Ans.  V^«  4-  ^54  x  24  +  ^W. 

9.  To  free  i^a+  ^  from  surds. 

Here  we  have  Va=  —  Vb  or  a  +  6  =  0;  consequently, 

j:^ ip=.  =  i^  —  VaJ  +  i^=  the  multiplier,  which  will 

Va  +  rb 

free  the  given  expression  from  surds. 

10.  Find  the  multiplier  which  will  free  V^  +  V^  from 
surds.  An^.  ^^"9  —  1^6  +  f 4 

11.  Find  the  multiplier  which  will  free  2f^3  +  3V'2  = 
^  +  ^64  from  surds.        ^n^.  ^"2?  -  ^"24  x  64  +  V^. 
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12.  To  find  a  multiplier  that  will  make  V^  +  t^  rational. 
Here  we  have  l^a  -f  v^  =  0,  or  i?^  =  —  V^,  which  gives 

a  =  J,  or  a  —  J  =  0;  consequently,  -^ -^  =  1^—  VcFh 

+  i^«^—  ^¥^  the  multiplier/ 

Remark. — ^It  may  be  shown  in  like  manner  that  Vc?  + 

^a%  +  ^foS^  +  ^  is  the  multiplier  that  will  free  1^  -  V^ 
from  surds. 

13.  To  find  the  multiplier  which  will  free  t^  +  V^  and 
V5  —  V3  from  surds. 

Ann.  Vz^'-VW^^^-^fZ^r^^^\f^^^iiLVl^'^\/'^^^ 
+  i^TxT'*  +  W. 

CASE    X. 

To  reduce  a  fraction  which  contains  surds  to  a  fraction 
whose  numerator  or  denominator  shall  be  free  from  surds. 


BULE. 

MvUvply  the  numerdtor  cmd  d&nominator  hy  a  rmUtiplier 
which  will  free  either  the  numerates  or  denominator  {as 
required)  from  surds, 

EXAMPLES. 

a 

1.  To  free  the  denominator  of  the  fraction  --^  from  the 

Burd.  Ans.  ^-^ — 

f^  ^a 

2.  To  free  the  numerators  of  the  fractions  --^-  and  -t^ 

from  surds.  Ans.  -tf -^  =  >.  ._ .  and 


3  4 

8.  To  free  the  denominators  of  — ^  and  -.7^  from  surds. 
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5 

4.  Free  the  denominator  of  —p ;=  firom  Burds. 


^n..«Ll?±^)  =  6(*^  +  *^). 


6.  Free  the  numerator  of  — ^i from  sttrds. 

o—d  c—d 

Ana. 


5 

8.  Free  the  denominator  of  -t;= r=  from  surds. 

V8+  V2 


ii^o-Vdf      c+d^2V€d^ 

a/k  — -  V5 

'  6.  Free  the  denominator  of —  from  surds. 

Ana.  (i^-V2)x(4^-V7). 

8 
7.  Free  the  denominator  of  ^t= — -r=  from  surds. 

Ans.  t^  +  ^  +  f^. 

y=  from  surds. 

Ans.  f5-f6+f^ 

7 

9.  Free  the  denominator  of  -^ — -^  fi^>m  surds. 

2 

10.  Free  the  denominator  of  -r-= — j-  from  surds. 

Vs 

DIPOSSIBLB  OR  IMAGINART  BOOTS. 

1st.  Because  all  even  powers  of  positive  or  negative 
numbers  or  quantities  are  positive,  it  follows  that  a  negative 
number  or  quantity  can  not  be  an  even  power  of  a  real 
number  or  quantity;  consequently,  when  we  consider  and 
treat  a  negative  number  or  quantity  as  being  an  even  power, 
its  root  must  be  impossible  in  real  numbers  or  quantities,  or 
the  root  must  be  imaginary.    Thus,  fCTi  ^^d^  6^^^^ 

flTs,  i/r^  i/ZTj,  _3i^^,^6f=6,W^arean 
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imposeible  or  imaginary,  BuppoBing  a^  h^  and  m  to  be  real, 
and  that  a  and  b  are  positive. 

2d.  To  show  how  imaginary  numbers  or  quantities  may 
occur  in  calculation,  and  to  perceive  their  nature  more  fully, 
we  will  solve  the  following 

QUESTION. 

To  find  two  numbers,  whose  sum  is  8,  and  product  20. 

SolMion, — Because  the  square  of  the  sum  of  two  numbers 
equals  the  sum  of  their  squares  increased  by  twice  their 
product,  and  the  square  of  their  diflTerence  equals  the  sum 
of  their  squares  diminished  by  twice  their  product,  it  follows 
that  8'  —  4  X  20  =  64  ~  80  =  —  16  equals  the  square  of  the 
difference  of  the  numbers ;  consequently,  since  —  16  =  16 
X  —  1,  by  extracting  the  square  root  we  geti^— 16=41^—  1 
for  the  difference  of  the  required  numbers. 

Hence,  since  the  half  sum  of  two  numbers  increased  by 
llieir  half  difference  equals  the  greater  number,  and  that 
the  half  sum  diminished  by  the  half  difference  equals  the 

less  number,  it  follows  that  |  +  i.lzil  =  4  +  2  V^^  and 

ZL_  =  4  —  2  V—  1  will  represent  the  sought  num- 
bers, which  are  imaginary;  consequently,  no  real  numbers 
can  be  found  which  will  satisfy  the  conditions  of  the  ques- 
tion.   

Kow,  although  we  can  not  conceive  4  +  2  V—  1  and  4  — 
2  V—  1  to  represent  any  real  numbers,  yet  they  are  expres- 
sions which,  with  certain  conventions,  will  be  found  to  satisfy 
the  conditions  of  the  question. 

Thus,  since  4  +  2  V—  1  and  4  —  2  V—  1  have  been  found 
by  using  the  rules  which  we  know  to  be  applicable  to  real 
numbers  and  quantities,  that  is,  since  4+2  V—  1  and  4  — 
2  V^—i  have  been  found  by  treating  them  as  being  real  num- 
bers ;  reciprocally,  when  we  apply  them  to  see  if  they  satisfy 
the  conditions  of  the  question,  we  must  clearly  use  the  rules 
which  are  applicable  to  real  numbers  or  quantities,  that  is, 
we  must  treat  4  +  2  V—  1  and  4  —  2  V—  1  as  if  they  were 
real  numbers. 
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Hence,  by  adding  4  +  2  V—  1  and  4  —  2  i^— 1  we  get 
4  +  2  l/—  1  +  4  —  2  V'— 1  3c  8 ;  since,  according  to  the  rules 
which  apply  to  real  numbers  or  quantities,  we  must  have 
2  V~i  -  2  i^=n:  =  0. 

Also,  the  product  of  4  +  2  V^^  and  4  —  2  V"^^  is  ex- 
pressed by  (4  +  2  /=n[)  X  (4  -  2  ^T^)  =  16  +  8  sT^  - 
8  ^  —  1  —  4(  V—  1)' ;  since,  by  the  rules  which  are  applica- 
ble to  the  multiplication  of  real  numbers  and  quantities,  the 
product  of  2  '/^  and  4  is  8  4^^^,  and  that  of  —  2  ^T^ 
and  4  is  —  8  f^^^,  also  the  product  of  2  /^  and  —  2  /^^ 
must  be  expressed  by  —  2  x  2  x  V—  1  x  4^—  1  =  — 
4(  /^y.  Because  8  v"^^  —  8  V^  =  0,  our  product  is 
reduced  to  16  —  4(  i^—  1)^ ;  now  because  y— 1  has  been 
obtained  from  —  1  by  putting  —  1  under  the  sign  of  the 

square  root,  reciprocally  we  must  take  the  square  of  V—\ 
by  removing  the  sign  of  the  square  root;  consequently, 
for  (  ^  —  Vf  we  must  put  —  1,  and  our  product  reduces  to 
(4  +  21^^)  x(4-2V'^)  =  16-4x-l  =  16  +  4  = 
20.  Hence,  4  +  2  V—  1  and  4  —  2  ^—  1,  when  used  accord- 
ing to  the  preceding  conventions,  or  when  used  as  if  they 
were  real  numbei-s  or  quantities,  have  been  found  to  satisfy 
the  conditions  of  the  question ;  noticing  (particular^)  that 
V—  1  is  squared  by  removing  the  sign  of  the  root,  or  putting 

—  1  for  ( f"-  1)^  It  is  clear  that  observations  similar  to  the 
preceding  will  be  applicable  in  all  cases  when  imaginary 
numbers  or  quantities  are  used  in  calculation. 

3d.  It  follows,  from  what  has  been  done,  that  imaginary 
numbers  or  quantities  must  be  added  by  the  rules  which  are 
applicable  to  real  numbers  or  quantities.  Tlius,  the  sum  of 
4/Zri,  3  4/^=1,  and  7  ^T^,  is  /^^  +  3  V^^  +  7  ^^^ 
=  11  V—  1 ;  observing  that  the  coefficient  of  V—  1  is  1. 
The  sum  of  /^,  8  V'^,  U^'ITi,  and  ^%\fZI\  equals 
7  V"^  +  8  V'^^ ;  noticing  that  V^^  and  V^^  are  un- 
like expressions,  because  the  indices  of  the  roots  are  differ- 
ent.   Similarly,  the  sum  of  a  V^^  and  that  of  c  V—b  is 
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expressed  by  {a  +  c)  V—  h  =  {a  -\-  c)  x  Vb  x  V—l^  and 
that  of  ml/— a,  nV^-—  a,  and  jpi^ —  c,  is  expressed  by  (m  +  71) 
X  Va  X  i^^^  +p\^c  X  V^^n;. 

Again,  if  we  subtract  3  V—  1  from  8  V—  1,  and  5v^-%l 
from  aiP^—  1,  the  remainders  will  be  6  I/—  1,  and  {a  —  J) 
i^—  1 ;  and  in  like  manner  if  we  subtract  m^—  a  from 
n^--a,  the  remainder  will  be  n\f—  a—  n\^—  a  =  n\^a  x 
^ZTi  _-  nv'a  x  f  ^=1. 

4th,  K  2n  stands  for  any  positive  whole  number,  a  for  any 
whole  number  or  quantity,  and  A  for  any  positive  number 
or  quantity,  tlien  since   —  A  =  A  x  —  1,  it  is  clear  that 

a  V—K  =  a  VA.  x   r  —  1  may  be  taken  as  the  representa- 
tive of  any  imaginary  monomial. 

6th.  Multiplication  and  division' of  imaginary  monomials, 
Which  result  from  the  square  root. 

EXAMPLES. 

1.  To  find  the  square  of  V—a  and  the  product  of  f^—  a 
and  V^^. 

Ana,  (Z^)'  =  {Va  x  V^f  =  -  a,  and  t"^^  x  V^ 
=  V a  y'^^  X  V^  X  V^^  =  VaJ  X  {V~^^  =  -  Vah. 

2.  To  find  the  product  of  V—  a  and  —  1^—  J,  and  the  pro- 
duct of  —  V—  c  and  —  V—d.  Aiis.  Vab  and  -^  Vc(/. 

3.  To  divide  ±  V^^  =z  ±  \^  x  V^^  by  ±  V^^  =  ± 

l/J  X  -/^n.  '  ^;^*.  /t 

o 

4.  To  divide  ±  i  ^^  by  T  i'^^^.  ^rus.  —  |/^, 

Hence,  ^A«  product  of  two  imaginary  monomials  of  the 
square  root  which  have  the  same  sign,  equals  minus  th^  pro- 
duct of  their  coefficients  multiplied  hy  the  product  of  the  num- 
bers or  qicantities  under  the  s^ird^  regarding  them  as  real;  but 
if  the  monomials  have  unlike  signs,  the  product  equals  plus 
the  product  of  the  copfficients  multiplied  hy  the  product  of  the 
numbers  or  quantities  under  the  surd,  regarding  thcfn  as  real. 
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Hence,  also,  the  quotient  of  two  inuigvna/ry  manomidU  of 
the  sqicare  root  which  hcwe  the  aaine  aign^  equals  plus  thejyro- 
dtict  of  the  quotient  of  the  coefficients  mvUijplied  hy  the  sqtuire 
root  of  the  quotients  of  the  numbers  or  quantities  (under  the 
Btird)  regarding  them  as  real  /  but  if  the  imagmaries  have 
unlike  signs,  the  quotient  found  (as  before)  must  havi  the 
negative  sign. 

EXAMPLES. 

1.  Multiply  6  V^^  by  8  V^^,  and  -  4  4^^^  by  6  V^. 

Ana.  -  15  4/li,  and  20  i^  =  40  4/6. 

2.  Multiply  3  V'^  by  4  V^,  and  —  2  V-^  by  8  V^^. 

Am.  — 12  Vah,  and  16  Vcd. 

3.  Multiply  —  5  V^^  by  —  3  V^^,  and  —  a  V^^  by 
—  6  V—d.  Ana.  —  45  V2,  and  —  ae  Vod. 

4.  Divide  ±  4  V-10  by  ±  2  V^^,  and  — 16  V^^  by 
6  V^.  Am.  2i^and— 3l/4  =  —  6. 

5.  Divide  30  V^^8  by  -  10  V^^. 

Am.  -34/1= -2*^. 
3 

6.  Find  the  second,  third,  and  fourth  powers  of  ±  4/— 1. 

Ans.  —  1,  T  V^^,  and  1. 

7.  Find  the  product  of  2  V"^,  -  5  /^,  and  —  7  V^. 

^?w.  70(|/~  1)«  =  -  70  V'^n;. 

8.  Multiply  1  +  V^^  by  1  -  V^^,  and  find  the  square 
ofl±  1/^=1. 

^7w.  (1  +  ^/^^)  X  (1  -  V^  =  1  +  i^^i «  |/rT- 
(l/Hiy  =  2,  and  (1  ±  V^^lf  =  1  ±  2  V^^l  -  1  =  ±  3 

9.  Multiply  a  +  V"^  by  a  —  i^^,  and  find  the.  cube  of 
c±  V—d. 

Ans.  {a  +  ^/^^)  X  (a  —  V'^^)  =  a'  +  a  /^  —  a  V^^ 
_(t/ir5)2  =  a«  +  &,  and  (0  ±  4/^»  =  c»  ±  3(?f^=^- 
Zed  T  i'^^^. 
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10.  Divide  3  +  2  V^  by  3  -  2  l/^,   a  +  V^l>  by 

^n..^  +  ^^^  =  (3  +  ^^^)'=:^  +  ^^^  and 
3-2 1/^^  13  13 

a-\-  V^^  _  {a  -h  V^^)^  _  g'  —  &  +  2g  V^ 


11.  Find  the  value  of  (V3  +  4t^  +  |/3  -  4  V^)^ 

^n«.  (3  +  4  f"^  +  3-4  /=n[  +  10)^  ==  2,  areal  num- 
ber ;  consequently,  imaginary  expressions  are  sometimes  rep- 
resentatives of  real  numbers  or  quantities. 

12.  Divide  a'  +  J*  by  a  +  J  V^H.,  and  1  by  1  —  V^. 

Ans.  a-h  l/^n,  and  ^-^^-\ 
'  2 

.6th.  It  is  clear,  from  what  has  been  done,  that  for  (  V^-af 
we  may  write  V—  ax  —a^—a^  and  that  for  V—  a  x 
V—  b  we  may  write  4^—  a^  x  —  J  =  —  VaS. 

REMARKS. 
. 1  1 

1.  If  we  expand  Vl  —x  and     , =  (1  —  a?)  ^by  the 

binomial  theorem,  according  to  the  ascending  powers  of  a?, 

1    111         aT^ i       ^        «^        l-3a^       1.3.5a?* 

we  shall  have  tT=:^  =  l-2-0-2:4:6-2TriO 

Af«     /1\    o«^   _JL__i    .   a?       1.3ar^   ,1.3.5aj8    , 
~.tc.,   (1),   ^d-;^,==-.l  +  -  +  ^-^  +  .^-^_g  + 

etc.,  (2). 

Supposing'a?  to  be  positive,  it  is  clear  that  (1)  and  (2)  are 
true  so  long  as  x  is  not  greater  than  1 ;  so  that  their  right 
members  may  be  taken  as  representatives  of  Vl  •—  x  and 

"  .-  -,  and  vice  versa  ;  consequently,  if  we  put  1  for  x  in 
(1),  we  have  0  =  1  -  I  -  2^  -  gi^  -  etc.,  =  0,  which 
gives  1  +  JL  +  iA_  +    ^-^-^    +  etc.,  =  1 ;  and  if  we 
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put  1  for  X  in  (2),  since  -  denotes  an  unlimitedlj  great  num 

ber,  it  results  that  the  series  1  +  ^  +  zr^  -f  ^'    '     +  etc., 

2      2.4      2.4.0 

is  unlimitedly  greats  Now  if  (for  generality)  we  suppose  (1) 
and  (2)  to  be  true,  when  x  is  greater  than  1,  it  is  clear  tliat 
their  lirst  members  will  be  impossible  or  imaginary  (since 
1  —  aj  will  be  negative,  and  that  Vl  ^x  expresses  its  square 
root),  at  the  same  time  that  the  second  member  of  (1)  is  neg- 
ative, and  that  of  (2)  positive ;  consequently,  negative  and 
positive  expressions  are  sometimes  signs  of  impossibility, 

2.  Because  the  squares  of  the  first  members  of  (1)  and  (2) 

are  1  —  a?  and when  x  is  not  greater  than  1,  it  follows 

1  —  X 

that  (according  to  the  preceding  generalization)  if  » is  greater 
than  1,  we  must  find  the  square  of  Vl  —  x  by  rejecting  the 
sign  of  the  root,  which  is  in  conformity  to  what  has  (pre- 
viously) been  shown. 

3.  If  we  divide  the  members  of  (1)  by  1  —  a?  (since 


we  shall  have   ■  ,- =  1  +  -  + 


VY^  1     \  ,  „  ,  1  ^   ,  X 

l-x 
1.3ar^ 


r=^)' 


i_aj      vr=^/'  vi^^x        2 


y-  +  etc.,  which  is  the  same  as  (2) ;  consequently  (be- 
cause when  X  is  greater  than  1),  the  right  member  of  (1) 
being  negative  and  that  of  (2)  positive,  it  results  that  the  sign 
of  the  imaginary  expression  Vl  —  x  is  changed  by  dividing 
it  by  the  negative  number  1  —  x,  which  is  in  conformity  to 
the  rule  of  signs  in  Division. 

4.  Squaring  (1)  and  (2),  we  have  1  —  aj  =  /l  —  ? zL. 

)a  1  /        X      1   Za?  Y 

and  T^-  =  (l  +  o  +   o    A    +  ®^^7  5  consequent- 
ly, if  X  is  greater  than  1,  the  positive  expressions  n  —  ?  — 

etc.]  and  (1  —  ^  +  etc.]  will  be  represented  by  the  nega- 
tive numbers  1  —  a?  and 

1  —  a? 
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SECTION    XIII. 
EQUATIONS. 

(l.)  AoBEEABLT  to  Def.  6,  p.  2,  when  the  equality  or 
equivalence  of  expressions  is  denoted  by  writing  =  (the  sign 
of  equality)  between  them,  the  result  is  called  an  equation ; 
noticing  that  the  expression  which  precedes  the  sign  is  called 
the  first  member,  and  that  the  remaining  expression  is  called 
the  second  member ;  also,  if  the  members  are  composed  of 
monomials  connected  by  either  of  the  signs  +,  — ,  the 
monomials  are  called  the  terms  of  the  equation.  Thus, 
a?  —  aa5  +  &  =  (?  —  <;?isan  equation,  having  a?—  ax  +  b  and 
e  —  rf  for  its  first  and  second  members,  aj*,  ax,  J,  c,  and  d 
being  the  terms  of  the  equation. 

(a.)  Equations  are  (generally)  composed  of  numbers  or 
letters  or  both,  which  represent  numbers  or  quantities ;  the 
first  lettere,  a,  J,  c,  etc.,  being  used  to  stand  for  known  num- 
bei's  or  quantities,  while  the  last  letters,  a?,  y,  2,  etc.,  stand 
for  imknown  numbers  or  quantities.  An  equation  which 
contains  only  one  unknown  letter  is  sometinies  called  a  single 
equation, 

(3.)  If  either  member  of  an  equation  is  the  same  as  the 
other  (under  the  same  or  a  different  form)  or  of  a  process  indi- 
cated in  the  other,  or  if  the  terms  of  the  equation  are  known, 
and  given  so  as  to  make  the  members  equal  to  each  other, 
then  the  equation  is  called  an  identical  eqriaUon.    Thus, 

a»  +  5  =  2i»  +  a?  -f-  5,    (a?  +  a)»  =  a?  +  2a?a  H-  a^    ^  ""  ^' 

=  a?  +  a,  5  +  3  —  1  =  4+3,  are  identical  equations. 

(4.)  If  a  single  equation  is  such  that  it  can  not  be  satisfied, 
or  its  members  made  equal  to  each  other,  except  by  assign- 
ing one  or  more  particular  values  to  the  unknown  letter  (con- 
tained in  it),  it  is  called  a  determinate  equation ;  and  any 
particular  value  of  the  unknown  letter  which  satisfies  the 
equation  is  called  its  root.  The  discovery  of  the  roots  is 
cidled  the  solution  of  the  equation,  and  when  the  roots  are 

22 
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found  the  equation  is  said  to  be  solved.  Thus,  2aj  +  3  =  5  is  a 
determinate  equation,  because  1  is  the  only  value  of  x  or  root 
which  satisfies  the  equation  ;  similarly,  the  equation  a?  —  a? 
=  6  has  3  and  —  2  for  its  roots,  and  because  they  are  the 
only  values  of  x  which  can  satisfy  the  equation,  it  follows 
that  3  and  —  2  are  the  only  roots  that  the  equation  can  have. 

(5.)  If  an  equation  contains  more  than  one  unknown  letter, 
and  becomes  a  determinate  equation  when  particular  values 
are  given  to  all  the  unknown  letters  but  one,  then  we  shall 
call  the  (given)  equation  an  indeterminate  equation.  Thus, 
the  equation  Sa?  —  6y  =  7  is  an  indeterminate  equation ;  for 
if  1,  2,  3,  etc.,  are  successively  put  for  y,  the  equation  will  be 
reduced  to  the  determinate  equations  3aj  —  5  =  7,  3aj  —  10 
=  7,  3aj  — 15  =  7,  etc. 

(6«)  If  an  equation  contains  one  or  more  ^unknown  letters, 
and  is  such  that  it  can  be  reduced  so  as  to  consist  of  a  finite 
number  of  monomial  terms,  into  which  the  unknown  letters 
enter  only  as  factors  with  positive  integral  indices,  it  is  called 
an  algebraic  eqtmtion  /  but  if  the  equation  can  not  be  thus 
reduced,  it  is  called  a  transcendental  equaiwn.  Thus,  3aj  —  5 
=  2aj  +  3,  3a^  +  2aj  =  12,  7?  —  1^  H-  9aj  =  10,  3aj  —  6y  =  6, 
a*  — -  5a^  =  3-3  -t  20,  are  algebraic  equations;  and  3*  =  10, 
Q^  =  13,  a^  r=  J,  3*  =  d^  are  transcendental  equations. 

(v.)  An  algebraic  equation  which  contains  one  or  more 
unknown  letters  is  said  to  be  of  the  same  degree  as  the 
greatest  number  which  can  be  formed  by  adding  the  indices 
of  the  unknown  letters  which  enter  as  factors  into  its  sepa- 
rate terms,  noticing  that  the  equation*  is  supposed  to  be  re- 
duced so  as  to  consist  of  monomial  tei-ms,  into  which  the 
unknown  letters  enter  (only)  as  factors  with  positive  integral 
indices.  Tims,  3a?  —  7  =  20,  4aj  +  3y  =  14  are  of  the  first 
degree,  3ar^  —  4aj  =  8,  2a?y  -f-  3y  —  12  =  0  are  of  the  second 
degree,  and  so  on. 

(8.)  An  equation  of  the  first  degree  is  called  a  simple 
equation,  an  equation  of  the  second  degree  which  contains 
only  one  unknown  letter  is  called  a  quad/roitic  equation^  or 
simply  a  quadraitic^  a  single  equation  of  the  third  degree  is 
called  a  cyMc  equation^  or  simply  a  cxthic^  a  single  equation 
of  the  fourth  degree  is  called  a  hiqicadratic  eqiuUian^  or  sim- 


EQUATIONS.  389 

ply  a  hiqv^adratic^  and  generally  a  single  equation  of  the  ti** 
degree  is  said  to  be  an  equation  of  the  n^  degree. 

Thus,  2iB  +  3  =  7,  4a?  —  3y  =  5  are  simple  equations,  aj*  + 
2aj  =  4  is  a  quadratic,  aj"  —  3aj*  +  4aj  =  15  is  a  cubic,  4aJ*  — 
6a^  +  5aj  =  40  is  a  biquadratic,  and  generally,  if  n  stands 
for  any  positive  integer,  the  equation  oaf  -f  hx^~^  +  caf^-^  + 
etc.  =^  is  said  to  be  of  the  n^  degree  or  power,  noticing 
that  the  letters  a,  &,  0,  etc.,  may  one  or  more  of  them  be 
negative,  and  that  one  or  more  of  the  letters  by  0,  etc.,  may 
.be  0  if  required. 

(9.)  If  a  single  algebraic  equation  has  terms  into  which 
all  the  positive  integral  powers  of  the  letter,  from  the  high- 
est to  the  first,  enter  separately  as  factors,  at  the  same  time 
that  the  equation  has  a  term  (called  the  absolute  term),  into 
which  the  letter  does  not  enter  (unless  it  is  conceived  to  have 
0  for  its  ii^dex,  which  makes  it  an  expression  for  1),  then  the 
equation  is  said  to  be  complete ;  but  if  any  powers  of  the 
letter  are  wanting  in  the  equation,  it  is  said  to^  he  in<iomr 
plete;  and  it  is  clear  that  the  equation  is  incomplete,  be- 
cause the  coefficients  of  the  terms  which  are  wanting  equal 
0,  so  that  the  deficient  terms  may  be  supplied  by  writing 
them  with  0  for  each  of  their  coefficients.  Thus,  the  equa- 
tions ax=:l,  aa?-\-hx  =  c,  aa^  +  h2?  +  ca?  +  dx  =  ea,Te  com- 
plete equations ;  and  aa?  =  c,  aa?  -f  Jar'  =  c,  aa?  +  cx=>d  are 
incomplete,  which  are  completed  by  writing  aaj^H-  0  x  »  =  <?, 
oaf  -k-ho?  -^  0  xa?  =  c,  etc.,  for  them. 

(10.)  Equations  which  involve  only  numbers  together 
with  tiie  unknown  letter  or  letters  are  called  numeral,  or 
mrnierioal  equations,  while  those  that  involve  known  letters, 
or  known  letters  and  numbers,  together  with  one  or  more 
unknown  letters,  are  called  literal  equations.  Thus,  3aj  —  5 
=  —  aj  +  7,  ay  =  12  are  numerical  equations,  and  a^^=^'b^ 
3aj*  —  4aa?  =  30»are  literal  equations. 

(11.)  Because  the  members  of  an  equation  must  equal 
each  other,  if  we  subtract  the  right  member  fcom  the  nrst^ 
then,  by  Ax.  6,  p.  8,  the  result  must  equal  0 ;  consequently, 
if  the  equation  is  a  single  equation,  and  x  the  unkno^  let- 
ter, then  denoting  the  result  of  the  subtraction  by  ^>  tlxe 
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equation  will  be  reduced  to  X  =  0,  which  may  clearly  be  an 
algebraic  or  transcendental  equation. 

If  the  equation  X  =  0  is  determinate,  it  is  dear,  from 
what  has  heretofore  been  shown,  that  its  real  roots  can  be 
found  by  the  rule  of  Double  Position  in  Arithmetic. 

(19.)  It  is  clear  that  the  solution  of  any  single  determinate 
equation  consists  in  transforming  the  equation  in  such  a  way 
that  the  unknown  letter  shall  stand  alcme  on  one  side,  so 
that  the  known  expression  on  the  other  side  wiU  be  its  value. 

SOLUTION  OF  (simple)   EQUATIONS  CONTAINING  ONE  DNXNOWN 

LETTEB. 

CASE    I. 

1.  Any  term  may  be  carried  or  traohsposed  from  one  mem- 
ber of  any  equation  to  the  other,  by  changing  its  sign,  as  is 
clear  from  Ax.  11. 

2.  Any  term  which  is  common  to  both  members  of  any 
equation,  and  has  the  same  sign  in  each,  may  be  erased  or 
ei/ricken  out  If  the  signs  of  all  the  terms  of  any  equation 
are  changed,  it  is  clear  that  the  equation  will  still  exist. 

EXAMPLES. 

1.  Given,  »  —  6  =  3  and  y  +  4  =  9,  to  find  x  and  y. 
Adding  5  to  both  members  of  the  first,  and  subtracting  4 

from  both  members  of  the  second,  they  will  become  a?  —  5  + 
5  =  3  +  5  and  y  +  4  —  4  =  9  —  4,  or  since  —5  +  5  =  0, 
8  +  5  =  8,  4  — 4  =  0,  and  9  —  4=  6,  we  shall  get  a?  =  8  and 
y  =  5.  Putting  8  for  x  and  5  for  y  in  the  given  equations, 
they  become  8  —  5  =  3  and  5+4  =  9,  which  being  identical 
equations,  it  follows  tliat  x  and  y  have  been  correctly  found. 

2.  Given,  a?  +  8  =  70  and  y  —  16  =  4,  to  find  x  and  y. 

Ans.  a?  =  62  and  y  =  20. 

3.  Given,  aj  +  a  +  J  =  J  +  c  and  y  —  d  —  e  =/—  «,  to 
find  x  and  y. 

Erasing  h  and  ^,  and  transpo&ing  a  and  d^  the  answers  are 
nzzz^c-a^y  —  d^-f. 

4.  Given,   —  aj*  +  2a?  —  &a?  —  5  =  —  Saj*  —  17»  +  9,  to 
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bring  all  the  terms  wliicli  contain  x  or  its  powers  into  the 
first  member,  and  to  make  —  gf  positive. 

Transposing  the  terms  from  the  second  member  which 
contain  a?,  uniting  like  terms,  and  then  changing  all  the  signs; 
the  Ana.  is  as*  —  5aj*  —  lix  =  —  14. 

5.  Given,  3aJ*—  2a?  +  6aj  =  —  aj«—  7aj»  +  4aj  +  30,  to  bring 
all  the  terms  into  the  first  member  of  the  equation. 

Ana.  4aj*  +  5iB*  +  2»  —  30  =  0. 

CASE    II. 

1.  The  unknown  letter  in  a  simple  equation  may  be  freed 
from  any  multiplier  by  dividing  all  the  other  terms  of  the 
equation  by  the  multiplier ;  and  it  may  be  freed  from  any 
divisor  by  multiplying  all  the  other  terms  of  the  equation  by 
.the  divisor,  as  is  clear  from  Ax.  11. 

2.  In  like  manner,  the  highest  or  any  power  of  the  un- 
known letter,  in  any  equation,  may  be  freed  from  any  mul- 
tiplier or  divisor. 

8.  Hence  any  factor  or  divisor  which  is  common  to  all  the 
terms  of  any  equation  may  be  erased. 

EXAMPLES. 

1.  Given,  3aj  -h  5  =  20,  and  |  —  7  =  —  2,  to  find  x  and  y. 
Transposing  5  and  7,  then  dividing  by  3  and  multiplying 

by  4,  we  get  x  =  — ^  =  5  and  y  =  (7  —  2)  x  4  =  20. 

2.  Given,  aaj  —  &  =  c,  and  ^  +/=  ffj  ^  ^^^  ^  ^^  V- 

Ana.  X  = and  y  =  {g  — /)  x  e. 

3.  Given,  (WJ*  —  fec'  +  caj^  —  ^  =  —  ^,  and  5y»  —  lOy^  -f- 
40y  —  60  =  0,  to  free  itf*  and  y*  from  their  coeflScients. 

Ana.  a^--aj»  +  -aj»--aj=~^,andy»-2j^  +  8y-.10 
a        a        a  a 

=  0. 

4.  Given,  ^  J  +  y  =  - 1»  ^^^  ^  +  ¥-  ^  =  ^^  *^  ^® 
a?  and  y*  from  their  divisors,  and  to  make  —  a?  positive. 

Ana.  a?*  —  2a?  =  7,  and  y"  +  aJy*  --aoy=^ad. 
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CASE  III. 
Any  equation  may  be  freed  from  fractions  by  reducing  all 
its  terms  to  a  common  denominator,  and  then  rejecting  the 
common  denominator,  or  by  multiplying  each  term  by  the 
least  common  multiple  of  all  the  denominators,  and  then 
dividing  the  numerator  of  each  fractional  product  by  its  de- 
nominator. 

EXAMPLES. 

1.  Free  the  equation =  -  from  fractions. 

3      4      5 

The  terms  reduced  to  a  common  denominator,  give  the 

equation —  = . — ?,  or  rejecting  the  denominator  we 

have  the  equation  20»  —  75  =  12aj,  or  20aj  — 12»  =  76  or  »  = 

2.  Free  the  equation  _?f  a.  I  =  _  from  fractions. 

^  6       3      4^ 

Here  we  have  12  for  the  least  common  multiple  of  all  the 

denominators;* consequently,  multiplying  each  term  by  12 

and  reducing  the  fractional  products,  we  get  lOy  +  28  =  9, 

19 
which  gives  y  =  —  —  =  —  1.9. 

3.  To  free  ?^- ^-7  =  0  from  fractions. 

3        5 

Ans.  lOa?^  12a;  — 105  =  0. 

4.  To  free  aj"-  ?^  +  ^-  i  =  0  from  fractions. 

Ana.  hdfsi?  —  adfa?  +  icfx  —  hde  =  0. 

6.  To  free +  1  = from  fractions,  and  reduce 

4a?  —  2  8a?  +  2  ' 

the  result  to  its  most  simple  form,  when  the  terms  are  brought 
into  the  iirst  member  and  arranged  according  to  the  descend- 
ing powers  of  x.  Ana.  18^  +  8a?  —  7  =  0. 

Hema/rk. — Supposing  Aaf*  -f  Aja?"-^  +  A^aJ*"^  +  ....+ 
An-.ia?  +  An  =  0  to  stand  for  an  equation  which  is  freed  from 
fractions.  A,  Ai,  A«,  etc.,  being  its  coefficients,  and  n  a  pos- 
itive whole  number ;  then,  if  we  multiply  all  the  terms  of 
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the  equation  by  A""\  it  can  clearly  be  written  in  the  form 

{Axy  +  Ai(Aa5)»-^  +  AA5(Aaj)«-»  -f-  A'AjCAp)'*-^  + + 

A''-'A„_i(Aaj)  +  A^-^An  =  0,  which  by  representing  Ax  by 
y  becomes  y^  +  Ajy*-*  +  AAg^"-*  +  A'Asj^-*  +  ....+ 
A"-*A^»_iy  +  A"-^An  =  0,  an  equation  in  which  the  coeflBl- 
cient  of  ^  is  1. 

Having  found  y  from  the  preceding  equation,  since  y  is 

put  for  Aaj,  we  shall  clearly  get  a?  =  ^  ;  consequently,  the 

value  of  flj  is  found. 

Thus,  the  terms  of  the  equation  2aj*  —  a?  —  15  =  0,  when 
multiplied  by  2,  give  the  equation  (2a?)*  —  2aj  —  30  =  0, 
which  by  using  y  for  2a?,  becomes  j^  —  y  —  30  =  0,  and  since 
this  equation  is  satisfied  by  putting  6  or  —  5  for  y,  it  results 
that  a?  =  3  and  x=z  —2.5  are  the  roots  of  the  proposed 
equation.  Similarly,  if  the  terms  of  the  equation  Saf^  -\-  4a} 
=  32  are  multiplied  by  3*  =  9,  and  y  put  for  3aj,  the  equation 
is  reduced  to  y*  +  12y  =  288 ;  consequently,  as  this  is  satis- 
fied by  putting  6  for  y,  it  results  that  a?  =  2  must  be  a  root 
of  the  proposed  equation. 

CASE  IV. 

1.  K  any  equation  contains  the  unknown  letter  under  the 
form  of  a  surd ;  then  having  simplified  the  equation  as  re- 
quired, by  the  preceding  cases,  we  may  order  the  terms  so 
that  the  part  under  the  surd  shall  stand  alone  on  one  side  of 
the  equation ;  consequently,  if  we  raise  both  members  to  the 
power  denoted  by  the  index  of  the  surd,  the  surd  will  be  re- 
moved. 

It  is  clear  that  we  may  (generally)  proceed  in  a  similar 
way  to  free  an  equation  (in  which  the  unknown  letter  is 
afltected  by  two  or  more  surds)  from  surds,  by  removing  one 
surd  at  a  time. 

2.  If  the  unknown  letter  in  any  equation  is  affected  by 
any  number  of  surds,  we  may  put  each  surd  part  equal  to  a 
new  letter,  and  free  the  equations  thus  obtained  from  surds ; 
then  substituting  the  letters  for  the  surds  in  the  proposed 
(equation,  we  shall  have  as  many  equations  as  new  letters  and 
the  unknown  letter  in  the  given  equation ;  consequently,  by 
the  methods  of  elimination  (to  be  given  hereafter)  we  can 
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always  reduce  these  equations  to  one  equation  containing  one 
unknown  letter,  which  being  solved,  we  easily  get  the  roots 
of  the  given  equation. 

EXAMPLES. 

1.  Given,  3  V^  —  2  =  4,  to  find  x. 

The  equation,  by  transposition    and   division,  becomes 
f^  =  2 ;  consequently,  by  squaring,  we  get  (  f^)'  =  4,  or" 
a  =  4. 

2,, 5 

2.  Given,  gVa?  —  3  +  g  =  4,  to  find  aj. 

Freeing  the  equation  from  fractions  and  transposing,  we 
have  4t^aj  —  3  =  19 ;  consequently,  by  cubing,  we  have 
(4f  ^Zr3)»  =  198  =  6859,  or  64(aj  -  3)  =  6859,  which  gives 
7051  11 

^=-6r  =  ii^64 

3.  Given,  a  +  ^fhx  =  Va^H-  «»,  to  find  a?. 

Squaring  both  members,  we  get  c?  +  2a  sfhx  +  Ja?  =  a^  -f- 
«B,  or,  erasing  o?  from  both  members,  and  transposing,  we 
get  2fl^l/J»  =  (c  — JJaj;   or,  squaring,  etc.,  we  have  a?  = 

J.      Since  2a  Vhx  —  (^  —  J)aj  =  0  is  satisfied  by 

putting  a?  =  0,  it  is  clear  that  a:  =  0  is  also  a  root  of  the  pro- 
posed equation. 
It  is  clear  if  a  is  finite,  while  <?  —  &  is  an  infinitesimal  (or 

very  small),  that =  must  be  very  great  on  account  of  the 

2a 

smallness  of  the  divisor ;  consequently,  when is  unlim- 

c  — 6 

itedly  great,  x  must  evidently  be  unlimitedly  greater,  pro- 
vided h  is  finite, 

4.  Given,  ^  +  3  =  2  Vx^  to  show  how  to  findic. 

By  transposition  and  cubing,  we  get  a?  =  (2^5  —  3)'; 
consequently,  putting  a?  =  ^,  we  have  y^  =  (2y  —  3/  ='8^* 
~  36j^  +  54y  —  27,  or  8j^  —  37}^  +  54y  —  27  =  0 ;  conse- 
quently, solving  this  equation,  we  shall  get  y,  and  then  from 
the  equation  a;  =  ^  we  shall  get  the  values  of  a;,  which  will 
satisfy  the  given  equation. 


/2ay 
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Otherwise,  Bquarmg  the  members  of  the  given  equation, 
•we  have  {Vx  +  3)*  =:4x;  consequently,  putting  a?  =  «*,  we 
get  (^  +  3)'  =  is',  or  As*  —  s*  —  6s  —  9  =  0,  an  equation  of 
a  form  more  simple  than  the  equation  in  y.  Solving  the 
equation  in  s,  we  get  s,  and  thence  x  is  found  £rom  the 
equation  a  =  s*. 

CASE    V. 

1.  In  any  equation,  when  the  terms  which  contain  the 
unknown  letter  are  all  brought  to  one  side,  and  the  terms 
which  do  not  contain  it  are  carried  to  the  other  side,  if  the 
side  which  contains  the  unknown  letter  is  an  exact  power ; 
then  the  equation  will  be  simplified  by  extracting  the  root 
in  both  members  of  the  equation. 

2.  If  the  unknown  letter  enters  both  membei*s  of  an 
equation,  and  the  terms  can  be  so  ordered  th%t  both  members 
shall  be  an  exact  power,  then  the  solution  of  the  equation 
will  be  also  simplified  by  extracting  the  root  of  both  mem- 
bers. 

EXAMPLES. 

1.  Given,  2a?  —  8  =  a?  +  6,  to  find  x. 

The  equation  is  easily  reduced  t«  a?  =  9 ;  consequently, 
by  extracting  the  square  root  of  both  members,  we  get  x  = 
y'^  =  ±  8,  that  is,  we  may  put  either  3  or  —  8  for  a?  in  the 
given  equation,  and  it  will  be  satisfied,  or,  which  is  the 
same,  3  and  —  3  are  the  roots  of  the  proposed  equation. 

2.  Given  a?  +  2a?  =  8,  to  find  x. 

Adding  1  to  both  members  of  the  equation,  it  becomes 
a?  +  2aj  + 1  =  8  +  1,  or  (a?  +  1/  =  3* ;  consequently,  extract- 
ing the  square  roots,  we  have  aj  +  l=±8,  oraj  +  l  =  8, 
a?  +  1  =  —  3,  which  give  a?  =  2  and  a  =  —  4  for  the  roots 
of  the  proposed  equation. 

3.  Given,  3aj*  =  2aj  +  1,  to  find  x. 

Adding  a?  to  both  members,  we  get  4a?  =  a?  +  2a?  +  1 ; 
consequently,  extracting  the  square  roots  of  both  sides,  we 
get  2a?  =  a?  +  1,  or  2a?  =  —  a?  —  1,  which  give  a?  =  1,  or  a?  = 

1 
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Q 

4.  Given,  a?  +  -  =  5,  to  find  x. 

X 

Squaring  the  membera,  we  get  ar  +  6  +  -^  =  26 ;   and 

g 

subtracting  12  from  both  sides,  we  have    a?  —  6  +  -3  = 

ar 

(x ]=13;    consequently,  exti-acting  the  square  roots 

(and  taking  the  positive  sign  in  the  root  of  the  right  mem- 
ber), we  get  05  —  -  =  1/I3. 

Hence,  by  taking  the  half  sum  and  half  difference  of  the 

ven  anc 
6- Vi3 


given  and  preceding  equation,  we  get  x  =  —it and  -  = 


for  the  roots  of  the  given  equation. 

6.  Given,  aj"  +  oa?  =  J,  to  find  x. 

Dividing  by  a?,  and  transposing,  we  readily  get  x = 

ft    •  X 

—  a;  hence  (as  in  the  last  question),  we  have  a?  4-^  = 

X 

Va^  +  4J,  and    thence    x  =  ^g'  ■¥  ^i  -  a   ^^^    _  *  == 

^  2  X 

a_-H +£  jy^  ^^  too\a  of  the  given  equation. 

CASE    VI. 

1.  If  the  unknown  letter  enters  one  or  more  of  four  arith- 
metical proportionals,  we  may  put  the  sum  of  the  first  and 
fourth  (or  the  extremes)  equal  to  that  of  the  eecond  and 
third  (or  the  means) ;  and  if  the  unknown  letter  enters  one 
or  more  of  three  arithmetical  proportionals,  we  may  put  the 
sum  of  the  first  and  third  terms  (or  the  extremes)  equal  to 
twice  the  second  (or  the  mean). 

2.  If  the  unknown  letter  enters  one  or  more  of  four  geo- 
metrical proportionals,  put  the  product  of  the  extremes  equal 
to  that  of  the  means,  and  tlie  proportion  will  be  reduced  to 
an  equation ;  similarly,  if  the  unknown  letter  enters  one  or 
more  of  three  geometrical  proportionals,  we  reduce  the  pro- 
portion to  an  equation,  by  making  the  product  of  the 
extremes  equal  to  the  square  of  the  mean. 


EQUATIONS.  847 

8.  K  the  unknown  letter  enters  one  or  more  of  tliree  ex- 
pressions in  harmonical  proportion,  then  &mce  the  first  rmist 
he  to  the  third  as  the  difference  between  the  first  and  second 
is  to  the  difference  between  the  second  amd  thirds  we  easily 
(by  2)  reduce  the  harmonicals  to  an  equation. 

Similarly,  if  the  imJ:nown  letter  enters  one  or  more  of  four 
harmonicals,  because  the  fi/rst  must  be  to  the  fourth  as  the 
difference  between  the  first  am,d  second  is  to  the  difference 
between  the  third  amd  fourth^  we  easily  (by  2j  reduce  the 
harmonicals  to  an  equation. 

EXAMPLES. 

1.  Given,  8,  8,  a?,  and  2a?  +  1,  in  arithmetical  proportion, 
to  find  X. 

Since  the  sum  of  the  extremes  is  2a?  +  4,  and  that  of  the 
means  a?  +  8,  we  get  the  equation  2aj  +  4  =  a?  H-  8  ;  conse- 
quently, a?  =  4,  and  the  arithmeticals  become  3,  8,  4,  and  9. 

2.  Given,  5,  7  +  a?,  and  §aj,  in  arithmetical  proportion  or 
progression,  to  find  x. 

Because  the  sum  of  the  extremes  is  5  +  3aj,  and  that  twice 
the  mean  is  14  -f  2aj,  we  have  the  equation  5  +  3a?  =  14  + 
2aj/  consequently,  a?  =  9,  and  the  progressionals  are  6, 16, 
and  27. 

3.  Given,  the  geometiical  proportion  3:4::aj  +  l:a?+6, 
to  find  X. 

Because  the  product  of  the  extremes  is  3a?  +  18,  and  that 
of  the  means  is  4a?  +  4,  we  get  the  equation  3a?  +  18  =  4a?  + 
4 ;  consequently,  x  =  14,  and  the  proportion  becomes  3  :  4 
::  15  :  20. 

4.  Given,  the  geometrical  proportion  4  :  a? ::  a?  :  9,  to  find 
a?.  Ans.  a?  =  6. 

5.  Given,  4,  3,  and  a?,  in  harmonical  proportion  or  pcogres 
sion^  to  find  a?. 

From  the  proportion  4:a?::4  —  8:3  —  a?  we  get  the 
equation  a?  =  12  —  4a?,  or  a?  =  2  .  4. 

6.  Given,  2,  3,  a?,  and  a?  +  4,  in  harmonical  proportion,  to 
find  a?. 

The  proportion  2:aj  +  4::8  —  2:a?  +  4  —  a?  gives  the 
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equation  a?-h4=8,  or  »  =  4;  consequentlj,  the  hamumir 
cals  are  2,  3,  4,  and  8. 

From  the  preceding  cases  we  deduce  the  following  rule 
for  the  solution  of  any  (simple)  determinate  equation  or  pro- 
portion, which  contains  onlj  one  unknown  letter  {which  is 
uaically  called  the  unknown  qtcanHty).  ^ 

RULE. 

1.  When  the  unknown  letter  is  contain^  in  am,  equation. 

1st.  Free  the  equation  from  fractions  by  Case  IIL,  then 
unite  like  terms  into  one,  by  transposing  according  to  Case 
I.,  when  necessary. 

2d.  K  the  unknown  letter  enters  the  monomial  terms  of  the 
equation  with  one  or  more  negative  indices ;  then  change  the 
signs  of  such  indices,  and  write  the  letter  with  its  index 
changed  (in  any  term)  for  a  divisor  of  the  corresponding  coef- 
ficient, and  free  the  equation  from  the  resulting  fractional 
terms  by  Case  HI. 

3d.  Free  the  unknown  letter  from  any  surds  which  may 
affect  it  by  Case  IV.,  or  transform  the  equation  into  a  new 
equation  containing  a  new  unknown  letter  free  from  surds. 

4th,  Free  the  equation  thus  obtained  from  terms  which 
contain  the  unknown  letter  with  negative  indices,  as  in  2d, 
and  unite  like  terms  into  single  terms  as  in  1st ;  noticing  if 
the  terms  can  be  so  arranged  as  to  make  the  terms  which 
contain  the  unknown  letter  a  complete  power,  the  root  must 
be  extracted  as  in  Case  V. 

Hence,  if  the  terms  are  all  transposed  to  the  first  member, 
the  equation  will  be  reduced  to  the  form  Aaf  +  A^af-^  + 
AaOf*""'  +....+  A„_i»  -f  A„  =  0 ;  in  which  x  is  the  un- 
known letter,  n  a  positive  whole  number,  Aj  Ai,  A,,  etc., 
known  coefficients,  and  An  the  absolute  term  which  is  known; 
noticing  that,  by  Case  III.,  the  preceding  equation  may  be 
changed  to  another  in  which  the  coefficient  of  the  highest 
power  of  the  xmknown  letter  equals  1 ;  see  the  Remark. 

2.  When  the  unknown  letter  enters  one  or  more  of  the  terms 
of  a  proportion. 

Beduce  the  proportion  to  an  equation,  by  Case  YI.,  then 
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reduce  the  equation  to  its  proper  form,  according  to  the  pre- 
ceding directions. 

3.  If  tkejmal  equation  is  a  simple  eqtiationj  it  wiU  clearly 
he  of  the  form  Ax  +  Ai  =  0 ;  which  evidently  results  Jrqm 
the  equontion  given  above^  hy  putting  Ifor  n. 

Transposing  Ai  in  the  preceding  equation,  and  dividing  by 
A,  the  coefficient  of  a?,  we  shall,  by  Case  IT.,  get  x  = 

Ai 
""A- 

Hence,  if  an  equation  after  the  required  reductions  is  a 
simple  equation^  transpose  its  knoum  terms  to  the  right  rnemr 
ber^  and  its  unknown  terms  {or  those  which  contain  the  un- 
hnown  letter)  to  the  left  memier ;  then  the  unknown  letter 
equals  the  quotient  arising  from  the  division  of  the  right 
memher  hy  the  coefficient  (or  multiplier)  of  the  unknown  let- 
ter ;  observing  the  rule  of  signs  m  Division. 

4.  JSemarks, — 1st.  Eesuming  the  equation  x  = -\  Vd 

observe  if  Ai  =  0,  while  A  is  finite,  that  we  shall  clearly 
have  a?  =  0. 

2d.  If  A  =  0,  while  Ai  is  finite,  it  is  clear  that  x  must  be 

A 

unlimitedly  great;  because  the  divisor  in  —  -  i  is  0  or  an  in- 
finitesimal. 

3d.  If  A  =  0  and  Ai  =  0,  we  have  a?  =  —  -  ;  which  is  of 

an  nndetermined  form.  If  A  and  Ai  are  reduced  to  0,  by 
assigning  a  particular  value  to  some  letter  which  is  common 
to  them,  it  is  clear  that  they  must  have  a  common  divisor. 

Hence,  to  get  the  true  value  of  a?  =  —  -^S  we  must  reduce 

the  fraction  to  its  lowest  terms  (by  dividing  its  numerator 
and  denominator  by  their  greatest  common  divisor),  before 
the  particular  value  is  assigned  to  the  common  letter. 
If,  after  freeing  the  terms  of  the  fraction  of  their  greatest 

common  divisor,  we  still  have  a?  =  —  ~,  it  is  clear  that  x  is 

indeterminate  or  arbitrary ;  but  if  x  is  not  of  the  preceding 
form,  it  must  clearly  be  either  0,  finite,  or  unlimitedly  great 

5.  To  illustrate  the  preceding  rule  take  the  following 
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EXAMPLES. 

1.  Given,  3aj  +  7  =  15  +  »,  to  find  x.  Ans.  a?  =  4. 

2.  Given,  a?  +  |  +  |  -h  |  =  25,  to  find  a?.        Ans.  a?=  12, 

3.  Given,  ax  —  V^cx-j-d^.to  find  x. 

V  +  cP 

Ans.  X  = • 

a  —  c 

4.  Given,  ax  +  bx'-o  +  d  =  e  — /»,  to  find x. 

.  c  —  d-{-e 

^*«-«'  =  j+y+7 

6.  Given,  _!_  =:_1^  and  22y  +  87^13y-7  ^ 
'4flj-5      2a!  +  3  17  9' 

4-S2  16 

find  X  and  y.  Ans.  «  =  2,  and  y  =  -5^-  =  IS^s- 

8aj  +  9  6a?  4- 13      ^        «    , 

6.  Given,  ^^-^  +  2a?=    ^       -7,  to  find  x. 

ox  —  Z  6 

Ana.  »  =  —  ^* 

7.  Given,  .^ini  =  .^JzJL  ^g,  to  find  a?. 

a?  +  V2      a?  4/3  +  2 

.               10 -i^ 
-4.fW.  X  =  — 7= 

8.  Given,  (3  +  a?)  x  (5  +  a?)  —  28  =  a?  +  27  and  {a  —  2y) 
X  (J  —  y)  =  2y*  —  7crf,  to  find  x  and  y. 

Ans.  a?=  5  and  y  = t-Hi— 

a  +  2o 

9.  Given,  a  +  a  =  — ^ and  a  +  y  = -9  to  find 

'  a-\-x  ^        a  — y 

X  and  y.  J.w*.  a?  =  0  or  3J*  —  2a,  and  y  =  0  or  —  35*. 


10.  Given 


,  r Vx=:  VTTx   and    i^y  +  10  =  2  + 


l^y +  1,  to  find  a?  and  y.  ^n*.  a?  =  ^,  and  y  =  zr^. 

o  10 


11.  Given,  i^3  +  a?  +  4^3  — aj  =  3  and/a*+  Vy*  — a«=  y, 


3V3 


to  find  aj  and  y.         -irw.  a?  =  ± ,  and  y  =  ±  4^0*  +  1 
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12.  Given,  V3±x  =  i^9~±Xj  to  find  x. 

Ana.  a?  =  0  or  ^  6. 

13.  Given,  VExT7  =  Hd  +  3b%  to  find  x. 

An^.x^Oov^^'-^^. 
25 


14.  Crtven,  - L.. .  =  c,  to  find  x. 

y  a  +  a?  —  r  i  H-  a? 

15.  "  Given,  ^a  +  x  +  ^a  —  x  =  S,  to  find  aj." 

Cubing  both  members,  we  get  2a  +  S[i^a  +  x  +  V'a  —  a?] 
X  ^a'  —  a^  =  2fl^  +  Biy'a'  —  aj*  =  5";  consequently,  we  easily 

16.  " Given,  ^(a  +  a?)«  +  ^(a  -  a;)«  =  Sv'a^-ar',  to  finda?." 
Proceeding  as  in  the  last  question,  we  easily  get  {a  +  xf 

+  (a  -  a?)*  +  9V^(a*  -  aj=/  =  2(«^  -h  a^)  +  9(a^  -  ar")  =  27(a« 

2a       2a    ^ 
—  aj») ;  consequently,  a?  =  -—=--  1/5. 

y5       ^ 


17.  " Given,  i^  +  ^^  +^^^^  =  3-  +  ^">  to 
a  +  0      (a  +  J)"       a{a  +  of  a 

find  x." 

Since  the  equation  can  be  put  under  the  form J 3c  + 

rejecting  the  useless  factor  8c  +  -. — -t-ts>  ^®  ^*^^  havQ  x  = 

ab 
a,+  h' 

18   "  Given      ^^     _  (3^c  +  ad)x  _    hc^    _  (3^  — a<^ 
'2J  — o      2ai(a  + J)      3<j  — rf~  2aA(ffl  — 5) 

Becanse  _  1^  +  ^  _  i^^JZf^.  =  _  3£zL^  the  equa- 
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tion  can  easily  be  put  nnder  the  form  (  —  -^jtzT^  ^ 

IJL.  ^  3^^  X  5^fc:^^ ;  consequently,  x  =  ^.^^tlfi.  . 

Bemarks.—lBt.  We  have  taken  this  and  the  preceding 
example  from  the  Translation  of  Hirsch's  Collection  of  Ex- 
amples, Formulae,  etc.,  by  Rer.  J.  A.  Ross,  A.  M.  (See  the 
edition  of  the  work  published  in  1827,  vol.  1,  page  131,  ex- 
amples 38  and  39).  2d.  We  have  introduced  the  examples 
for  the  purpose  of  showing  the  great  superiority  which  par- 
ticular processes  sometimes  have  over  the  most  general. 

19.  Given,  -7= 7=  +  «  =  2  Vox  —  VS,  to  find  x. 

Vox  +  Vo 

Because  any  expression  of  the  form  A  —  B  is  equivalent 
to  (  V^A  +  VB)  X  ( f^  —  VB),  we  easily  get »  =  -• 

Sx-6      4aj  +  9       7aj-13       5®  + 10 

20.  Given,  18  + -^  + -3^ 50"  =  ~ir~ 

_  Ux-  38  ^  2^  _^  1^  to  find  x.  Am.  a?  =  9- 

61 

21.  Given,  (sa?  +  i)'  -fl  =  (sa?  -^)  +  (4flj  +  l)^  to  find  jp. 

An8.  a?  =  2. 

22.  Given,    4:1  ::  ^—  8a?-+  3  i^  :  aj»  —  a?  —  f»,    to 

49 
find  X.  Ans.  ^^Tct 

23.  Given,  2:1::  Va  +  x  +  Va  —  x  :  Va-Vx  —  ^a  —  x^ 
to  find  X,  Ans.  x  =  on  a  ^  ^  ^* 

24.  Given,  a?"  +  3  :  a?  —  5  ::  a? :  4,  to  find  a?. 

The  proportion  gives  the  cubic  equation  aj'  —  4a?  —  5a?  — 
12  =  0,  which  shows  that  x  must  be  greater  than  5.3  and 
less  than  5.4;  since  by  putting  5 . 3  for  a?  in  the  equation,  we 
get  the  negative  result  —1.983,  anS*  by  putting  5  .4  for  as, 
we  get  the  positive  result  1.824. 

26.  Given,  —  15aj~i  +  Qx'i  +  a?F  —  1  =  0,  to  reduce  the 
equation  to  a  proper  form  for  solution. 
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Mnltiply  each  of  the  terms  of  the  equation  by  x^  =  w^^  and 

it  becomes  —  15  +  6x^  +  aj*  —  a?*  =  0 ;  consequently,  put- 
ting aj  =  y*,  and  ordering  the  equation  according  to  the 
descending  powers  of  y,  we  get  y*  —  ^  +  6y  —  15  =  0,  an 
equation  of  the  fourth  degree,  whose  solution  gives  y,  and 
thence  x  can  be  found  from  aj  =  y*.  The  equation  has  two 
real  and  two  imaginary  roots,  one  of  the  real  roots  lying 
between  —  3  and  —  2,  and  the  other  between  1  and  2. 

SOLUTION  OF  TWO  OB  MORE  SEPARATE  (siMPLE)  EQUATIONS, 
CONTAINING  AS  MANY  UNKNOWN  LETTERS  AS  THERE  ARB 
EQUATIONS. 

1.  When  two  or  more  equations  exist  together  (as  sup- 
posed), they  are  sometimes  called  a  system  of  two  or  more 
equatioTis;  and  it  is  plain  that  their  solution  consists  in 
reduciDg  them  to  a  single  equation,  or  to  an  equation  which 
contains  only  one  unknown  letter,  whose  solution  will  clearly 
give  that  of  all  the  equations. 

2.  When  a  system  of  equations  is  reduced  to  a  single 
equation,  the  unknown  letters  not  contained  in  it  are  said  to 
be  eliminated^  and  the  process  used  is  called  the  method  of 
elimination. 

3.  We  will  now  proceed  to  give  the  common  methods  of 
elimination,  together  with  some  others,  which  will  often  be 
found  useful  in  practice. 

I.  ELIMINATION  BY  SUBSTITUTION. 
RULE. 

Find  the  value  of  one  of  the  unknoum  letters  in  one  of 
the  eqicationa^  cmd  substitute  or  put  the  value  for  the  letter 
in  ea/ih  of  the  other  equations  /  then  we  ahaU  obtain  a  new 
system'  of  equations^  which  will  he  one  less  in  numhefi*  tha/n 
the  given  equations.  Proceeding  in  a  similar  way  with  the 
equations  thus  obtained^  their  solution  will  he  reduced  to  tliat 
of  a  system  of  equations  one  less  in  nuinber  {f,ham»  the  equor 
tionsfrom  which  they  hame  heen  deduced) ;  and  in  like  ma/n- 
ner  we  may  clearly  continue  the  reduction  of  the  number  of 
equalions^  until  a  single  equoition  is  obtained^  from  whose 
solvation  we  can  get  that  of  ea/ch  of  the  given  equations. 

23 
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EXAMPLES. 

1.  Given,  3aj  +  2y  =  12  and  4aj  +  3y  =  17,  to  find  x  and  y. 
From  the  first  equation  we  get  y  = ,  and  putting 

this  yalne  for  y  in  the  second  equation,  we  have  the  single 
equation  4x  +  3x  (^^^-)  =  17,  or  8a?  +  36  -  9aj  =  34, 
whose  solution  gives  x  =  2.  Putting  2  for  a?  in  the  equation 
y  _  12  ~  Sx^  ^^  gety  =  -^^""^  =  3.    Substituting  2  and  3 

for  X  and  y  in  the  given  equations,  we  get  the  identical 
equations  6  +  6  =  12  and  8  +  9  =  17 ;  consequentiy,  the 
values  of  x  and  y  are  correct 

2.  Given,  4iB  — 13y  =  ll  and  5aj— 18y  =  12,  to  find  x 
and  y.  Ans.  a?  =  6  and  y  =  1. 

3.  Given,  ax+  hy  =  c  and  a^x  +  h'y  =  <?',  to  find  x  and  y. 

Bemarks. — ^If  b'o  —  be'  =  0,  or  -  =  -,  we  shall  Lave  as  =  0 
and  y  =  -=-,,  as  we  clearly  ought  to  do,  since  the  given 

0        0 

equations  become  hy  =  c  and  J'y  =  c\  H  ah'  —  a'h  =0, 
while  the  numerators  of  the  expressions  for  x  and  y  are  not 
equal  to  0,  it  is  clear  that  x  and  y  will  be  unlimitedly  great. 
If  Vc  —  hc'  =  0  and  og'  —  a'c  =  0,  then  x  and  y  will  be  re- 
duced to  the  indeterminate  forms  a?  =  t:  and  y  =  Tv*    Since 

the  equations  are  reducible  to  ax  +  iy  =  c  and  ax  +  hy  =^Cj 
which  are  equivalent  to  ax  +  by  =  0,  it  is  clear  that  the  pre- 
ceding values  of  x  and  y  show  them  to  be  really  indetermi- 
nates.  In  like  manner  it  may  be  shown  that  x  and  y  will  be 
indeterminates  if  Vc  — ■  ic'  =  0,  and  ai'  —  a'b  =  0. 

4.  Given,  a?  +  y  =  11  and  y^  +  »  =  7,  to  reduce  the  equa- 
tions to  a  single  equation. 

From  the  second  we  get  a?  =  7  —  y*,  which,  put  for  x  in 
the  first,  gives  the  single  equation  (7  —  y^'  -f-  y  =  11,  or 
y*  —  14y*  +  y  +  38  =  0,  one  of  whose  roots  is  2.    Putting  2 
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for  y  in  »  =  7  —  y*,  we  get  a?  =  3 ;  conBequently,  3  and  2  are 
yalues  of  x  and  y  which  Batisfj  the  given  equations. 

6.  Given,  a?  +  y*  =  13  and  ay  =  6,  to  reduce  the  equations 
to  a  single  equation. 

From  the  second  equation  we  get  y  =  -,  which,  put  for  y 

X 

in  the  first,  gives  the  single  equation  a?  +  |-J  =  13,  or  a^  — 

18a?  +  36  =  0,  which  is  satisfied  by  putting  aj  =  3,  which 
gives  y  =  2. 

6.  Given,l  +  1  =  *  l  +  l  =  ?,andl  +  l  =  l,  to  find 
x^  y      6x3      4'         y^  z      12  . 

X.  y,  and  z. 

15      1 

From  the  first  equation  we  get  -  = ,  which,  put  for 

a;      6      y 

i  in  the  second,  gives  the  two  equations +  -  =  _  and 

X  6      y     z      4: 

117 
From  the  second  of  these  equations  we  get = L, 

y     iS      12 
which,  put  for in  the  first,  gives  the  single  equation 

y 

6'z      12  ""4'         z      4  "^12      6      12*^12      32  ""12' 
which  gives  «  =  4. 

Since  3  =  4,  the  equation = -L  rives  —  i  = 

'  ^  y      «      12^  y      4 

^=-h  or  y  =  3;  consequently,  from  i  =  |-l  =  |- 

XjO  o  X       D       y       D 

i  =  -  we  have  a?  =  2.    If  we  put  2,  3,  and  4  for  a?,  y,  and  2, 
o       2     ' 

in  the  given  equations,  they  will  be  satisfied,  or  become 

identical  equations ;  consequently,  the  values  of  Xj  y,  and  z 

are  correct. 

n.   ELDONATION  BY  OOHPABISOK. 
BULE. 

JFtnd  the  value  of  one  of  the  tmhnovm  letters  in  each  of 
the  given  equations;  then  put  <my  one  of  these  values  eqtial 


856  ELEMENTABY    AND    HIGHER    ALGEBRA. 

to  each  of  the  others^  and  the  solution  of  the  given  equations 
wiU  he  reduced  to  that  of  a  system  of  eqicationsj  one  less  m 
number  than  the  given  eqtuitions. 

Proceed  in  like  manner  to  redtcce  the  solution  of  the  system 
th%LS  obtained  to  that  of  a  system  of  eqwitions  containing  one 
less  in  number  than  is  contaitied  in  them^  and  so  on^  until  a 
single  equation  is  obtained^  whose  solution  will  evidently  give 
the  solution  of  each  of  thejproposed  eqications. 

EXAMPLES. 

1.  Given,  2aj  —  y  =  1  and  5aj  —  2y  =  4,  to  find  x  and  y. 
From  the  first  we  get  y  =  2a?  —  1,  and  from  the  second  we 

have  y  =    ^""    ;  consequently,  equating  these  values  of  y, 

2 

we  get  the  equation  _?-ir_  =  2aj  —  1,  whose  solution  gives 
2 

a  =  2,  and  thence  y  =  2a?  —  1  gives  y  =  3. 

2.  Given,  ?-}-??  =  2  and  Sx ^  =z  4,  to  find  x  and  y. 

Freeing  the  equations  from  fractions,  we  have  2aj  +  3y  = 

22 3i/ 

12  and  6aj  —  5y  =  8 ;  consequently,  from  x  = i  and  x 

=  L+%,weget  «+^y  =  lizJy,  or  8  +  5y  =  36-9y, 

whose  solution  gives  y  =  2 ;  and  hence,  from  x  =  zzJUSM^ 

2 
we  have  a  =  3. 

3.  "  Given,  a?  +  y  H-  s  =  63,  a  +  2y  +  3;s  =  106,  and  x  + 
8y  +  4s  =  134,  to  find  a?,  y,  and  2." 

The  equations,  severally,  give  a?  =  53  —  (y  4-  2),  »  =  105 

—  (2y  -f  Bz)y  X  =  134  —  (3y  -f  4^) ;  consequently,  equating 
the  first  value  of  x  to  the  second  and  third  values,  we  get  the 
equations  53  —  y  —  s  =  105  —  2y  —  3«  and  53  —  y  —  2  =  134 

—  3y  —  4^.  Solving  these  equations,  we  get  y  =  6  and  z  = 
23 ;  consequently,  from  a?  =  53  —  (y  +  2?)  we  get  x  =  24. 

4.  Given,  a?  —  y  =  2,  a?  —  «  =  7,  y  +  2  =  7,  to  find  a?,  y, 
and  z. 

From  the  first  and  second  equations  we  get  x  =  y  +  2  and 
»  =  3  -f  7  5  consequently,  the  solution  of  the  given  equations 
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is  reduced  to  that  of  the  equations  y  +  2  =  z  +  7  and  y  H-  « 
=  7.  Solving  these  equations,  we  get  y  =  6  and  s  =  1 ;  con- 
sequently, from  aj  =  y  +  2  we  have  x  =  S. 

6.  Given,  ajy  =  a,  ass  =  J,  ys  =  c,  to  find  a?,  y,  and  z. 

The  first  and  second  give  a?  =  -,  a?  =  -,  and  thence  -  =  -, 

y  z  y      z 

or  s  =  ^/  consequently,  a^  the  third  gives  s  =  -,  we  have 
a  y 

the  single  equation  ^=-,  or  y'=  ~  or  y  =i/~  and  hence 
ay  0  0 

6.  Given,  a?  +  y  =  a  and  aj*  +  y*  =  J?  to  find  x  and  y. 
From  the  first  y:=La  —  x^  or  y*  =  «*  —  Sa'a?  +  Sofi^  —  aj^, 

and  from  the  second  y*  =  J  —  »* ;  consequently,  equating 
these  values  of  y*,  we  have  a^  —  Za^x  +  3«ar'  —  »*  =  J  —  a?®, 
or  3aaj*  —  3a^aj  -f  a^  —  6  =  0 ;  solving  this  equation,  we  get 
a?,  and  thence  y  is  found  from  the  equation  y  =  a  —  x, 

7.  Given,  7a?  +  5y  =  37  and  9x  —  lly  =  4,  to  find  x  and  y. 

^7W.  a?  =  3  .  5  and  y  =  2 .  5. 

17  1 

8.  Given,  3aj  +  4y  =  if  and  5a?  —  7y  =  ^,  to  find  a?  and  y. 

-i/w.  a?  =  -  and  y  =  -• 
2  3 

9.  Given,  a?  +  y  =  a  and  a?  —  y  =  J,  to  find  a?  and  y. 

^7w.  X  ==  "iZir  and  y  =  -— — 

10.  GiveH,  x+y  =  a  and  ai*  —  y*  =  5,*  to  find  a?  and  y. 

^7w.  a?  =  __E-  and  y  =  -— 

2a  2a 

11.  Given,  a?  +  y"  =  a  and  ar*  —  y*  =  J,  to  find  a?  and  y. 

Ans.  X  =:|/ii-  and  y  =|/ ?-ZL_ 

12.  Given,  of'  +  y*'  =  a  and  a?"  —  y'*  =  5,  t6  find  a?  and  y. 
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13.  CUven,  xy^a  and  ?  =  J,  ito  find  x  and  y. 

Ans.  X  =  Vab  and  y  =  |/ ?. 

m.   ELIMINATION  BY  ADDITION  AND  SUBTBAOTION. 
RULE. 

1.  K  the  given  equations  are  simple,  mvUiply  or  dimde 
{if  necessary)  the  first  two  of  them  so  as  to  make  the  coeffi- 
oients  of  the  same  unhnovm  letter  the  sa/me  in  hoth;  then  add 
or  svhtract  the  eqications^  so  thai  the  terms  thus  found  mxs/y 
destroy  each  other ^  and  am,  eqtcation  wHl  he  obtained  which 
does  not  contain  the  letter.  In  like  mximier  eliminate  the 
sam^e  letter  from  the  third  and  one  of  the  f/rst  two^  and  then 
from  the  fourth  and  one  of  the  first  three^  a/nd  so  on^  untU 
aU  the  equations  h<we  been  used  /  then,  it  is  dear  that  the 
solution  of  the  given  eqy,ations  wiU  be  redAiced  to  thai  of  a 
system  of  equations  one  less  in  numiber  than  the  given  equc^ 
tions.  Since  the  system  of  equations  thus  found  admits  of 
a  similar  reduction^  and  so  on^  it  is  dear  that  the  solution 
of  the  given  equations  wiU  in  this  way  be  reduced  to  that  of 
a  single  eqtcation. 

2.  If  the  given  equations  are  not  simple,  it  is  dear  that 
we  can  diminate  the  different  powers  of  a  letter  which  arc 
ill  one  or  both  of  the  first  two  equations^  and  thence  get  an 
equation  which  is  freed  from  the  letter  and  its  powers,  and 
so  on,  until  the  unknown  letter  is  eliminated  from  all  the 
equations.  Hence,  we  cam,  clearly  {as  before)  reduce  the  soUh 
tion  of  the  given  equations  to  that  of  a  single  equation. 

EXAMPLES. 

1.  Given,  3a  +  7y  =  47  and  8aj  —  y  =  27,  to  find  x  and  y. 
Multiplying  the  second  by  7,  we  have  56x  —  7y  =  189, 

and  adding  the  first  to  this,  we  have  69x  =  236,  or  a?  =  4 ; 
consequently,  putting  4  for  x  in  the  second  of  the  given 
equations,  we  have  y  =  32  —  27  =  6. 

2.  Given,  3aj  +  2y  =  12  and  4a?  +  3y  =  17,  to  find  x  and  y. 
Subtracting  the  first  from  the  second,  we  have  a?  +  y  =  6; 

consequently,  subtracting  twice  this  from  the  first,  we  get 
0?  =  2,  and  thence  y  =  3. 
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8.  Given,  x  +  y  =  a,  x  +  z  =ij  y  +  z  =  o^  to  find  aj,  y, 
and  z. 
SubtractiDg  the  third  from  the  sum  of  the  first  two,  we  get 

2aj  =  a  +  &  —  {?oraj  = ;  and  in  like  manner  we 

get  y  = ^ and  0  = ^ ' 

4.  Given,  ?:  +  i  =  6,  -  +  -  =  7,  -  +  -  =  8,  to  find  »,  y, 

X     y         X     z         y     z 

«id  z.  Am.  ^  =  Hj  y  =  o>  a^d  «  =  ^* 

Km-         11  ll^^l.l  .^^ 

5.  Given,---  =  a,---  =  J, -  +  -  =  (?,  to  find  ar,  y, 

and  3. 

.222 

Ana,  X  =  — ,  ,    ,   ^  y  =  T-^ ,  3  =  — ; =. 

a  +  S  +  a  6  +  c  —  a  a  +  c  —  J 

.in-  1^1      1  1      1.1      ^1.1.1 

6.  Given,    -  + =  a, h-  =  J,  -H h-  =  <?, 

and  -H 1 h-=d,  to  find  x.  y,  s,  and  v. 

»      y      s      V  '  ^     ' 

13  3 

^^*-  ^  =  J=^'  y  =  a-J+c'  ^  =  3ei~(2a  +  J  +  2';^ 

__  3 

^"■a+2J  +  4c  —  3^' 

7.  Given,  sc^  +  y*  =  a,  a?  +  y*  =  J,  to  eliminate  »  from  the 
equations. 

Multiplying  the  first  by  x  and  subtracting  the  product 

from  the  second,  we  get  'if  —  x^ •=.}>  — ax  oraj  =  IlJZ—  / 

y*  — a 
consequently,  substituting  the  value  of  a;  in  the  first  equation, 
we  have  (y*  — J)' +  (y*  — a)»  =  0,  or  2y«  —  3ay*  —  2 Jy»  + 
Sa'y*  —  (a'  —  J^  =  0,  an  equation  of  the  sixth  degree,  whose 
solution  will  give  y,  and  thence  x  can  be  found. 

Otherwise — since  the  first  equation  gives  (a?")'  =  aj*  =  (a— 
y")*,  and  the  second  gives  (a?*)*  =  (^  —  y^'>  ''^o  have  (y*  —  Vf 
4-  (y*  —  fit)'  =  0,  and  so  on,  as  before. 

8.  Given,  ^x-\-~a  +  ^»  +  J  =  c,  to  solve  the  equation. 
Put  aj  +  a  =  y*  and  »  +  J  =  s",  and  the  equation  becomes 


860     ELEMENTARY  AND  HIGHER  ALGEBRA. 

y  -{-  z=ze;  couBequently,  eliminating  x  and  s,  we  get  ^  — 

Hence,  solving  tliis  equation,  we  get  y,  and  then  x  can  be 
found  from  the  equation  aj  =  ^  —  a, 

9.  Given,  ax  +  by  +  C3  =  dj  a'x  +  Vy  +  c'z  =  d\  a"x  + 
V'y  +  c''z  =  ^'',  to  find  a?,  y,  2. 

Thus,  if  a  =  2,  J  =  4,  c  =  5,  (?  =  30,  a'  =  7,  ^  =  8,  &=  9, 
d'  =  59,  a"  =  11,  ft''  =  17,  (?''  =^7,  d''  =  73 ;  then  we  shaU 
get  a?  =  1,  y  =  2,  s  =  4. 

10.  Given,  Aa?"  +  Bo?  +  C  =  0,  A'a?  +  B'a?  +  C  =  0,  to 
eliminate  a;. 

*  Multiplying  the  first  by  A'  and  the  second  by  A  and  sub- 
tracting, we  get  (AB'  -  A'B>b  +  AC  -  A'C  =  0 ;  and  in 
a  similar  way,  if  we  multiply  the  first  by  C  and  the  second 
by  C,  we  get  (AC  -  A'C)aj  4-BC'  -  B'C  =  0. 

Hence,  eliminating  x  from  these  equations,  we  get  (AC— 
A'C)«  -  (AB'  -  A'B)  X  (BC  -  B'C)  =  0 ;  which  is  an  equa- 
tion of  condition,  that  must  be  satisfied  in  order  that  the  given 
equations  may  have  one  or  more  common  values  of  »/  notic- 
ing, if  the  terms  of  the  equation  mutually  destroy  each  other, 
that  the  equations  will  be  identical;  since  all  the  values  of  a; 
which  satisfy  one  of  them  will  also  satisfy  the  other. 

JSemarke. — 1.  It  is  clear  that  the  existence  of  the  preceding 
equation  of  condition  is  requisite,  in  order  that  the  given^ 
equations  may  have  a  common  factor  in  terms  of  ar,  which 
being  put  equal  to  0,  the  resulting  values  of  x  shall  satisfy 
both  equations. 

2.  Hence,  if  we  proceed  with  the  equations  (as  in  finding 
the  greatest  common  divisor)  so  as  to  eliminate  a?,  then  by 
putting  the  first  remainder  which  does  not  contain  x  equal  to 
0,  we  shall  clearly  obtain  the  equation  of  condition.  Indeed, 
if  we  multiply  the  second  equation  by  A  and  divide  the  pro- 
duct by  the  &rst  equation,  we  shall  get  (AB'  —  A'B)x  +  AC 


EQUATIONS.  861 

^  A'G  for  the  first  remainder ;  and  if  we  write  tlie  terms  of 
the  equations  in  a  contrary  order,  multiply  the  second  by  0 
and  then  divide  the  product  by  the  first,  we  shall  get  (AC 
—  A'CJa?  +  BC  -  B'O  for  the  first  remainder. 

Hence,  eliminating  x  from  these  remainders,  we  shall  get 
the  same  equation  of  condition  as  before. 

S.  Because  we  may  in  like  manner  eliminate  an  unknown 
letter  and  its  powers  from  any  two  algebraic  equations,  it  is 
clear  that  we  shall  have  another  method  of  elimination,  which 
is  called  Mimination  hf  the  method  of  the  greatest  Common 
Dimaor.  On  account  of  the  striking  analogy  between  this 
method  and  that  of  Addition  and  Subtraction,  we  do  not 
think  it  important  to  take  any  further  notice  of  it 

IT.   ELIMINATION  BY  ABBriBABY  KT7LTIPLIEBS. 
BULE. 

Multiply  all  the  eqiuUions  but  one  by  separate  arbitrary 
m/uUiplie7%  and  add  the  resulting  equations  and  tJie  remain- 
ing equation  together.  Then  {in  the  sum)  pitt  the  coefficients 
of  aUthe  unknown  letters  but  one  {in  the  given  equations) 
sepoflrately  equal  to  0,  a7\d  the  given  equations  vnll  be  redticed 
to  a  single  equation  which  contains  one  of  ilie  unknown  let- 
ters {of  the  gi/ven  equations)  and  the  multipliers;  conse- 
quently ^  after  the  multipliers  home  been  found  from  the  as- 
sumed equations^  the  letter  may  be  fovrnd  from  the  reduced 
equation. 

EXAMPLES. 

1.  Given,  6®  —  8y  =  —  4,  lla?  —  lOj^  =  14,  to  find  »  and  y. 

Multiplying  the  terms  of  the  first  equation  by  m,  and  add- 
ing the  corresponding  terms  of  the  second,  we  get  (5m  + 
11>»  —  (8m  +  10)y  =  —  4m  +  14. 

Assuming  8m  +  10  =  0  or  m  =  —  -,  we  shall  have  x  = 

— -  4m>  4- 14 

— - — -I-—-.  =  4 :  and  if  we  assume  6m  +  11  =  0  or  m  =  — 
6m  +  11 

11  1.  n  1.  —  4m  + 14      „ 

^,  we  shaU  have  y  =  ^  -  g^-^33^  =  3. 

2.  Given,  3aj  +  2y  =  12and4aj  +  8y  =  17,  to  find  a?  and  y. 
Multiplying  the  terms  of  the  first  by  m,  and  adding  the 
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corresponding  terms  of  the  second,  we  shall  have  (3m  +  iy^ 

+  (2m  +  3)y  =  12m  +  17. 

.      «         .      /^  4  X         12m +  17 

Assuming  3m  +  4  =  0  or  m  =  —  g)  we  get  y  =  — — — g- 

g 

=  3 ;  and  assuming  2m  -f  3  =  0  or  m  =  —  -  we  have  x  = 

12m  +  n^2 

17 
Eema/rk. — ^If  we  assume  12m  +  17  =  0  or  m  =  —  — ,  we 

X  27n  +  3      2 

shall  get  {Sm  +  4)aj  +  (2m  +  3)y  =  0  or  -  =  —    ^^^  =  ^ 

=  the  ratio  of  »  to  y/  consequently,  if  we  know  y  we  can 
easily  get »,  and  vice  versa. 

3.  Given,  4a?  —  3y  +  2s  =  14,  6aj  +  7y  —  lU  =  26,  and 
9aj  +  2y  +  35  =  62,  to  find  a?,  y,  and  s. 

Multiplying  the  terms  of  the  first  by  m,  those  of  the  second 
by  rij  and  adding  their  corresponding  terms  and  those  of  the 
third,  we  get  (4m  +  6n  +  9)x  +  (—  3m  +  7n  +  2)y  +  (2m 

—  11?^  +  3)z  =  14m  +  25^1  +  62. 
As8uming4m+6n+9  =  0,  — 377iH-7n+2  =  0,  we  getm  = 

51       ,  35  ,,  14m+257^  +  62     ^ 

-  ^  and  ^  =  -  --^ ;  conseciuently,  .  =   gm^^i^^g   =  3. 

Assuming    4m  +  67i  +  9  =  0    and    2m  —  lln  +  3=0, 
e  have  m  = 
14m  +  25?^  +  I 
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we  have  m  =  —  —  and  ^  =  —  — ;  consequently,  y  = 
56  28 


=  4 

—  3m^+  7/1  +  2 

From  the  values  of  y  and  0,  we  shall,  from  either  of  the 
given  equations,  get  a?  =  6 ;  or  we  can  get  x  by  assuming  the 
equations   —  3m  +  7/1  +  2  =  0,'  2m  —  lln  +3  =  0,  which 
14m  +  2571  +  62       ^ 

fflVe  X  =  — i rr—  =  5. 

^  4m  +  671  +  9 

Since  this  method  of  elimination  is  not  often  used  in  prac- 
tice, the  preceding  examples  must  suffice  for  its  illustration. 

V.     PABTIOULAB     METHODS     OF    ELIMINATION,    ILLUSTBATED    BY 

EXAMPLES. 

1st.— 1.  Given,  8a?  +  2y  =  68  and  2aj  +  3y  =  72,  to  find 
(vandy. 
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Multiplying  the  terms  of  the  first  by  72,  and  those  of  the 

second  by  68,  we  shall  get  (3a?  +  2y)  x  72  =  68  x  72  and 

(2aj  +  3y)  x  68  =  72  x  68 ;   consequently,  since  the  second 

members  of  these  equations  are  equal,  we  may  equate  their 

first  members,  and  shall  thence  get  (3a?  +  2y)  x  72  =  (2aj  + 

Zy)  X  68  or  (3aj  +  2y)  x  18  =  (2a?  +  3y)  x  17 ;   which  is 

3v 
easily  reduced  to  64a?  +  36y  =  34fl?  +  Sly  or  a?  =  -^. 

Putting  -^for  a  in  either  of  the  given  equations,  we  get 

y  =  16,  and  thence  a?  =  -?^  gives  a?  =  12. 

ReTnarha. — 1.  K  we  put  a?  =  yz^  and  substitute  yz  for  a?  in 
the  given  equations,  and  eliminate  y  &om  the  resulting 
equations,  we  shall  get  an  equation  in  a,  whose  solution  will 

give  2  =  ^,  or  I  since  s  =  -  J  we  have  a?  =  -^,  as  above ;  con- 
sequently, our  method  comes  to  the  same  thing  as  to  put  yz 
for  X  in  the  given  equations,  and  then  to  eliminate  y  and  find 
z  from  the  resulting  equation. 

2.  It  is  easy  to  perceive  that  we  may,  in  a  similar  way, 
solve  any  number  of  simple  equations. 

2.  Given,  a?  +  y  =  7ora?  +  2a?y  +  y"  =  49  and  a?  +  y*  = 
25,  to  show  how  to  find  a?  and  y. 

Here  we  have  (a?»  +  2a?y  +  y^  x  25  =  (a?  +  y»)  x  49,  or 

25a?y  =  12a?  +  12y* ;  which  is  easily  reduced  to  (?j  —  —  (?\ 
=  —  1,  and  putting  -  =  s,  we  have  the  equation  z^  —  —z 

y  \o 

=  —  1,  whose  solution  will  give  2,  and  thence  a?  and  y  can 
easily  be  found. 

3.  "Given,  a?"  +  a^  =  66  and  a?y  +  2y*  =  60,  to  find  a? 
and  y." 

Here  we  have  (a?  +  ay)  x  60  =  (a?y  +  2y^  x  56  or  16a?»  + 

15a;y  =  14a?y  +  28y* ;  which  is  easily  reduced  to  f  ?j  +  — ^? j 

=  ??,  or  putting  ?  =  s  we  have  the  equation  5?  -f  —  =  — . 

Solving  the  equation  we  get  2,  and  thence  we  easily  obtain 
the  values  of  y  and  a?. 
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It  is  hence  clear  if  we  hare  two  equations  which  contain 
two  unknown  letters,  as  x  and  y,  such  that  each  of  them  is 
homogeneous  in  terms  of  x  and  y,  that  by  putting  yz  for  x  in 
the  equations,  and  eliminating  y  from  them,  we  shall  get  an 
equation  whose  solution  will  give  0,  and  thence  y  and  x  can 
be  found. 

2d.— 1.  Qiven,  aj+y  =  7  and  aj'  +  y'  =  25,  to  find  x 
and  y. 

Assume  a?  =  ;3  +  v  and  y  =  «  —  i?,  then,  by  substitution, 
the  equations  will  be  reduced  tojs+v  +  s  — 1>  =  7  and  (s  -|- 

^J  +  (s  —  -y)*  =  25,  or  to  2  =  -  and  2^;*  +  2;5'  =  25. 

Putting  _  for  z  in  the  second  equation,  we  get  i?*  = 

^  z 

—  =  -,  or  taking  the  square  root,  we  have  t;  =  —    Hence, 
4       4  2 

7     1  7     1 

we  have  x  =  z  +v  =  ^  +  -^  =  4:  and  y  =  «  —  -«  =  -  —  -  =  3. 

2.  Given,  aj*  +  y*  =  25  and  an/  =  12,  to  find  x  and  y. 
Putting  x  =  z  +  V  and  y  =  s  —  -y,  the  equations  will  be 
reduced  to  2^  +  2v^  =  25  and  2'  —  «;'=  12,  or  to  s*  +  ^  = 

??and2«-v'  =  12. 
2 
Taking  the  half  sum  and  half  difference  of  the  preceding 
49  1 

equations,  we  get  ^'  =  x  *°^  '^*  ~  Z  5  consequently,  taking  * 

7  1 

the  square  roots,  we  have  z  =  -jV  =  -i  which  give  a?  =  4 

2  2 

and  y  =  3. 
Remark, — ^Because  x^  z  +v  and  y  =  s  —  v  give  z  =  • 

— ^  and  V  =  — ^-,  and  that  xy  =  z^  — 1>',  we  shall  get 

xy  =  ( — ^^ j  —  ( —K-^j  ;  consequenMy^  we  perceive  how  to 

reduce  any  product  to  the  difference  of  two  equa/res.    Thus, 
since  209  =  19  x  11,  if  we  put  19  for  x  and  11  for  y,  we  get 

^—^  =  15  and  ^-^-  =  4 ;  consequently,  we  shall  have  209 
2  Z 

=  15*  —  4' ;  and  it  is  dear  that  any  odd  integer  {except  1) 

mwy  'he  regarded  as  heing  the  difference  of  the  sguares  of  two 
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8.  Given,  (»  —  y)  (a?  —  ^  =  a  and  (»  +  y)  (oj^  +  y*)  =  5, 
to  find  X  and  y. 

Putting  a?  =  0  +  i?  and  y  =  ;3  —  -y,  we  get  »  —  y  =  2^;, 
flj*  —  y^  =r  42W,  0  +  y  =  20,  and  aj*  +  y*  =  2^  +  2^;* ;  conse- 
quently, substituting  these  values  in  the  given  equations, 
they  will  be  reduced  to  Sz^  =  a  and  4j^  +  iz^  =  h.  Sub- 
tracting the  first  of  these  equations  &om  twice  the  second, 
we  get  85*  =  2J  —  a,  whose  cube  root  gives  2z  =  i^25  —  a/ 
consequently,  dividing  the  first  by  four  times  this  value  of 

a 
2zj  we  have  t;*  =  — i===r,  whose    square    root  gives 

2  ^W^a 


Hence,  we  have  x  = ^ \- 

and  y  = 


2  V  2i  —  a        2  V  2i  —  a 

2^^263^ 

It  is  clear  from  the  preceding  examples  that  this  method 
of  elimination  will  generally  be  very  useful  in  solving  two 
equations  which  contain  two  unknown  letters,  as  x  and  y, 
such  that  they  are  symmetrically  involved  in  the  equations ; 
or  (which  is  the  same)  when  the  equations  remain  the  same, 
when  X  is  put  for  y,  and  y  for  a?,  in  them. 

3d. — 1.  Given  a?  +  y  =  7  and  a?y  =  12,  to  find  x  and  y. 

Squaring  the  first  and  subtracting  four  times  the  second 
from  it,  we  get  a?  +  2a?y  +  y*  —  4ay  =  aj*  —  2xy  +  y*  = 
(x  —  y)'  =  1,  whose  square  root  gives  a?  —  y  =  1. 

Hence,  we  easily  get  a?  =  4  and  y  =  3,  since  the  half  sum 
and  half  difference  of  the  equations  »  +  y  =  7  and  a?  —  y  = 
1  will  clearly  give  the  values  of  x  and  y. 

2.  Given,  a?  —  y  =  7  and  xy  =  60,  to  find  x  and  y. 

Here  we  have  (a?  —  yf  +  Axy  =  (a?  -f  y)'  =  289,  or  a?  +  y  = 
17 ;  consequently,  a?  =  12  and  y  =  5. 

3.  Given,  x  +  y=^a  and  a?"  +  y"  =  ij  to  find  x  and  y. 

By  division  we  have  — ^tJ^  =zQf  —  xy  +  'i^=z-.  and  we 
»  +  y  a 

have  {x-\'y)^=iQ^  +  2xy  •\- 't^  z=:z  d^ -^  consequently,  by  sub- 
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traction,  we  have  o?  +  2ajjr  +  y>  —  (ajS— .ay  +  y»)  =  Zxy  = 

fl? =  ^  ~  ,  or  ajy  =  ^  "~   .    Hence,  the  solution  of  the 

given  equations  is  reduced  to  that  of  the  equations  a^  +  y  = 

A  C^  —  i 

a  and  xy  = . 

Za 

Hema/rh—U  we  have  x  —  y^d  and  a^  —  y"  =  c,  we  may 
in  a  similar  way  reduce  the  solution  to  that  of  a?  —  y  =  (? 

anda^  =  ^^. 

4.  Given,  x  +  y  =  a  and  a?*  +  ^  =  J,  to  find  x  and  y. 

Squaring  the  first  we  get  a^  +  2xy  +  y*  =  a',  which  gives 
a?  +  y*  =  a*  —  2a?y  y  and,  squaring  this,  we  get  a?*  +  2aj*y*  + 
y*  =  flj*  —  4a'ajy  +  4^y^,  or  we  have  2aj'y'  —  4a*a?y  +  a*  = 
a^  H-  y*.  Hence,  since  a?*  +  ^  =  i,  the  solution  of  die  given 
equations  is  reduced  to  that  of  the  quadratic  a^j^  —  2a'ajy  = 

(which  gives  ay),  and  the  equation  x  +  y  =  a. 

2 

Hemarh. — ^It  may  be  shown  in  a  similar  way  that  the 
solution  of  aj  —  y  =  a  and  a?*  +  y*  =  i  is  reducible  to  that  of 

the  equations  aj*y*  +  2a*xy  =  — - —  and  x—'y  =  a. 

2 

6.  Given,  x  +  y  =  a  and  aj*^  +  y"  =  J,  to  find  x  and  y. 
By  division  we  have  — T-JC  =  a^  —  a^'y  +  aj^y*  —  x}^  +  ^ 

=  a?*  +  y*  +  flj'y'  —  ^{^  +  y^  =  -  /  consequently,  since  a^  + 

a 

y*  4-  a?y*  =  3a?y*  —  4a'ajy  +  c^  and  a?  +  y"  =  a*  —  2a?y,  we 

shall  get  Sa?^  —  4:a*xy  +  a^—  xy^c?  —  2ajy)  =  5aj*y*  —  ^c^xy 

+  a*  =  _  or of'i^  —  a'a?y  =    7^.  > 

a  ,  oa 

Solving  the  quadratic,  we  shall  get  ay,  and  of  course  the 
solution  of  the  given  equations  is  reduced  to  that  of  a;  +  y= 
a,  and  an  equation  of  the  form  ay  =  c. 

Remark. — ^If  x^y  =^  a  and  a?"  —  y*  =  J  are  treated  in  a 
similar  way,  we  shall  get  a^  +  €?xy  =  -— — ,  and  the 
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fiolntion  depends  on  a;  —  y  ^  a,  and  an  equation  of  the  form 
wy  ^  d. 

6.  Given,  aj*  +  ajy  +  y*  =  a  and  a^  +  a?y"  +  y*  =  J,  to 
find  X  and  y. 

Since  the  first  gires  a?  +  y*  =  a  —  a?y,  ora?*  +  2a?y*  +  ^ 
=  a'  —  2aicy  +  a^y*,  we  get  d^  —  2aajy  =  a?*  +  aj*y*  +  y*  =  J, 

or  ajy  =  — - — .    From  this  and  the  first  equation  we  get 


and  fi-om  Zxy  =    ^  "~ —  and  the  first  equation,  we  get  u?  — 


+  jr  =  — ,  or  a?  —  y  =  |/  _- ;  hence,  x  and  y 

2t7  26^ 

are  easily  found. 
JRemark. — Since  the  division  of  the  second  by  the  first 

equation  gives  a?  —  ay  +  y*  =  -,  it  is  clear  that  the  sohition 

a 

of  the  given  equations  is  reduced  to  that  of  th6  equations 

sx?  +  xy  +  ^  =  a  and  a?*  —  a^y  +  y*  =  -. 

a 

7.  Given,  xy  =  a  and  a?"  +  y"  =  J,  to  find  x  and  y. 

If  from  the  square  of  the  second  we  subtract  four  times 
the  nf"  power  of  the  first,  we  shall  get  i^  +  y")'  —  4af y"  = 
(af*  —  y")'  =  J*  —  4a",  or  ai"  —  y"  =  I^J*  — 4a"/  consequently, 
we  can  easily  find  »  and  y. 

Remark. — If  in  the  cubic  equation  a?  +  aa!  =  h  we  put 
x  =  y  +  s  (since  a?*  =  (y  +  is/  =  y*  +  3y*0  +  Sys^  +  ;g«  =:  y^  -f 
+  55*  +  3ys(y  +  2)),  we  shall  get  y*  +  s"  +  3y2(y  -\- z)  +  a 
(y  +  «)  =  5,  or  y*  4-  2^  +  (3ys  +  a)  (y  +  «)  =  J.  Since  there 
are  two  unknown  letters  in  the  preceding  equation,  it  is  clear 
that  we  may  determine  them  by  assuming  Syz  +  a  =  0,  or 

yjS  =  —  -,    which    reduces    the    equation    to    y*  +  jsj"  =  J. 
3 

Hence,  if,  as  in  the  question,  we  determine  y  and  z  from  the 

equations  yz=  —  ^  and  y*  +  0*  =  J,  we  shall  get  x  =  y  •}-  z 
3 

=  the  root  of  the  equation  x^  -i-  ax  =  b;  and  the  result  will 
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be  what  is  called  Cardan's  Eule  for  the  Solution  of  Cubic 
Equations. 

8.  Given,  a?*  +  y'  =  a  and  o^y  +  ajy*  =  J,  to  find  x  and  y. 

If  three  times  the  second  is  added  to  the  first,  we  shall 
get  aj*  +  Zo^y  +  3ajy*  4-  y*  =  (a?  -f  y)*  =  a  +  3 J  /  consequently, 
extracting  the  cube  root,  we  have  a?  +  y  =  'r «  +  3J.  * 

Hence,  if  we  divide  the  second  by  the  corresponding 

members  of  the  preceding  equation,  we  shall  get  a?y  = 

I 
-%, /  consequently,  knowing  »  +  y  and  a?y,  it  is  easy  to 

ya  -f-  36 

find  X  and  y. 

It  is  clear  from  the  preceding  examples,  if  we  have  two 
equations  containing  two  unknown  letters,  as  x  and  y,  that 
it  will  often  be  of  great  importance  to  notice  the  form  in 
which  the  letters  enter  the  equations,  so  that  th(?y  may  be 
reduced  to  simpler  forms  by  division,  or  the  reduction  of 
them  to  exact  squares,  cubes,  etc. 

4th. — Given,  3aj  —  2y  =  5,  2a?  —  y  =  8,  and  a?  +  2y  =  7,  to 
find  X  and  y,  so  that  they  shall  nearly  satisfy  all  the  equations. 

If  no  one  of  the  equations  is  a  consequence  of  the  other 
two,  it  is  clear  that  x  and  y  can  not  be  found  so  as  exactly 
to  satisfy  each  equation ;  nevertheless,  it  is  plain  that  such 
values  may  be  found  for  x  and  y  as  shall  satisfy  the  equa- 
tions more  nearly  than  any  other  values  of  x  and  y. 

Thus,  the  equations  give,  severally,  3aj  =  2y  +  5,  2aj  =  y 
+  3,  and  a;  =  7  —  2y  /  consequently,  by  adding  these  equa- 
tions, we  have  Ga?  =  y  +  15,  or  a?  =  ?^-Z — ,  which  we  shall 

6 

regard  as  the  average  or  mean  value  of  a?,  as  determined 
from  the  given  equations.  Similarly,  from  the  given  equa- 
tions we  have  2y  =  3aj  ■—  5,  y  =  2aj  —  3,  and  2y  =  7  •—  a?, 

which  give  y  z=  -— -Z_  for  the  mean  value  of  y. 
5 

Hence,  assuming  the  average  values  of  x  and  y  for  their 
required  values,  we  have  6a  =  y  +  15  and  5y  =  4a?  -»■  1 ; 
consequently,  the  given  equations  are  reduced  to  two  equa- 
tions, containing  two  unknown  lettere. 

Solving  the  equations,  we  get  x  =  2.846  and  y  =  2.076, 
which,  being  put  for  x  and  y  in  the  proposed  equations,  give 
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3a?  —  2y  =  4.386,  2aj  —  y  =  3.616,  and  a?  -f  2y  =  6.998,  which 
do  not  much  differ  from  5,  3,  and  7,  the  results  in  the  ques- 
tion. 

Modification  of  the  Method, — From  the  given  equations 

we  have  x  =   ^  "*"    ,  x  =  ?^J:,  and  a?  =  —  2y  +  7,  whose 
3  2  « 

sum  gives  Zx  =  ^L+l  +  ^ +  ?  _  2y  +  7,  or  18aj  =  -  5y+ 

61,  and  in  a  similar  way  the  values  of  y  give  3y  =  3aj  —  2. 

Solving  the  equations  18aj  =  —  5y  +  61  and  3y  =  3a?  —  2, 
we  get  a?  =  2.797  and  y  =  2.130  ;  and  putting  these  values 
for  X  and  y  in  the  given  equations,  they  give  3a?  —  2y  = 
4.131,  2a;  ~  y  =  3.464,  and  a?  -f  2y  =  7.067 ;  tliese  results 
show  that  the  second  equation  is  more  nearly  satisfied  than 
by  the  preceding  method. 

It  is  clear  that  this  method,  founded  on  the  principle  that 
the  proposed  equations  ought  to  contribute  equally  to  the 
determination  of  a?  and  y,  ought  to  be  very  exact. 

Another  Solution. — Multiplying  each  of  the  proposed 
equations  by  the  coefficient  of  x  in  it  (according  to  its  sign), 
and  adding  the  products,  we  get  the  equation  14aj  —  6y  =  28, 
or  7a?  —  3y  =  14 ;  and  proceeding  in  like  manner  to  multi- 
ply by  the  coefficients  of  y,  etc.,  we  get  —  6a?  +  9y  =  1. 

Solving  the  equations  7a?  ■—  3y  =  14  and  —  6a?  +  9y  =  1, 
we  get  a?  =  2.866  and  y  =  2.022  ;  and  putting  these  values 
for  X  and  y  in  the  proposed  equations,  they  give  3a?  —  2y  = 
4.655,  2a?  —  y  =  3.711,  and  a?  +  2y  =  6.910. 

From  a  comparison  of  the  results  obtained  by  these 
methods,  it  is  clear  thai  the  proposed  equations  are  as 
nearly  satisfied  by  the  first  two  as  by  the  last. 

Hemarks. — 1.  It  is  plain  that  any  number  of  simple  equa- 
tions which  contain  a  less  number  of  unknown  letters  than 
there  are  equations,  may  (by  either  method)  in  like  manner 
be  reduced  to  the  same  number  of  equations  as  there  are 
unknown  letters,  and  thence  the  values  of  the  letters  may 
be  found. 

2.  Equations  of  the  kind  here  considered  often  occur  in 
Physic^  and  Astronomical  Inquiries ;  and  the  most  common 
way  of  solving  them  is  called  Gaucs*  Method  of  Minimum 
SquareSy  which  is  essentially  the  same  as  our  last  method. 

24 
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SOLUTION  OF  FBOBLEMS,  OR  QUESTIONS  PSODUCINO  SIMPLE 
EQUATIONS. 

1.  Questions  which  admit  of  algebraic  solutions  must 
evidently  involve  expressed  and  implied  conditions,  which 
arc  sufficient  to  enable  us  to  find  any  number  or  quantity 
required,  from  th§  numbers  or  quantities  which  are  known 
or  given. 

2.  Hence,  if  in  the  solution  of  toy  question  we  use  one 
or  more  of  the  last  letters  of  the  alphabet,  as  x,  y,  3,  etc.,  to 
stand  for  the  thing  or  things  required,  then,  if  we  use  these 
unknown  letters  in  conjunction  with  the  things  that  are 
given,  as  we  should  do  to  verify  the  question  if  we  had 
solved  it,  we  shall  (generally)  obtain  the  equatiou  or  equa- 
tions requisite  for  the  solution  of  the  question.  Where  it 
may  be  noticed,  that  when  it  is  necessary  to  deduce  new 
conditions  from  those  which  are  given  or  implied,  in  order 
to  obtain  the  requisite  equation  or  equations,  then  no  gen* 
eral  rule  can  be  given ;  and  the  proper  mode  of  proceeding 
must  be  left  to  the  skill  and  experience  of  the  student. 

3.  Having  reduced  a  question  to  an  equation  or  equations, 
if  we  solve  the  equation  or  equations  (by  the  methods  here- 
tofore given)  we  shall  have  solved  the  question,  as  required. 

Rema/rh, — ^It  is  generally  best  to  use  the  smallest  number 
of  unknown  letters  possible,  by  expressing  some  of  them  in 
terms  of  the  others,  according  to  the  conditions  of  the  quee* 
tion ;  because  the  solution  will  (generally)  thereby  be  sim- 
plified, and  the  skill  of  the  student  (in  the  management  of 
difficult  questions)  increased. 

EXAMPLES. 

!•  To  find  a  number,  such  that  if  it  is  multiplied  by  4,  and 
11  added  to  the  product,  the  result  shall  equal  47. 

If  X  stands  for  the  number,  4a?  will  stand  for  4  times  tlie 
number,  and  adding  11  we  get  4aj  -f  11,  which,  by  the  con- 
ditions of  the  question,  must  equal  47;  consequently,  the 
question  is  reduced  to  the  equation  4aj  +  11  =  47. 

To  solve  the  equation,  we  transpose  11  and  divide  by  4, 

An  i  1 

which  gives  x  =  — or  9 ;  and  putting  9  for  » in  4flj  + 
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11  =  47,  it  becomes  4  x  9  +  11  =  86  +  11  =  47,  an  identi- 
cal equation ;  consequently,  9  is  the  required  number. 

2.  Divide  $968  between  A  and  B,  so  that  A  may  have  6 
times  as  much  as  B  and  $93  more. 

Denote  B's  money  by  a?,  then  the  question  gives  the  equa- 
tion (6  +  1)»  +  $93  =  $968. 
Hence  B  must  have  $125  and  A  must  have  $843. 

3.  To  find  a  number,  such  that  if  it  is  multiplied  by  6,  and 
7  subtracted  from  the  product,  the  remainder  shall  equal  23. 

Let  X  stand  for  the  number,  then,  by  the  question,  we  have 
1^6  equation  6a?  —  7  =  23.    Hence  x  =  5. 

4.  Divide  $1900  between  A  and  B,  so  that  A  shall  have  7 
times  as  much  as  B  and  $100  less. 

Eepresent  B's  money  by  a?,  then,  from  the  conditions  of 
the  question,  we  shall  have  the  equation  (7  +  T)x  —  $100 
=  $1900. 

Hence  B  must  have  $250  and  A  must  have  $1650. 

5.  Divide  $1800  between  A,  B,  and  C,  so  that  their  shares 
shall  be  as  the  numbers  2,  3,  4. 

The  shares  may  clearly  be  represented  by  2aj,  Sx,  and  4a?/ 
consequently,  by  the  conditions  of  the  question,  we  shall  have 

the  equation  2aj  +  3aj  +  4a;  =  9aj  =  $1800  or  a:  =  11^ -. 

$200. 

Hence,  the  shares  of  A,  B,  and  0  are  $400,  $600,  and 
$800. 

JSemarh — If  we  have  to  divide  the  number  or  quantity,  a, 
into  parts,  which  shall  be  as  the  numbers  m,  n,pj  y,  etc. ; 
then,  since  mx,  nx^  pXy  qx,  etc.,  may  clearly  represent  the 

parts,  we  shall  have  -—, --, 

^  m  4-  Wr  -f  i>  +  etc.    9n  -{-  n  +p  -]-  etc. 

£^ ,  for  the  parts;  results  that  are  in  conformity 

m  +  n  -{-  etc. 

to  the  rule  of  Fellowship  or  Partnership  in  Arithmetic. 

6.  Divide  $3600  between  A,  B,  and  C,  so  that  A  and  B 
together  shall  have  3  times  as  much  as  C,  and  that  A  and  0 
together  shall  have  half  as  much  as  B. 

From  the  implied  (or  implicit)  relations  between  the  sharee 
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of  A,  B,  and  C,  it  results  that  their  shares  may  be  expressed 
by  aj,  8»,  and  3a?. 

Hence,  by  the  question,  we  have  12»  =  $3600  or  aj  = 
$300 ;  consequently,  the  shares  of  A,  B,  and  C  are  severally 
expressed  by  $300,  $2400,  and  $900. 

7.  To  find  the  interest  on  any  principal,  P,  for  any  num- 
ber  of  days,  T,  at  six  per  cent,  per  annum,  simple  interest ; 
supposing  the  year  to  consist  of  365.25  days. 

Let  X  stand  for  the  interest ;  then  0.06  expresses  the  inter- 
est of  a  unit  of  P  for  365.25  days,  and  of  course  0.06  x  P  is 
the  interest  of  P  for  the  same  time.  Because  the  interest  on 
P  is  proportional  to  the  times,  we  have  365.25  :  T  ::  0.06P 

0.06PT      0.08PT       1 .  1.  .    ^1      .  ^ 
:x  or  a;  =  kttt^^-  =     ^^^     5  which  is  the  mterest,  as  re- 

quired. 

Hence,  the  calculation  of  the  interSst  an  P,  at  six  per  cent* 
for  the  time^  T  {supposing  the  year  to  consist  of  365.25 
days\  is  reduced  to  the  calctdation  of  t/ie  interest  on  V  at 
eight  per  cent,  per  annum^  supposing  the  year  to  consist  of 
487  days.    Thus,  the  interest  on  $47.25  for  23-J-  days,  as  found 

from  X  =  2:2^,  by  putting  $47.25  for  P,  and  23^  for  T, 

will  be  found  to  give  x  =  $0.1824  for  the  required  interest 

BemarL—BQcauGG   487  =  480  +  7  =  480  (l  +  -LV  we 

0.08PT  O.OIPT  0.001  X  PTr 


shall  have  »  = 


*«^         60(1  + 


0.001  X  FT  .  7A  ^  7B  „  ,  ,  ,  „ 
6 ~     '  480  ^    '  480  ^    '          »o  on;  we  shall 

have  ar  =  A  —  B  +  C  —  D  +  etc. ;  which  can  be  put  under 
the  forms  a!  =  A  —  (B-C  +  D-E  +  etc.)  =  A  —  B  +  (0 
-  D  +  E  -  F  +  etc.)  =  A-B  +  C-(D-E  +  F-G  + 
etc.)  =  etc. ;  consequently,  since  each  term  is  less  than  the 
next  preceding  term,  it  follows  that  x  is  less  than  A  and 
greater  than  A  —  B,  and  that  it  is  less  than  A  —  B  +  0  and 
greater  than  A  —  B  +  C  —  D,  and  so  on.  If  we  apply  the 
preceding  series  to  find  the  interest  of  $47.25  for  23jt  days. 
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we  shall  have  A  =  $0.18506,  which  is  too  great,  and  A  — 
B  =  $0.18506  -  $0.00269  =  $0.18237,  which  is  too  small, 
and  so  on ;  and  it  is  clear  that  we  may  take  $0.1824  for  the 
sought  interest. 

8.  "  A  hare  is  50  leaps  before  a  greyhound,  and  she  takes 
4  leaps  while  the  greyhound  takes  3 ;  but  2  greyhound's 
leaps  are  equal  to  3  of  the  hares.  How  many  leaps  must 
the  greyhound  make  to  overtake  the  hare  ?" 

Let  X  stand  for  the  number  of  leaps  of  the  hound,  then 

—  are  clearly  the  corresponding  leaps  of  the  hare.    Also, 

50  are  the  number  of  leaps  of  the  hare,  while  those  of 

the  hound  are  x.  Hence,  by  the  question,  we  have  tlie  pro- 
portion 4  :  3  ::  ~  -  50  :  a?,  or  4aj  =  3  (??  —  5o)  ;  conse- 
quently, X  =  300. 

9.  To  find  a  number,  such  that  if  from  the  sum  of  its  third 
and  fourtli  parts  we  subtract  its  fifth  part,  the  result  shall 
equal  69. 

Let  X  denote  the  number,  then  from  the  conditions  of  the 

question  we  shall  have  ?  4-  ?  _  ?  =  69 ;  consequently,  x  = 
3      4       5 

180. 

Otherwise,  to  avoid  fractions,  put  60y  for  the  number,  and 

we  shall  have  ^-h -^-^=69,   or  20y  +  15y-12y 
3  4  5 

=  23y  =  69,  or  y  =  3 ;  consequently,  60y  =  180,  as  required. 

10.  To  find  two  numbers,  such  that  if.  the  first  is  divided 
by  3,  and  the  second  by  4,  the  sum  of  their  quotienls  shall 
equal  89 ;  and  if  the  first  is  divided  by  5,  and  the  second  by 
18,  the  difference  of  their  quotients  shall  equal  18. 

To  avoid  fractions,  let  15a5  and  52y  stand  for  the  numbers, 
then  by  tlie  conditions  of  the  question  we  shall  have  the 
equations  5a?  +  13y  =89  and  3aj  —  4y  =  18.  Multiplying 
the  members  of  the  first  equation  by  3,  and  those  of  the 
second  by  5,  they  give  15a?  -f  39y  =  267  and  15a?  —  20y  =  90; 
consequently,  subtracting  the  members  of  the  second  of  these 
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from  the  corresponding  members  of  the  first,  we  get  59y  = 
177,  or  y  =  8 ;  and  thence  x  =  10. 

Hence,  15a;  and  52y  become  150  and  156,  which  are  the 
required  numbers. 

11.  "  If  A  and  B  together  can  perform  a  piece  of  work  in. 
8  dajs,  A  and  0  together  in  9  days,  B  and  0  together  in  10 
dajs,  how  many  days  will  it  take  each  person  to  perform  the 
same  work  alone  ?" 

Because  A  and  B  do  the  work  in  8  days,  it  is  clear  that 

they  do  -  of  the  work  in  one  day ;  and  in  like  manner  A 

8 

and  C  do  -  of  it  in  one  day;  B  and  0  do  —  of  it  m  one 

9  '^  ^  10 

day ;  consequently,  by  adding  and  dividing  by  2,  it  follows 
that  A,  B,  and  C  together  will  do  the  part  of  the  work  exr 

pressed  by  Q  +  ^  +  ^)  -i-  2,  in  one  day. 
If  from  the  preceding  result  we  subtract  the  work  done  by 

B  and  C  in  one  day,  we  shall  ffet  |-  4 1-  — j  ^  2  —  — -  = 

^'  ^     \8^9^  10/  10 

(1       1        1  \  49 

-4-__j-i-2  =  ^—  for  the  part  of  the  work  done  by 

A  in  one  day,  and  thence  i—  =  i4—  equals  the  number  (rf 

49  49 

days  that  it  will  take  A  to  do  the  work ;  and  in  like  manner 

B  can  do  the  work  in  17—  days :  C  can  do  it  in  23  _  days. 
41      "^  31      "^ 

12.  If  A  can  do  a  piece  of  work  in  a  days,  and  B  can  do 
it  in  i  days,  C  in  c  days,  and  so  on,  it  is  required  to  find  how 
long  it  will  take  them  jointly  to  perform  the  work. 

If  1'  stands  for  the  work  and  t  for  the  time,  and  if  we  rep- 
resent -  -h  y  H h  etc.,  by  m.  then  we  shall  have  ^  =  i. 

a      0      0  m, 

Thus,  if  A  can  mow  a  piece  of  grass  in  2  days,  B  in  3 

13 
3  "^4""  12' 


days,  and  C  in  4  days,  then,  since  m  =  -  +  l  +  l=:Zz,  we 


shall  have  ^  =  _  of  a  day,  for  the  time  in  which  A,  B,  and 
C  together  can  mow  the  piece  of  grass. 
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18.  "  Five  gamblers,  A,  B,  C,  D,  E,  play  together  on  this 
condition,  that  he  who  loees  shall  give  to  all  the  rest  as  much 
as  they  already  have.  First  A  loses,  then  B,  then  C,  then 
D,  and  at  last  also  E.  All  lose  in  turn,  and  yet  at  the  end 
of  the  fifth  game  they  have  all  the  same  sum,  viz.,  each  |32. 
How  much  had  each  before  they  began  to  play  S" 

If  we  use  a  to  represent  the  money  each  had  at  the  end 
of  the  play,  5a  will  stand  for  what  the  gamblers  all  had ; 
consequently,  if  x  stands  for  A's  money  at  the  commence- 
ment of  the  play,  5a  •—  a?  will  equal  the  money  which  all  the 
rest  had  at  the  same  time. 

Since  A  loses  5a  —  a?  in  the  first  game,  x  —  {5a  —  a?)  =  2» 
—  5a  will  equal  his  money  at  the  end  of  the  first  game ;  and 
as  A's  money  at  the  end  of  the  first  game  is  doubled  at  the 
end  of  the  second  game,  which  is  doubled  again  at  the  end 
of  the  third  game,  and  so  on,  it  follows  from  the  question 

that  we  shall  have  2*(2»  —  5a)  =  a,  or  a?  =  -^  ^  ^  ;  conse- 

quently,  putting  $32  for  a,  we  get  a?  =  $81. 

Because  B's  money  is  doubled  at  the  end  of  the  first  game, 

and  that  he  loses  at  the  end  of  the  second  game,  it  follows, 

if  we  change  2*(2aj  —  5a)  =  a  into  2'(2*a?  —  5a)  =  a,  that  x 

will  represent  B's  money  at  the  commencement  of  the  play ; 

5a 
consequently,  by  solving  the  equation,  we  get  a?  =  —  + 

In  a  similar  way,  it  appears,  if  there  are  n  gamblers,  that 
the  equation  a?  =  ^  +  ^  will  give  the  money  of  the  m*^ 

gambler  at  the  commencement  of  the  play.  Thus,  putting 
n  =  6  and  m  equal  to  8,  4,  6,  successively,  we  get  $21, 
$11,  and  $6  for  what  C,  D,  and  E  severally  had  at  the  com- 
mencement of  the  play. 

JSemarks. — 1.  We  have  taken  this  question  from  Eoss' 
Translation  of  Hirsch's  Collection  of  Examples,  etc.,  see  VoL 
L,  page  219,  question  66,  in  which  we  have  put  a  =  |82, 
instead  of  £32. 

2.  "We  have  given  the  solution  of  the  question,  because  it 
is  sometimes  considered  as  difficult,  and  for  the  purpose  of 
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making  the  solution  applicable  to  any  number  of  gamblers ; 
also,  for  the  purpose  of  showing  how  to  derive  certain  ex- 
pressions from  others,  according  to  the  laws  by  which  they 
are  connected. 

14.  "The  hour  and  minute-hand  of  a  clock  are  exactly 
together  at  12  o'clock;  when  are  they  next  together?" 

Since  the  minute-hand  makes  twelve  revolutions  while  the 
hour-hand  makes  one,  it  results  that  from  12  o'clock  at  noon 
to  12  o'clock  at  night,  or  in  12  hours,  the  minute-hand  will 
pass  the  hour-hand  10  times,  and  coincide  with  it  at  12 
o'clock  at  night ;  consequently,  if  x  denotes  the  sought  time 
(since  the  hands  move  uniformly),  we  shall  clearly  have  a?= 

-- — ^H£?  =  1  hour  and  —  of  an  hour,  or  the  hands  coincide 
11  11  ' 

at  —  of  an  hour  after  1  o'clock.    Ilence,  the  hands  will  be  to- 

12  3 

gather  at  1  o'clock  and  — ,  2  o'clock  and  — ,  3  o'clock  and  --, 

and  so  on. 

JSe?narks. — 1.  If  any  two  bodies,  A  ancf  B  revolve  around 
a  common  center  in  given  times,  P  and  P',  and  that  whether 
their  angular  motions  are  uniform  or  not ;  then,  if  1  stands 
for  the  angular  motion  of  either  body  in  one  revolution,  we 

shall  have  ^  and      .  for  the  mean  angular  motions  of  the 

bodies  in  a  common  unit  of  the  times. 

2.  If  P  is  less  than  P',  and  the  bodies  are  moving  in  the 
same  direction,  ^  —  _-  evidently  expresses  the  excess  of  the 

mean  angular  motion  of  A  over  that  of  B ;  consequently,  if 
a  stands  for  the  angular  distance  of  the  bodies  at  any  time 
T,  and  t  for  the  time  reckoned  from  T,  when  (at  a  mean  rate 
of  motion)  the  angular  distance  of  tlie  bodies  equals  0,  we 

BhaU  clearly  have  <=  _?_=  -^^L  =     ^^    =  <'^^' 
11      P'j  P      F-P, 

F    p'    r  P' 

(1).    K  the  bodies  move  in  contrary  directions,  it  is  plain 

that  (1)  becomes  t  =  -JL-  =  J^  =  -^.  =  J^^' 
L+1       ?.  +  !      i+£      ^  +^> 
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(2).    Thus,  if  a  =  A,  P  =  1  hour,  and  P'  =  12  hours,  then, 

_T>/  -I 

from  t  =  — we  get  ^=:  —  of  an  hour,  and  the  hands  of 

P  "^ 

a  clock  coincide  at  —  of  an  hour  after  1  o'clock. 

If  the  hands  move  in  contrary  directions,  then,  on  the 

same  suppositions,  the  hands  will  be  together  at  — th  of  an 

13 

hour  after  1  o'clock,  as  is  clear  from  t  =  — . 

3.  If  for  a  in  (1)  we  put  1,  they  will  be  adapted  to  what 
are  called  the  synodic  motions  of  the  planets  around  the 
sun.  Thus,  if  P  =  224.700787  days,  and  P'  =  365.256374 
days,  which  are  the  periodic  times  of  the  revolutions  of 

Venus  and  the  earth  around  the  sun ;  then,  since  —  = 
0.615186  and  1  -  ^  =  0.384814,  we  shaU,  from  t  =     *^ 


F"*  '  '  "~.       P 

p 

,  get  ^=583.920509.  days,  which  is  called  the 


1-P 


P' 

synodic  period  of  Venus's  revolution  around  the  sun,  or  it  is 
the  mean  apparent  time  of  its  revolution  around  the  sun  to 
an  observer  at  the  earth's  center. 

15.  Two  bodies,  A  and  B,  are  moving  uniformly  forward 
in  the  same  direction,  in  a  right  line,  at  such  a  rate  that  A 
passes  over  the  distance  m  in  a  unit  of  the  times,  and  B  over 
the  distance  n  in  the  same  time ;  then,  supposing  A  and  B 
to  be  at  the  distance  a  fr,om  each  other,  at  the  time  T,  it  is 
proposed  to  find  the  time  t  reckoned  from  T,  when  A  and  B 
will  be  together. 

If  A  is  in  advance  of  B,  and  n  greater  than  m,  it  is  clear 

that  we  shall  have  ^= ,  because  B  gains  the  distance 

n —  m 

n—m  on  A  in  each  unit  of  the  time.    K  A  is  in  advance  of 

B,  and  m  greater  than  n,  it  is  clear  that  A  and  B  must  have 
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been  together  before  the  time  T,  and  that  the  interval  is 
expressed  by  ^  =  — — 


m  —  n  n  —  tj^ 


If  we  add  t  =  _ ^  to  T,  we  shall  get  T  +  ^  =  T  + 
n  —  m  • 


a      _  nT  -  {mT  -  a) 


(1),  and  if  we  subtract  ^= 


n  —  m  n  —  m  n — m 

from  T,  we  shaU  have  T  - ,;  =  nT-(mT--a)^  m1-{nT+a)^ 

n  —  m  m  —  n 

(2).  By  comparing  (1)  and  (2),  it  is  clear  that  the  first  form 
of  (2)  differs  from  (1)  in  no  respect  excepting  that  the  sign 
of  t  is  changed  from  +  to  —  ;  consequently,  it  is  clear  that 
(1),  by  changing  the  sign  of  t^  embraces  the  solution  of  the 
question  in  its  fullest  extent. 
If  the  bodies  move  in  contrary  directions,  we  must  clearly 

change  the  sign  of  ?»,  and  we  shall  have  t  =  — ^ — ;  conse- 

n-\-m 

quently,  (1)  becomes  T+«=  ^T+>^T+a^(m+n)T+a  ^3, 

m  +  ^  tn  -\-  n 

If  m  equals  ti,  and  the  bodies  are  moving  in  the  same 

direction,  t  =  — ^ —  is  reduced  to  ^  =  -  =  oo  =  an  infinite 
n  —  m  0 

time,  which  clearly  shows,  if  a  is  finite,  that  the  bodies  can 

never  be  together;  which  is  also  clear  from  the  nature  of  the 

case,  since  the  bodies  move  equally  fast. 

Again,  if  w  =  ?i,  and  a  =  0,  or  an  infinitesimal,   t  = 

becomes  ^  =  ^r?  which  is  of  an  indeterminate  form ; 


n  —  m  0 

and  it  clearly  shows  t  to  be  indeterminate,  since  the  bodies 
moving  equally  fast,  and  being  together  at  the  time  T,  it  is 
clear  that  they  will  always  be  together  and  move  forward  as 
one  body. 

Also,  if  n  and  m  are  not  equal  to  eacli  other,  while  a  =  0 ; 
then  ^  =  0,  and  it  is  plain  that  the-  bodies,  being  together  at 
the  time  T,  can  not  be  together  at  any  other  time. 

Hence,  the  bodies  can  be  together  in  all  cases  excepting 

when  a  is  finite,  and  n  =  m.  or  when  ^  =  ?  =  oo,  which 

0 
shows  the  condition^  of  the  question  to  be  such  tliat  the 
bodies  can  never  be  togetlier,  or,  as  it  is  sometimes  said,  it 
indicates  an  absurdity  in  the  question. 
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JS&marJss. — 1.  "When  n  is  greater  than  my  we  have  found 

t  =  — - — ,  and  when  m  is  greater  than  ti,  we  have  found  t 
n  —  m 

=  — ^ — /  and  thence  we  have  obtained  T  +  ^  =  T  +  — ^ — 
m—n  n—m 

and  T— ^  =  T g—  =  T  +      ^      for  the  times  when 

m  —  n  n  —  th' 

the  bodies  are  actually  together.  It  is  hence  clear  that  the 
actual  time  when  the  bodies  are  together  is  properly  ex- 
pressed by  T  -j ? — ,  and  that  whether  nis  greater  or  less 

n  —  m 

than  m;  consequently,  since  the  expression  is  true  when 
there  is  any  difference,  however  small,  between  m  and  n,  it 
clearly  ought  to  be  regarded  as  true  when  m  =  n,  or  when  t 

=  -  =  00  =  an  infinite  time. 

2.  From  the  expressions  ^  = and  ^  = ,  we 

get  the  actual  times  when  the  bodies  are  together,  by  adding , 
the  first  to  T  and  subtracting  the  second  from  it;  conse- 
quently, if  we  consider  the  first  as  positive,  and  write  the 

expressions  in  isolated  forms,  we  shall  have  t  =  — - —  and 

n  —  m 

^  = ? —  •  noticing,  that  fhe  sign  —  which  precedes 

m  —  n 

means  that  — - —  is  to  be  subtracted,  and  that  t  in 


?7l  —  71  171  —  n 

the  first  member  which  is  under  a  positive  form  is  essentially 
negative. 

Hence  we  perceive  the  use  of  isolated  negative  quantities 
in  calculation ;  for  tb  get  the  actual  times  when  the  bodies 


^^  «VP4%  *W«V10^  01-»  l-V ♦•*•*»  r»^  ^^ 


are  together  from  ^  =  — ,  we  must  subtract 

m  —  n  m-^  n 

from  T,  and  we  shall  get  T  +  — - — ,  as  required ;  hence 

n  —  m 

the  reasonableness  of  the  remarks  made  in  Section  L,  pp.  3 

and  3,  is  manifest. 

16.  Two  travelers,  A  and  B,  are  150  miles  apart,  and  going 
in  the  same  direction,  A  following  B  who  travels  uniformly 
30  miles  a  day.  K  A  overtakes  B  in  50  days,  it  is  proposed 
to  find  the  rate  of  A's  daily  travel.  Am.  33  miles. 
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17.  A  person  went  a  distance  of  600  miles  in  20  days. 
Some  days  he  went  40  miles,  while  during  the  remaining 
days  his  daily  progress  was  only  15  miles.  It  is  proposed  to 
find  the  number  of  days  in  which  he  traveled  40  miles,  and 
the  number  of  days  in  which  he  made  only  a  distance  of  15 
miles.  A^i8.  12  days  at  the  rate  of  40,  and  8  at  15. 

18.  A,  B,  and  C  started  together  for  a  place  300  miles 
distant,  and  traveled  uniformly ;  and  their  daily  travel  was 
such  that  B  completed  the  distance  10  days  e&rlier  than  A, 
and  C  20  days  later  than  A ;  moreover,  B's  daily  travel  was 
to  that  of  C  as  5  to  2.  How  many  days  were  A,  B,  and  C 
on  the  road,  and  how  many  miles  did  they  travel  per  day? 

Ans.  Tlie  times  were  30,  20,  and  50  days;  and  the  daily 
rates  of  travel  were  10,  15,  and  6  miles. 

19.  A  and  B  start  together  from  the  same  place  and  travel 
in  the  same  direction ;  A  goes  a  miles  the  first  day,  a  +  h 
miles  the  second  day,  a  +  2J  miles  the  third  day,  and  so  on, 
in  arithmetical  progression ;  also,  B  goes  a'  miles  the  first 
day,  a^  +  ¥  miles  the  second  day,  a'  +  2i'  the  third  day,  and 
so  on,  in  arithmetical  progression.  It  is  hence  proposed  to 
find  when  A  and  B  will  be  together  again,  after  they  com- 
mence their  journey, 

An8.  K  t  stands  for  the  time  in  days,  we  have  ^=: 

y--f)+l.    Thus,  if  a=l,  J  =  2,  and  a'  =  40,  J'  =  l, 
6  —  6 

we  get  t  =  79  days. 

20.  A  person  has  two  bins ;  in  one  of  which  is  a  mixture 
of  com  and  oats,  such  that  the  bin  contains  25  bushels  of 
corn  and  37  bushels  of  oats,  the  whole  being  worth  $34.29 ; 
the  other  bin  contains  a  mixture  of  80  bushels  of  corn  and  9 
bushels  of  oats,  worth  $63.78.  Supposing  the  com  and  oats 
in  the  bins  to  constitute  mixtures  such  that  the  com  and  oats 
in  one  bin  are  of  the  same  value  per  bushel  that  they  are  in 
the  other  bin ;  it  is  proposed  to  find  the  worth  of  the  com 
and  oats  per  bushel. 

Ans,  The  com  is  worth  $0.75  per  bushel,  and  the  oats 
are  worth  $0.42  per  bushel. 

21.  A  paid  a  debt  of  £25  15«.  by  using  a  certain  num- 
ber of  guineas  and  sovereigns;  and  B  by  interchanging 
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the  denominations  of  the  pieces  paid  a  debt  of  £25  10s. 
Supposing  the  guinea  to  be  21  shillings,  and  the  sovereign  20 
shillings,  how  many  pieces  of  each  kind  were  used  ? 

Ans.  A  used  15  guineas  and  10  sovereigns,  and  B  used 
10  guineas  and  15  sovereigns. 

22.  A  person  had  a  certain  number  of  dollars,  which, 
being  counted  out  by  8  dollars  at  a  time,  there  remained 
nothing  over,  but  being  counted  out  by  13  dollars  at  a  time 
there  remained  9  dollars ;  then  how  many  dollars  did  the 
person  have,  supposing  that  the  number  of  counts  amounted 
to  51  ?  Ans. 


23.  There  is  a  number  consisting  of  two  digits,  such  that 
if  the  number  is  increased  by  the  sum  of  its  digits  the  sum  is 
102,  and  if  the  number  is  diminished  by  the  sum  of  its  digits 
the  remainder  is  72 ;  what  is  the  number?  Jn>9,  87. 

24.  What  number  is  that  whose  unit's  digit  is  2  times  the 
ten's  digit,  and  is  such  that  the  number  equals  4  times  the 
sum  of  its  two  digits? 

Ans.  12,  24,  36,  and  48  satisfy  the  question. 

25.  There  is  a  number  consisting  of  two  digits,  such  that 
the  number  equals  4  times  the  sum  of  its  digits,  and  that  the 
product  of  the  digits  equals  2  times  their  sum ;  what  is  the 
number?  Ans.  36. 

26.  Why  are  the  numbers  21,  42,  63,  and  84  severally 
equal  to  7  times  the  sum  of  their  digits  ? 

27.  The  difference  of  two  numbers  is  3,  and  the  difference 
of  their  squares  is  219 ;  what  are  the  numbers? 

Ans.  38  and  35. 

28.  The  difference  of  two  numbers  or  quantities  is  a,  and 
the  difference  of  their  squares  is  b  ;  what  are  they  ? 

^^^.  ^^L^'and?^^. 
2a  2a 

29^  The  product  of  two  numbers  is  35,  and  the  sum  of  their 
squares  is  to  the  difference  of  their  squares  as  37  to  12 ;  what 
are  they  ?  Ans.  7  and  5. 

80.  The  product  of  two  numbers  or  quantities  is  a,  and 
the  sum  of  their  squares  is  to  the  difference  of  their  squares 
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as  m  to  n/  it  18  hence  required  to  iind  the  numbers  or 
quantities.  Am.  ^/^±M  and  j/^^. 

Til  —  Ti  m  -\-  fh 

31.  A  put  a  certain  sum  at  interest,  at  6  per  cent,  per  an- 
num. At  the  end  of  two  years  he  received  back  $196  as 
interest  and  principal ;  and  at  the  end  of  two  years  more  he 
received  $284  as  interest  and  principal ;  also,  at  the  end  of 
the  next  two  years  he  received  $480  as  interest  and  principal. 
He  then  found  that  there  was  only  $100  due  him ;  it  is  hence 
required  to  find  the  principal.  An»,  $800. 

82.  If  P  denotes  any  principal,  r  the  rate  per  cent.,  and  t 
the  time  in  years ;  it  is  required  to  find  ^,  such  that  the  inter- 
est shall  equal  P^. 

1 0OP**— 1 

Ans.  t  =         — ;  thus,  if  71  =  2,  P  =  6,  r  =  6,  then  t  = 
r 

100  years. 

33.  Let  any  principal,  P,  put  at  simple  interest  for  the 
time,  T,  at  the  rate  of  interest,  r,  on  a  unit  of  P  in  a  unit  of 
the  time,  amoimt  to  P' ;  then,  supposing  P',  r,  and  T  to  be 
known,  it  is  required  to  find  P. 

Ans.  P  = ^ ;  in  which  P  is  caUed  the  present  toorih 

1  -f  rT  ^ 

or  value  of  P'. 

34.  Suppose  the  sums  P,  P',  P'',  etc.,  severally,  are  to  be 
paid  at  the  times  T,  T',  T",  etc. ;  then  supposing  r  to  be  the 
interest  on  a  unit  of  the  money  in  a  unit  of  the  times,  it  is 
proposed  to  find  the  time,  ^,  at  which  the  moneys  P,  P',  P", 
etc.,  may  be  paid  at  once,  and  that  without  loss  or  gain. 

Arts.  Let  p^p\p^\  etc.,  be  the  present  values  of  P,  P', 
P",  etc.,  severally,  and  represent  p  +  p'  -\-  p^'  +  etc.,  by  S, 

and  P  +  P'  +  P'^  +  etc.,  by  S' ;  then      ^'     is  the  present 

\  +  rt 

value  of  S',  which  is  also  represented  by  S ;  consequently,  we 

must  have  S  =  — -? — ,  or  ^  =  — _— ;  where  it  may  be 
L  -\-  rt  7*S 

noticed  that  t  is  called  the  equated  thne  of  the  payments. 

Thus,  if  P  =  $200,  P'  =  $600,  P"  =  0,  etc.,  T  =  4  yeai-s,  T 

=  12  years,  r  =  $0.06 ;  then  we  shall  have  p  =  $161,290, 

p'  =  $348,889,  S'  =  $800,  S  =  $610.129 ;  consequently,  t  z=z 
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9.47  years.  Calculating  the  amount  of  $510,129  at  the  rate 
r  =  $0.06  for  9.47  years,  we  find  it  to  be  $799.984 ;  conse- 
quently, since  this  differs  from  $800  (only)  by  $0,016,  it  fol- 
lows that  our  process  must  be  very  exact. 

Remarhs. — 1.  Since  S  =  S'  —  (S'  —  S),  it  is  plain  that  we 

shaU   have   t  =         ^  "  ^_        =  ^  (l  +  ^  + 

— — — I  -h  etc. J;  consequently,  if  — _ —  is  very  small  in 

comparison  to  1,  we  may  approximately  put  1  for  the  series, 

g/ g 

and  we  shall  get  t  =  — ——  nearly. 

2.  Since  p  =  — ^  =  P(l  -  rT  +  rTT*  -  etc.),  p'  =  P'(l 

—  tT'  +  r*r*  —  etc.),  and  so  on,  we  shall  have  j?  +  j?'  +  et«. 
=  P  ^  P'  +  etc.  -r(PT  +  PT'  +  etc.)  +  r»(PP  +  TT'  + 
etc.)  —  r*(FP  +  etc.)  +  etc. ;  consequently,  if  T,  "F,  are  so 
small  that  the  terms  which  involve  t^,  r",  etc.,  may  be  reject- 
ed, we  shall  approximatelv  have  p  -hp'  -h  etc.  =  S  =  P  + 
F  +  etc.  -  r(PT  +  P'T'  +  etc.)  =  S'  -r(PT  +  PT  +  etc.), 
or  S'  —  S  =  r(PT  +  PT'  +  etc.) ;  hence,  by  substituting  the 

value  of  S'  -  S,  ^  is  reduced  to  t  =  "^  "^  ^^  "^  ^^^'  nearly, 

8 

which  is  in  accordance  with  the  common  rule  for  finding  the 
equated  time, 

3.  If  we  calculate  the  value  of  t  by  the  preceding  expres- 
sion, which  corresponds  to  the  example  given  above,  we  shall 
get  ^  =  10  years,  instead  of  9.47  years,  as  we  have  shown 
(above). 

4.  If,  instead  of  putting  jp,/,  etc.,  for  ,  :p-— ^,-,,  etc., 

P  P' 

we  put  them  for , ,  etc.,  then  they  will  stand 

^  (1  +  7')^' (1 -f  r)^''  ^     ^ 

for  the  present  values  of  P,  P',  at  compound  interest. 

g/ 
Also,  instead  of  the  equation  S  =z ,  we  shall  have  the 

'  ^  1  +  H 

Of  o/ 

equation  S  = or  (1  +  r)*=    -;  consequently,  by  the 

(1  4-  T)t  b 

properties  of  loffaritlnns,  we  shall  get  t  =  .2^ — -T"  ^^;     for 

.  log.  (1  +  r) 

the  e^^uated  time  of  payment. 


• 
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35.  A  and  B  traded  with  a  joint  stock  of  $3000,  and  gained 
$2400.  Now  A'b  stock,  increased  by  $100,  was  found  to  be 
to  that  of  B,  when  diminished  by  $100,  as  7  to  3.  What 
were  the  stocks  of  A  and  B,  and  what  part  of  the  gain  be- 
longed to  each  ? 

Ana.  The  stocks  were  $2000  and  $1000,  and  their  shares 
of  the  gain  were  $1600  and  $800. 

36.  The  stocks  of  A  and  B  are  such,  that  if  each  of  them 
is  iui^reased  by  $10000  they  will  be  to  each  other  as  3  is  to 
4 ;  and  if  each  stock  is  diminished  by  $2000,  they  will  be  to 
each  other  as  3  to  8.    What  are  the  stocks  ?  . 

Ana.  $5000  and  $10000. 

37.  It  has  been  found  by  experiment  that  the  weights  of  a 
cubic  foot  of  water,  cork,  and  iron  are  severally  1000,  240, 
and  7600  avoirdupois  ounces,  at  the  temperature  of  about 
60  degrees  of  Fahrenheit's  thermometer.  It  is  hence  re- 
quired to  find  how  many  cubic  feet  of  iron  must  be  attached 
to  10  cubic  feet  of  cork,  so  that  when  the  compound  is  put 
into  water  the  cork  shall  be  just  immersed  in  the  water,  ad- 
mitting that  the  water  does  not  enter  the  pores  of  the  cork 
and  iron. 

Ana.  If  a  denotes  the  number  of  cubic  feet  of  cork,  and  x 

those  of  the  iron,  we  have  x  =  -p-  =  -— -  ;  and  putting  a  = 

330      165 

10,  we  get  a?  =  1      cubic  feet. 

38.  Representing  the  weight  of  a  certain  bulk  of  water  by 
1,  we  call  the  proportional  weighta  of  equal  hulka  of  other 
avhatancea  their  apecijic  gravitiea.  Now  if  we  (in  round 
numbers)  use  19  to  stand  for  the  specific  gravity  of  gold,  and 
suppose  that  there  is  a  substance  such  that  if  we  attach  to  it 

a  quantitv  of  gold  whose  bulk  is  -  of  that  of  the  substance, 

5 

and  find  3.3666.  for  the  specific  gravity  of  the  compound ; 

then  it  is  required  to  find  the  specific  gravity  of  the  substance. 

Alia,  0.240,  consequently  the  substance  is  cork. 

39.  Let  X  and  y  stand  for  the  bulks  of  two  substances 
which  are  mixed  together,  and  are  such  that  the  sum  of  the 
bulks  before  mixture  is  sensibly  the  same  that  it  is  after 
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mixture.  Then  if  a,  J,  c  are  the  specific  gravities  of  »,  y, 
and  the  mixture,  it  is  proposed  to  find .  the  ratio  of  a?  to  y, 
and  also  the  ratio  of  their  weights. 

Ane.  ?  =  £^,  and  ??  =  g^  =  the  ratio  of  the 
y      a—  c  oy      o{a  —  c) 

weights. 

Remarlcs. — 1.   The  conditions  of  the  question  give  the 

equation  oa?  +  Jy  =  c(a?  +  y),  or  c  =  ^_lL^  •  consequently, 

x-\-y 

if  a  represents  the  worth  of  a  unit  of  a?,  and  h  that  of  a  unit 

of  y,  it  follows  that  ax  -^hy  will  be  the  worth  of  x  +  y  j 

consequently,  e  will  be  the  worth  of  a  unit  of  a?  -f  y  in  the 

mixture ;  hence,  the  reasonableness  of  tlie  rule  of  Alligation 

Medial  in  Arithmetic  becomes  evident. 

2.  From  -  = it  follows,  if  we  represent  »  by  c  —  J, 

y      a  —  c 

that  we  must  represent  y^aj  a  —  c.    Hence,  since  a,  J,  and  c 

may  severally  represent  the  worth  of  a  unit  of  a?,  y,  and  of 

the  mixture,  the  reason  of  the  rule  of  Alligation  Alternate 

in  Arithmetic  is  manifest 

40.  Given,  10  and  26,  the  sums  of  the  first  and  second 
terms,  and  of  the  third  and  fourth  terms  of  an  arithmetical 
progression,  to  find  the  terms  of  the  progression,      i 

Ana.  8,  7, 11,  and  16. 

41.  Given,  15  and  60,  the  sums  of  the  first  and  second 
terms,  and  of  the  second  and  third  terms  of  a  geometrical 
progression,  to  find  the  progression. 

An8.  8,  12,  48,  192,  768,  etc. 

42.  To  find  a  number,  which,  being  added  to  4,  16,  and 
40,  the  results  shall  bd  in  geometrical  progression.     Arts,  8. 

43.  Given,  the  sum  and  sum  of  the  squares  of  three  num- 
bers in  geometrical  progression,  equal  to  7  and  21,  to  find 
the  progression.  Arts.  1,  2,  and  4. 

•44.  "A  father,  who  has  three  children,  bequeaths  his 
property  by  will  in  the  following"  manner :  To  the  eldest  son 
he  leaves  a  sum  a^  together  with  the  n**  part  of  what  re- 
mains ;  to  the  second  he  leaves  a  sum  2a,  together  w^th  the 

25 
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nf^  part  of  what  remains  after  the  portion  of  the  eldest  and 
2a have  been  subtracted;  to  the  third  he  leaves  a  sum  3a, 
together  with  the  n^  part  of  what  remains  after  the  portions 
of  the  two  other  sons  and  3a  have  been  subtracted.  The 
property  is  found  to  be  entirely  disposed  of  by  this  arrange- 
ment.   Required  the  amount  of  the  property." 

An8.  It  is  clear  that  3a  is  the  property  received  by  the 
third  son,  since  there  is  no  remainder ;  and  as  the  second  son 
received  2a  and  an  7i'*part  of  the  remainder,  if  we  repre- 

sent  the  remainder  by  »,  we  shall  clearly  have  x  =  3a, 

or  as  =  J!?^ ;  consequently,  ?  +  2a = (?!L±i)?  is  the  prop- 

n  —  1  ^  ^  —  1 

erty  received  by  the  second  son. 

Again,  a?  4.  2a=    ^^    +  2a  =  ^^^''"^)^  is  the  remain- 

der  of  tlie  father's  property  after  the  first  son  received  his 

-I 

share,  which  by  the  question  must  be  the  th  part  of 

Tit 

the  remainder  after  he  received  the  portion  a;  consequently, 

if  V  denotes  the  remainder,  we  shall  get  ^^-y  =  ^  ^"^^  , 
^  n  n  —  l 

(»»  +  3«.  -  l)g  J    ^|jg  portion  of  the  eldest  son :  and  it  is 

clear  that  y  +  a=L__J,  +  a-^  (n-1)'  '^^ 
presses  the  father's  property. 

45.  The  same  things  being  supposed  as  in  the  preceding 
question,  with  the  addition  that  the  father  has  «,  —  1  chil- 
dren instead  of  three,  and  that  the  eldest  receives  a  and  au 
n**  part  of  the  remainder,  the  next  2a  and  an  n^  part  of  the 
remainder,  and  so  on  to  the  last,  who  receives  (^i,  — l)a/ 
then  it  is  proposed  to  show  that  (n  —  l)a  is  the  portion  of 

each  child,  and  that  the  father's  estate  equals  {n  —  Ifa. 

^ -f  ^ 

Ans.  We  have  (as  before) x  =  (n  —  l)a,  or  a?  =  wa; 


n 


consequently,  ?  -h  (n  —  2)a  =  a  +  (n  —  2)a  =  (^  —  l^a=  the 
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portion  of  the  child  whose  number  is  n  —  2.     Also,  x  + 

«_  "I 
{n  —  2)a  =  Q{n  —  l)a  gives  the  equation y  =  2{n  —  l)a, 

or  y  =  2na  /  consequently,  ?^  +  (^  —  3)a  =  2{»  +  (n  —  8)a  = 

/^ 

{n  —  l)<z  is  the  portion  of  the  child  whose  number  is  72.  —  3 ; 

and  in  like  manner  it  may  be  shown  that  the  child  whose 

number  is  ti  —  4:  receives  {n  —  l)a  for  his  portion,  and  so 

on ;  consequently,  {n  —  If  a  =  the  father's  estate. 

EemcMrks. — ^We  have  extracted  this  and  the  preceding 
question  from  Davies'  Translation  of  Bourdon's  Algebra. 
[See  p.  79,  etc.,  of  the  work ;  published  by  Wiley  &  Long  in 
1836.]  We  have  given  the  questions,  and  a  slight  sketch  of 
the  methods  to  be  used  in  their  solution ;  because  the 
methods  used  by  Bourdon  appear  to  us  to  be  unnecessarily 
long  and  embarrassing. 

46.  Two  market-women,  A  and  B,  had  (each)  the  same 
number  of  eggs ;  A  sold  hers  in  parcels  consisting  of  9  eggs 
each,  and  received  8  cents  for  each  parcel  sold ;  also,  B  sold 
hers  in  parcels  consisting  of  13  eggs  each,  and  received  12 
cents  for  each  parcel  sold ;  and  the  money  received  by  A 
and  B  together  was  $10.40.  A  sold  more  eggs  than  B,  and 
received  less  money  by  twice  as  many  cents  as  A  and  B  had 
eggs  that  remained  unsold  ;  moreover,  B  had  three  times  as 
many  eggs  remaining  as  A  had.  It  is  proposed  to  find  the 
number  of  eggs  which  A  and  B  had,  and  what  they  each 
received  for  the  eggs  sold,  and  the  number  of  eggs  that  re- 
mained to  each. 

Ans.  A  and  B  each  had  578  eggs ;  A  received  $5.12,  and 
B  received  $5.28 ;  A  had  two  eggs  left,  and  B  had  six. 

47,  "Two  artillerymen  together  filled  1000  cartridges, 
and  used  the  same  quantity  of  powder.  One  says  to  the 
other,  *If  I  had  filled  as  many  cartridges  as  you  have,  I 
should  have  made  use  of  18  cwt.  of  powder.'  Then  the 
other  answers  him,  *Had  I  filled  as  many  cartridges  as  you 
have,  I  should  have  used  only  8  cwt.  of  powder.'  How 
many  cartridges  did  each  fill?  and  how  much  powder  did 
each  use! 

«  Ans.  The  first  filled  400,  the  second  600  cartridges,  and 
each  used  12  cwt.  of  powder." 
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APPENDIX    TO    (SIMPLE)    EQUATIONS. 

Since  in  finding  the  limitB  of  numbers  or  quantities  it  is 
frequently  necessary  to  use  those  which  are  not  equal  to  each 
other,  we  here  propose  to  give  tlie  general  principles  of  rear- 
soning  which  are  applicable  to 

INEQUALrriES   OB  INEQUATIONS. 

1.  K  A  and  B  stand  for  two  numbers  or  quantities  of  the 
same  kind  (which  may  consist  of  one  or  more  terms),  such 
that  A  is  greater  than  B,  then,  according  to  18,  of  Sec.  I.,  we 
signify  that  A  is  greater  than  B,  or  B  less  than  A,  by  writing 
A>B,  or  B<A,  which  are  called  inequalities  or  inequor 
tiona^  noticing  that  A  and  B  are  called  the  first  and  second 
members  of  the  first  inequality,  while  B  and  A  are  those  of 
the  second.  Tlie  first  inequality  is  read  by  saying  that  A  is 
greater  than  B,  or  (which  is  often  preferable)  by  saying  that 
A  is  not  less  than  B ;  also,  the  second  inequality  is  read  by 
saying  that  Bis  less  than  A,  or  B  is  not  greater  than  A. 

hiequalities  whose  first  membere  are  all  greater  or  less 
than  their  second  members,  are  said  to  exist  in  the  same 
sense;  but  inequalities  whose  fii*st  members  are  not  all 
greater  or  less  than  their  second  members,  are  not  all  said 
to  exist  in  the  same  sense.  Thus,  3>2  and  7>4  exist  in  the 
same  sense;  also,  5<6  and  10<14  exist  in  the  same  sense; 
but  8<15  and  9>6  exist  in  a  contrary  sense. 

2.  If  ±  C  is  added  to  the  members  of  the  preceding 
inequalities,  they  will  clearly  become  A±C>B±C,  or 
B  ±  C<A  ±  C,  which  exist  in  the  same  sense  as  the  given 
inequalities.  Thus,  if  5  is  added  to  the  members  of  x  — 
6>2,  it  becomes  a;>7 ;  and  subtracting  3  from  the  members 
of  X  H-  3<9,  it  becomes  x<Q. 

Hence,  ai^y  term  in  either  tnetnber  of  an  inequality  (as  in 
an  equation)  may  be  transposed  into  the  other  Tnember  by 
changing  its  sign^  without  altering  the  sense  of  the  inequality,' 
also,  a7iy  term  which  is  common  to  both  m^emierSy  and  has 
the  same  sign  in  each^  may  be  erased  or  stricken  out  of  the 
inequality^  without  affecting  its  sense.  Thus,  taking  A  ±  C 
>B  ±  C  or  B  ±  0<A  ±  C,  and  erasing  ±  C,  the  inequali- 
ties become  A>B  or  B<A  ;  also,  transposing  A  and  B,  the 
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inequality  A  >  B  or  B  <  A  will  be  changed  to  —  B  >  —  A 
or  —  A  <  —  B ;  consequently,  A  >  B  and  —  A  <  —  B  exist 
in  a  contrary  sense.  Hence,  when  the  signs  of  hoth  Tuenvbera 
of  wny  inequality  are  changed  {or  multiplied  hy  —  1),  the 
sense  of  the  ineqiudity  will  he  changed, 

3.  Adding  the  corresponding  members  of  A>B  or  B<A, 
and  C>  D  or  D  < C,  the  sums  clearly  give  A  +  C>B  -f  D 
or  B  +  D  <  A  +  a 

Consequently,  the  sum  of  amy  number  of  inequalities 
which  exist  in  tlie  same  sense  will  exist  in  the  sa/me  sense  as 
the  inequalities.  Thus,  from  the  addition  of  a?  +  3  >  5  and 
y  —  3  >  7  there  results  a?  -f  y  >  12. 

If  from  8  >  5  or  5  <  8  we  take  6  >  4  or  4  <  6,  we  get 

2  >  1  or  1  <  2,  which  exist  in  the  same'sense  as  the  given 
inequalities.    But  if  from  8  >  5  or  5  <  8  we  take  7  >  3  or 

3  <  7,  we  get  1  <  2  or  2  >  1,  which  do  not  exist  in  the  same 
sense  as  the  given  inequalities. 

Hence,  th^  difference  of  two  inequalities  which  exist  in  the 
same  sense  is  not  always  an  inequality  which  exists  in  the 
same  sense  as  the  given  inequalities, 

4.  Taking  the  inequality  ?-3>?  +  lor?  +  l<?  —  3, 

2  3  3  2 

and  reducing  its  terms  to  a  common  denominator,  and  then 
rejecting  the  denomioator,  there  results  the  inequality  Zx  — 
18  >  2a?  +  6  or  2.2?  +  6  <  3aj  —  18,  which  gives  a?  >  24  or 
24  <  a?. 

Hence,  considering  and  treating  the  denominators  of  the 
fractional  terms  of  any  inequality  as  being  positive,  we  free 
the  inequality  from  fractions  in  t/ie  same  way  that  we  free 
an  equation  from  fractions,  and  the  sense  of  the  ineqiudity 
will  remain  unchanged. 

Also,  any  positive  factor  which  is  common  to  the  terms  of 
an  inequality  may  be  erased,  and  vice  versa,  and  that  without 
altering  the  sense  of  the  inequality.    Thus,  from  8  >  6  and 

-  <  1  we  get  4  >  3  and  1  <  2. 
2 

6.  If  we  have  the  inequalities  A  >  B  or  B< A  and  C>D 

or  D  <  C,  such  that  their  members  are  essentially  positive, 

then  by  taking  the  product  of  their  corresponding  members, 

we  shall  plainly  have  AC  >  BD  or  BD  <  AC. 
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Hence,  the  product  of  any  numh&r  of  i/nequaUties  which 
exist  in  the  same  sense^  and  whose  Tjnembers  are  essetUiaUy 
positive^  is  an  inequality  which  exists  in  the  same  sense  as 
the  given  vnequalities. 

Hence,  too,  if  the  members  of  such  an  inequality  a/re 
raised  to  a/ny  power  whose  index  is  a  positive  integer^  the 
result  will  he  an  ineqvMity  which  exists  in  the  same  sense  as 
the  given  inequality ;  hut  if  the  index  of  tfie  power  is  a 
negative  integer,  it  is  plain  that  the  result  will  he  an  i/nequoJr 
Uy  which  exists  in  a  sense  contrary  to  that  of  the  given 
inequ^ity.    Thns,  from  a?  >  3  ^and  y  >  2  we  get  xy>  6; 

and  from  a?»  <  3  and  y"^  >  2  we  get  a?  <  27  and  (y"^"*< 

2-«  or  y  <  1. 

6.  If  we  take  the  product  of  the  (corresponding)  members 
of  the  inequalities—  A<— Bor  —  B>  —A  and  —  0  < 
^  D  or  -  D  >  -  C,  we  get  AC  >  BD  or  BD  <  AC,  an 
inequality  which  exists  in  a  sense  contrary  to  that  of  the 
given  inequalities.  If  we  multiply  AC  >  BD  or  BD  <  AC 
by  -  E  <  —  F  or  -  F  >  -  E,  the  result  wDl  be  -  ACE 
<  ~  BDF  or  -  BDF  >  -  ACE. 

Hence,  the  product  of  an  even  number  of  inequalities 
which  exist  in  the  same  sense,  a/nd  whose  memhers  a/re  essen- 
ti'Olly  negati/vcy  is  an  vnequuUty  which  exists  in  a  sense  cofir 
trary  to  that  of  the  given  inequalities ;  and  the  product  of 
an  odd  number  of  such  inequalities  is  an  inequality  which 
exists  in  the  same  sense  as  the  gi/ven  ineqxialities. 

Hence,  also,  am^y  even  positive  integral  power  of  stich  an 
ineqiutlity  will  he  an  inequality  which  will  exist  in  a  sense 
contrary  to  that  of  the  given  inequality  ;  and  if  we  take  the 
index  of  the  power  with  the  negati/ve  sign,  the  power  u>iU  he 
an  inequ/dity  which  will  exist  in  the  same  sense  as  the  given 
inequality  /  hul  if  the  memhers  of  such  an  inequality  are 
raised  to  any  odd  positive  irdegral  power,  the  result  will  he 
an  inequality  which  will  exist  in  the  same  sense  as  the  given 
ineqiudity,  while,  if  the  index  of  the  power  is  taken  with 
the  negative  sign,  the  result  will  he  an  inequality  which  wHl 
exist  in  a  sense  contra/ry  td  that  of  the  given  ineqiudity. 

Thus,  from  —  4  <  —  3  and  —  5  <  —  2  we  get  20  >  6 ; 
and  from  — 2>—  3,  — 4:>—  5,  and  —  6  >  —  7  we  have 


APPENDIX    TO    (SIMPLE)    EQUATIONS.  S91 

-  48  >  —  105.    Also,  from  —  2  >  -  3  we  get  (-2)»<(—  3)« 

and  (~  2)-'  >  (-  8)-»  or  4  <  9  and  1  >  1;  and  from  -  8 

4      9 
<  -  2  we  have  (-  3)«  <  (-  2)»  and  (-  3)-«  >  (-  2)-»,  or 

-27<-8and--l.>-.l 

27^      8 

7.  If  we  take  A>— Bor— B<A,  and  snppose  A  to  be 
positive,  while  —  B  is  negative,  then  we  shall  have  A*  >  B* 
or  B'  <  A'  if  B  is  nnmerically  less  than  A,  and  the  reverse 
when  B  is  nnmerically  greater  than  A.    Also,  from  A  > 

—  B  we  clearly  have  A'  >  —  B*^  or  —  B'^  <  A\ 

Hence,  if  the  members  of  an  ineqicality  have  unlike  signs j 
and  are  raised  to  a  power  whose  index  is  an  even  positive 
integer  J  the  powers  wiU  form  a/n  inequality  which  will  exist 
in  the  same  sense  as  the  given  ineqicalttyy  if  the  negative 
m^mier  is  numerically  less  than  th^  positive  m^emher^  and  vice 
versa  if  the  negative  member  is  numerically  greater  than  the 
positive  member/  and  the  reverse  will  be  true  in  each  case  if 
the  index  of  the  power  is  taken  with  the  negative  sign. 

Also,  if  the  members  of  such  an  inequality  are  raised  to  a 
power  whose  index  is  a/n  odd  positive  or  negative  integer^  the 
result  will  be  an  inequality  which  wiU  exist  in  the  samie  sense 
as  the  given  inequality. 

Thus,  from  3  >  —  2  and  4  >  —  5  we  get  (3)'  >  (-  2)*  and 
(4)'<(-5)*  or  9>4  and  16<25;  and  (3)-»<(-2)-^ 

C4)-«>(-  5)-»,  or -J-  <^  and  1  >  1.    Also,  from3>  ^2 

we  get  (3)«>(-2)»  and  (3)-»>(-2)-«,  or  27>^8  and 

27^      8' 

8.  From  A  >  B  or  B  <  A  we  get  A*  >  B"  when  n  is  an 

odd  positive  integer,  or  A"n  <  B~n  ;  and  the  same  residts 
hold  go#d  Vin  is  an  even  integer,  when  the  positive  roots  are 
used ;  bnt  if  we  take  the  negative  roots  (n  being  even),  we 

shall  get  —  A^  <  —  B*  and  -  K'n  >  -  B'i. 
Also,  if  we  have  A  >  —  B  and  —  A  <  —  B ;  then  if  t^  is 

an  odd  positive  integer,  we  shall  have  (A)-«  >  (—  B)-**  and 

(-  A)»  <  (-  B)*  and  (-  A)-i  >  (~  B)-i. 

Thus,  from  27  >  8  we  get  (27)^  >  (8)^  and  (27)— J  <  (8)-i 
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or  8  >  2  and  -  <  - ;  and  from  9  >  4  there  results  (9)*  >  (4)^ 
3      2 

(9)-4  <  (4)-i,  or  3  >  2  and  1  <  1 ;  also,  -  (9)*  <  -  (4)* 

and  —  (9)-i  >  -  (4)-i,  or  —  3  <  —  2  and  —  1  >  _  i ;  and 

o  2 

from  8  >  —  27  and  -  8  >  —  27  we  get  (8)-¥  >  (-  27)-i  or 
2±^  >  (-  3)±S  and  (-  8)*  >  (-  27)^  (-  8)-i  <  (-  27)-i, 
or-2>-3and-i<-i 

Hence,  we  can  extract  any  root  of  the  members  of  any  in^ 
quality  when  the  index  of  the  root  is  an  odd  positive  integer^ 
and  the  resvlt  will  he  an  inequality  which  will  exist  in  the 
same  sense  as  the  ^ven  ineqicality;  and  if  the  members  of 
the  given  inequality  are  both  positive^  and  we  extract  any 
even  positive  root  of  its  members^  the  same  conclusions  hold 
true  when  the  positive  roots  are  used/  htU  if  the  positive  root 
is  taken  in  one  member  and  the  negative  in  the  other ^  the  pos- 
itive root  will  be  greater  than  the  negative  root. 

9.  If  we  have  A  =  B  +  C,  and  suppose  B  and  C  to  be  pos- 
itive, then  by  rejecting  0  we  have  tiie  inequality  A  >  B  or 
B  <  A ;  and  if  we  have  A=  —  B  +  C,  — B  being  negative 
and  C  positive,  then  by  rejecting  C,  we  get  the  inequality 
A  >  —  B.  Hence,  we  perceive  how  inequalities  may  be  conr 
ceii/oed  to  result  from  equations. 

10.  To  illustrate  what  has  been  done,  take  the  following 

EXAMPLES. 

1.  Given,  2aj  —  5  >  1,  to  find  the  limit  of  x. 

Transposing  6  and  dividing  by  2,  we  have  a?  >  3 ;  conse- 
quently, since  x  must  be  greater  than  3,  we  may  call  3  the 
inferior  limit  of  x. 

2.  Given,  2aj  —  3  <  4,  to  find  the  limit  of  «. 
Proceeding  as  before,  we  get  a?  <  3- ;  consequently,  since 

X  must  be  less  than  3-,  we  may  call  3-  the  superior  limU 

2  2 

of  (0. 
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8.  Given,  2aj  —  3  >  1  and  3a?  +  1  <  16,  to  find  the  limits 
of  X. 

From  the  first  inequality  we  get  a  >  2,  and  from  the  sec- 
ond we  have  a?  <  5 ;  consequently,  2  and  5  are  the  inferior 
and  superior  limits  of  a. 

4.  Given,  »  +  |-?>  |,  and  |- 1  <^,  to  find  the  lim- 
its of  X. 

Freeing  the  inequalities  from  fractions,  etc.,  we  get »  >  = 

and  a?  <  1. 

5.  Given,  a>»  —  8>1  andaj»  +  2<29,  to  find  the  limits 
of  X. 

The  inequalities  are  equivalent  to  aj*  >  4  and  a^  <  27 ;  con- 
sequently, by  extracting  the  roots  we  get  a?  >  2  and  a?  <  3. 

6.  Given,  — a>»<  —  9  and  — »>>—  64,  to  find  the 
limits  of  X. 

By  changing  the  signs  of  the  inequalities,  we  get  a?  >  9  ' 
and  aj*  <  64 ;  consequently,  from  the  extraction  of  the  roots, 
we  have  a:  >  3  and  a?  <  4. 

7.  Given,  3aj  +  2y  >  7  —  2a?  -f  y  and  5aj  —  7y  <  2,  to  find 
the  limits  of  x  and  y. 

The  inequalities  give  x  >  —-^  and  x  <  ^        ;  conse- 

5  5 

quently,  we  must  have  7y  +  2  >  7  —  y,  which  gives  y  >  -. 

8 

TT                    •               5             5  +  82               ^          51  —  8s 
Hence  assummg  y  =  -  -f  s  =  — L — ,  we  get  x  > 

8  8  40 

and  X  <  — ^r — -  ;  ^  which  any  positive  number  may  be 
substituted  for  z. 

8.  A  person's  estate  being  increased  by  its  third  part  and 
then  diminished  by  $4000  is  greater  than  $3900 ;  also,  the 
estate  being  diminished  by  its  fourth  part  and  then  by 
$4400  is  less  than  $150.     What  are  the  limits  of  the  estate. 

Ans.  $5925  and  $6066f . 

9.  A  person  sells  two  valuable  horses  for  a  sum  which  is 
not  less  than  $600,  and  the  difference  of  the  prices  of  the 


894  ELEMENTABT    AND    HIOHEB    ALGEBRA. 

horses  is  not  greater  than  $80.    What  are  the  limits  of  the 
money  received  for  each  horse  ? 

Ans.  Not  less  than  $340  for  the  most  valuable,  and  not 
less  than  $260  for  the  other. 


SECTION    XIV. 
QVADEATIC   EQUATIONS. 

(l.)  Thebe  are  two  kinds  of  quadratic  equations. 

Ist.  Those  which  involve  only  the  square  of  the  unknown 
letter,  which  are  called  vncomplete^  simple^  or  pure  qttad- 

ratics,  such  a8aj»  =  9,  5aJ'-7  +  a?=-a?  +  21,^-.^- 
2       3 

5  =  8-1 — ,  and  aa?  +  h==c.    They  are  sometimes  called 
6 

quadratic  equations  of  two  termSy  because,  by  transposition, 

etc.,  they  can  always  be  reduced  to  the  form  okb*  =  J,  or  a? 

=  -.    Thus,  So*  -S-  7  -f  JB*  =  —  ar  +  21  by  transposition  be- 
a 

comes  6a?  +  at?  +  a?  =21  +7,  and  uniting  like  terms,  and 
dividing  by  7,  we  have  aj*  =  4.    Similarly,  the  equation  _ 

—  - — 5  =  8h — J  when  freed  from  fractions,  is  easily  re- 
3  6 

duced  to  2aj»  =  13  or  a?  =  ??.  . 

4 

Having  reduced  the  equation  to  the  form  a?  =  _,  if  we 

a 

extract  the  square  root,  both  in  the  arithmetical  and  alge- 
braic senses,  we  get  x  =4/-  and  a?  =  —  y-  for  these  roots, 

a  a 

which  may  both  be  expressed  by  the  form  a?  =  ±  y  -,  by 

a 

using  +  for  ±  for  one  of  them,  and  —  for  ±  for  the  other ; 
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if  we  Bubstitute  ±  y  -  for  x  in  aj*  =  -,  we  get  I  ±  |/  ^1  = 

-  or  _  =  _  an  identical  equation ;  consequently,  the  equa- 
a       a      a 

tion  aj*  =  -  has  two  tooU^  wWch  are  expressed  by  ±  y  _,  or, 

a  .  a 

which  is  the  same,  the  equation  admits  of  two  aohitionSy  one 

of  which  is  obtained  by  putting  i/~  for  aj,  and  the  other  by 

a 

putting  —  y  -  -for  ». 

2d.  Those  equations  which  involve  the  square  and  first 
power  of  the  unknown  letter — which  are  Golhdr-adfectedj 
ejected,  or  complete  quadratics — such  as  3«*  -^  4a?  —  3-=  18 

"-^x—a?^ [-  -  =40,  and  aa? -{-hx^c.    They  are  some- 

3        5       3 

times  called  quadratic  equations  of  three  terrm^  because,  by 

transposition,  etc.,  they  can  always  be  r/sduced  to  the  form  aa? 

+  J^  =  c,  ora?»+*5J  =  -.    ThusSa?— 4aj  — 3  =  18-2a?  — a? 
a       a 

by  transposition  becomes  Saj'  +  a?  —  4aj  +  2a5  =  18-f3;  and 

uniting  like  terms,  we  have  4a?  -—  2a?  =  21,  or  dividing  by 

the  coefficient  of  »»,  we  get  aj*  —  ?  =  ?1 ;  also,  ^—  ^  +  ^ 

2       4  3        6       3 

=  40,  when  freed  from  fractions,  and  reduced  as  before, 

becomes  6a?  -  24aj  =  680,  or  a?  -  ?^  =  ^  =  116. 

6  5 

Extracting  the  square  root  of  a?  +  -a?  by  the  common 
rule,-  we  get 

a?  +  -a  ( a?  +  s-  ^^*- 
Of  \       2Sa 

a?     • 


■^2a 


h 

-x 

a 

h    ^   V 


.  the  remainder ; 

4a' 
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consequently,  we  have  s?  -\-tx=:lx  -] )  — ^.  or  aj*  +  -« 

a       \        2a/      ^  a 


4a^     A     '  % 

Hence,  having  reduced  the  equation  to  the  form  aj^  +  -a? 

a 

=  -,  by  adding  ( —  I  =  ^^  to  its  members,  we  shall  get  o? 
a  \2a/       4a' 

a        4a'      a      4a*         \        2a/      a      4a'  4a' 

consequently,  extracting  the  square  root  (as  in  the  case  of  a 

pure  quadratic),  we  get  «^+  1  =  ±/^  +  ^^  =  ±/^S^» 

2a  a     4a*  v^^) 

oraj=— -i-±i/_-f  _=  —   -^  ^    ,  which  shows 

2a  a      4a'  2a 

that  the  equation  has  two  roots^  or  admits  of  two  solutions, 

one  of  which  results  from  taking  +  for  ±,  and  the  other 

from  taking  —  for  ±. 

Hence,  a  complete  quadratic  equation  may  be  solved  by 

the  following 

BITLI^. 

1.  By  transposition^  etc.y  redVfOe  the  equation  to  tJis  form 

ic*  j_  I aj=  _  •  t?ien  add  ( — )  =  — -  (=  the  square  ofJialf  the 
a       a  \2a/      4a' 

coefficient  of  the  first  power  of  a?,  which  is  called  completing 

the  square)  to  both  members,  and  the  f/rst  member  will  be 

(X  4-  -— ) ,  or  the  square  of  x  +  —. 
2a/  2a 

2.  detracting  the  square  root,  we  get  x+  _-  =  -j-|/ _+^^, 

whichy  being  an  equoMoii  of  the  first  degree^  is  solved  hy 

.        b 
transposing  ^Z' 

Thus,  if  we  take  the  equation  a?"  —  8»  =  9,  and  compare 

its  terms  to  those  of  a"  4-  ^  =  ?,  we  shall  get  —  8  and  9  for 

a       a 

the  representatives  of  -  and  -  /  consequently,  a?  +  —  =  ± 
a         a  M 
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i/ -  H becomes  a?  —  4  =  ±  V9  +  16  =  ±  5,  which  gives 

aw 

9  and  —  1  for  the  roots  of  a?  —  8a?  =  9 ;  and  since  9  and  —1, 

when  put  for  x^  reduce  it  to  9  =  9  an  identical  equation,  it 

follows  that  the  roots  have  been  correctly  found. 

"I  r 
Again,  if  we  compare  the  equation  aj*  +  -  =  —  toa^  + 

-X  =  -,  we  shall  hav^  -  and  _  for  the  representatives  of 
a       a  ^  2  16  ^ 

_  and  -/  and  of  course  a?  +  —  =  ±  y  -  +  -_  becomes  x 
a         a  ,  2a  a      4:a^ 

4.-=4-i/-— 4-  — =±1,  which  gives  x  =  -  and  a?  =  — 
^4^*^  16  ^16'  ^  4 

-  for  the  roots  of  aj*  +  ?  =  — • 
4  2      16 

(»•)  The  equations  a?  =  -  and  aj*  +  -a?  =  -  can  be  reduced 
a  a       a 

to  the  same  general  forms  in  x. 

For,  dividing  their  terms  by  a?,  and  transposing,  thej'^ 

become  x =0,  and  x = ,  whose  first  mem- 

oo?  ax  a 

bers  are  of  like  forms,  and  0  is  the  right  member  of  the  first, 

while  —  -  is  that  of  the  second  equarion,  which  is  the  only 
a 

difference  in  the  forms  of  the  equations. 

Because  x  and enter  the  first  equation  in  the  same 

ax 

way,  it  is  clear  that  the  values  of  x  and must  be  the 

aa 

roots  of  the  equation ;  and  in  like  manner,  it  is  clear  that  the 

values  of  x  and  — —  must  be  the  roots  of  the  second  equa- 

tion. 

To  find  the  roots,  we  square  the  members  of  the  equations, 

andget(.-A)'=0,(._^y=^,or«._?^,-^  =  0, 
\        axl  \        aacf      a^  a      aro?       ' 

2g       <?        V  45 

and  a? y  -r-,  =  -=;  and  by  adding  —  to  the  members 

a       aV      a'  a 
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of  the  first  of  these  equations,  and  —  to  those  of  the  second, 

a 

they  become  a?  +  ^+=an(la?+%=^  + 
a       ti  ar       a  a      trar      or 

%  or  (.  +  Ay  =  *^  and  (.  +  ^y=^  +  !£;  and  ex- 

tracting  the  square  roots  of  the  members  of  these  equations 

in  the  arithmetical  sense,  we  get  x  -\ =  2y  -  and  x  + 

a/x  a 

ax  a      a^ 

If  we  take  the  lialf  sum  and  half  difference  of  the  equa- 
tions a?  —  A  =  Oand  x  +  —  z^  2i/^,  we  get  x  =  i/-  and 
ojx  ^  ax  a  a 

z^z=.  —  y      for  the  roots  of  the  equation  «?*  =  -♦ 

wx  a  a 

Hence  we  clearly  perceive  the  reason  why  the  square  root 

of  aj*  =  -  is  usually  written  in  the  form  a?  =  ±  i/-  /  viz., 

a  a 

because  the  sign  +  in  ±  is  taken  to  express  the  arithmetical 

root  85  in  flj =  0,  while  the  sign  —  is  used  to  express  the 

algebraic  root 

ax 

Again,  if  we  take  the  half  sum  and  half  difference  of  the 

equations  x = and  x  •{ =y h-i»we  shall 

^  ax  a  ax  a      a^ 


have  fl?  =  —  o-  +  ^r-  +  -a  =  —  ^-fr-H-.—,  and 

2a     2      a      a*         2a  a     4ccr  ax 

=  —  ^ y   -  +  T-^,  for  the  roots  of  the  equation  aj*  +  -a 

=  ^;  and  it  is  clear  that  these  roots  are  the  same  that  we 

a 
have  found  in  (1). 

If  we  put  y= ora?y= ,  the  equation  x = 

becomes  a?  +  v  =  —  /  consequently,  tie  solution  of  the 

a  a 

equation  a^  +  -^  =  -  is  reduced  to  that  of  the  equationB  x  -f 
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h                           C 
y  = and  a?y  = y  noticing  that  the  values  of  x  and  y 

b        c 
are  the  roots  of  the  equation  a?  -f  -a?  =  -.    Because  {x  +  yf 
*  ad 

-4ay  =  (aj-y)«  =  |  +  ^,wegetaj-y  =  |/^+^;;  con- 

sequently,  the  solution  of  the  equations  a?  +  y  =  —  -  and  xy 

=  — -  is  reduced  to  that  of  tiie  equations  x^  y  = and 

a  * 

a?  —  y  =  y  —  +  — ,  and  the  values  of  x  and  y  will  be  found  to 
a      a? 

h  c 
give  the  same  values  of  the  roots  of  the  equation  a?  -f  -a?  =  - 
*^  a       a 

as  we  have  previously  found. 
Thus,  if  we  compare  the  equation  a?  +  2aj  =  15  to  a?  + 

HB  =  ^,  -  and  -  will  be  represented  by  2  and  15 ;  conse- 
a       a  a         a 

h  c 

quently,  the  equations  a;  +  y  =  —  -  and  ajy  =  —  -  will  be- 
come a  +  y  =  —  2  and  ay  =  —  15,  and  thence  we  shall  have 

x  —  y^y  — H-a=  1/60  +  4  =  8 ;  hence,  by  taking  the 
half  sum  and  half  difference  of  the  equations  a?  +  y  =  —  2 
and  a?  —  y  =  8,  we  get  a?  =  3  and  y  =  —  5  for  the  roots  of 
the  equation  a?  -f  2a5  =  15. 

If  we  represent  the  roots  of  the  equation  a?*  +  -a?  =  -  or  of 

its  equivalent  aj«  +  -a?  —  -  =  0  by  /•  and  /  /  then,  since  r  + 

r'  =  ^- and  rr^  ^-^  -,  we  shall  clearly  have  aj^  +  -a?  — ^ 
ad  »        a 

—  (a._7.)(a.  — /)  =  0;   and  the   expression  a? -f -a? is 

resolved  into  the  factors  a?  —  r  and  a?  —  /,  agreeably  to  what 
has  heretofore  been  proved. 

Moreover,  by  taking  the  first  derived  equation  of  ar»  -f  -^ 

=  %  we  get  2aj  +  *  =  0,  or  a?  =  -  |-/  which  being  equal  to 


a  a 
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half  the  sum  of  the  roots  of  a*  +  -35  =  -,  it  is  clear  if  the  roots 

a        a 

■L  * 

are  real  that must  lie  between  them ;  which  is  in  con- 

2a 

formity  what  has  previously  been  shown. 

Hence,  if does  not  lie  between  the  roots  of  a?  +  -^ 

2a  a 

=  -  or  a?  +  -a?  —  -  =  0,  it  follows  that  they  must  be  impos- 
a  cff       a 

sible  or  imaginary. 

Thus,  if  we  take  the  equation  a?  +  2aj  +  3  =  0  for  an  exam- 
ple ;  we  have  —  -_  =  —  1,  which  being  put  for  a?  in  a?  +  2« 
2a 

+  3,  gives  the  positive  result  2.  Also,  if  we  put  aj  =  ±  00 
=  ±  an  unlimitedly  great  number  for  a?,  in  aj*  +  2a?  -f  3 ; 
the  results  are  also  positive.  Hence,  since  aj*  +  2aj  +  3  does 
not  change  its  sign  between  a?  =  —  1  and  a?  =  ±  00,  it  fol- 
lows that  the  roots  of  aj*  +  2aj  -h  3  =  0  are  impossible  or  im- 
aginary ;  indeed,  the  solution  of  the  equation  gives  »  =  —  1 
±  |/^^^ ;  which  are  impossible  roots. 

(3.)  The  solution  of  the  equation  ar  +  -a?  =  £,  can  be  re- 

a        a 
duced  to  that  of  a  pure  quadratic. 

For,  put  »  +  2"  =  y  or  a?  =  y  —  --,  and  we  shall  get 

(7    \2  7  7»2  1 

a?  +  X- )  =  ar  +  -a?  -f  — 3  =  ys ;  consequently,  since  aj?  +  -a? 

=  -,  we  shall  havey*  =  -  + 1— ,  ory  =  ±  y  -  +  7—,.    Hence, 

aj  =  y  — —  gives  a?  =  —  —  ±  y  -  +  7--,  ^^  the  roots  of  a? -h 

l        0     "" 
-a?  =  -. 
a        a 

B&marks. — 1.  If  we  have  the  general  equation  a^  +  Aaf  ~* 

-f  Baf-«  +  Caj«-» -f +Paj  +  Q  =  0,and  puta?+~  = 

n 

A  A 

yorx  =  y ;  then  if  we  put  y  —  ±  for  x  in  the  given 

n  n 

equation,  it  will  be  changed  into  an  equation  of  the  form  y* 

+  By-»  +  Cy-'  +  etc.  =  0 ;  an  equation  which  wants  its 
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second  term.^    For,  by  the  binomial  formula,  we  have  a^  = 

(A  \n-l 
y \      =  Ay"-^  —  etc.,  and  so  on.     Hence,  by 

addition,  we  get  of  +  Aaf-^  +  Baf -*  +  etc.  =  y"  +  By-'  + 
Cy -*  +  etc.  =  0,  since  the  coefficient  of  y""*^  is  0. 

2.  It  is  clear  if  ^  =  2,  that  the  preceding  transformation 

will  change  ar*  -f  -a?  —  -  =  0  into  the  pure  quadratic  equation 
a        a 

%?■ 5  —  -  =  0 ;  which  gives  y*  =  -  +  ~--,  as  above. 

3.  It  may  be  noticed,  that,  in  the  reduction  of  a  question 
to  a  quadratic  equation,  we  can  often  so  represent  whatever 
is  to  be  found,  as  immediately  to  obtain  a  pure  quadratic. 

Thus,  if  we  wish  to  divide  100  into  two  such  parts,  that 
the  sum  of  their  square  roots  may  be  14 ;  then  if  we  repre- 
sent the  roots  by  7  +  a?  and  7  —  a?,  their  sum  will  equal  14, 
and  we  shall  get  (7  +  xj  +  (7  —  a?)'  =  100,  or  98  +  2aj»  = 
100  or  a^  =  1  and  a?  =  1.  Hence,  7  +  a?  and  7  —  aj  become 
8  and  6,  which  are  the  roots  of  the  sought  squares,  for  8  +  6 
=  14,  and  8«  +  6'  =  64  +  36  =  100. 

(4.)  Any  equation  of  the  form  aj^  +  aaj"  =  S,  which  is  such 
that  the  index  of  x  in  one  of  the  terms  is  twice  as  great  as  it 
is  in  the  other  term,  is  of  such  a  form  that  a?"  may  be  found 
by  the  solution  of  a  quadratic. 

For  if  we  put  a?^  =  y,  we  get  aj'*'  =  y^ ;  consequently,  the 
proposed  equation  is  reduced  to  the  quadratic  y*  -f  {?y  =  ft. 

Hence,  if  t  and  /  denoter  the  roots  of  the  quadratic,  we 
shall  have  a"  =  r  and  »"  =  /  /  consequently,  if  we  extract 
the  n^  roots  of  these  equations,  we  shall  have  the  required 
values  of  a?,  or  those  values  which  will  satisfy  the  equation 
aj^  +  oaf  =  ft. 

Thus,  if  ^i  =  2,  a  =  2,  and  ft  =  24,  the  equation  in  a?  be- 
comes a^  +  2ai'  =  24,  and  thence  the  equation  in  y  becomes 
^  4-  2y  =  24,  whose  roots  are  4  and  —  6.  Hence,  the  equa- 
tions a^  =  r  and  a?"  =  /  become  a?  =■  4  and  0?-=:  —  ^^  con- 
sequently, extracting  the  square  roots  of  these,  we  get  a?  =  ±  2 
and  a?  =  ±  t^— 6  for  the  roots  of  the  proposed  equation ;  the 

26 
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first  two  being  real  and  the  last  two  impossible  or  im- 
aginary. 

Rema/rh. — ^An  equation  which  is  not  given  in  the  form 
a?"  +  oaf*  =  J,  can  often  be  reduced  to  it  Thus,  if  we  take 
the  equation  x  4-  V2x  -f  9  =  13 ;  then  if  we  multiply  its 
members  by  2  and  add  9  to  the  products,  we  shall  get  2®  -h 
9  +  2  V2x  +  9  =  35,  which  is  of  the  requisite  form. 

For,  by  putting  V2x  -f  9  =  y,  we  have  y*  +  2y  =  35 ; 
whose  roots  give  y  =  5  and  y  =  —  7.  Hence  we  have 
V^x  -f  9  =  6  and  V2x  -f  9  =  —  7 ;  which,  by  squaring  and 
reducing,  give  a?  =  8  and  a?  =  20 ;  noticing,  that  »  =  20  re- 
quires the  radical  in  the  proposed  equation  to  be  taken  with 
the  sign  — . 

(5.)  When  two  or  more  separate  equations,  containing  as 
many  unknown  letters  as  there  are  equations,  are  to  be 
solved,  then  the  general  method  of  proceeding  (whatever 
may  be  the  degree  of  one  or  more  of  the  equations)  consists 
in  reducing  their  solution  by  the  methods  of  elimination 
given  ia  Simple  Equations,  to  that  of  a  single  equation  con- 
taining one  unknown  letter.  Hence,  if  the  single  equation 
can  be  solved  by  the  rule  for  the  solution  of  quadratic  equa- 
tions, the  solution  of  the  given  equations  is  reduced  to  that 
of  a  quadratic. 

Thus,  if  we  take  the  equations  o?  +  xy=  a  and  y*  —  ajy  = 

b  for  an  example,  then,  since  the  second  gives  x  =  Vi^^^ 

if 

the  first,  by  the  substitution  of  this  value  of  a?,  is  easily  re- 
duced  to  (tl)'+y«-J  =  a,  or  2^-i+i*y*=-|; 

if 

which,  by  putting  y*  =  2,  becomes  the  complete  quadratic 

^ — —  zz=i ;    consequently,  the    solution   of  the 

2  2 

given  equations  is  reduced  to  that  of  a  quadratic. 

When  two  equations  containing  two  unknown  letters  are 
proposed  for  solution,  there  are  particular  methods  of  elimina- 
tion (such  as  those  given  in  Simple  Equations,  which  result 
from  the  forms  of  expressions)  that  are  often  preferable  to 

the  general  methods.    Since  the  solution  of  a?  +  -a  =  -  has 

a       a 
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in  (2)  been  reduced  to  that  of  the  equations  03  +  y  =  — 

-  and  ay  =  —  ^  it  is  clear  that  one  of  the  most  important 

of  theee  methods  consists  in  reducing  (when  it  is  possible) 
the  solution  of  the  given  equations  to  that  of  two  equations 
of  the  forms  x  +  y  =  a  and  wy  =p;  in  which  a  and  p  are 
given,  while  x  and  y  are  the  unknown  letters. 

For  an  example  of  this  method,  let  the  equations  x  +  y=z 
a  and  uf  +  j^  =  bhe  given,  to  find  x  and  y. 

By  division  we  get  — ±-^  =  aJ^  —  ajy  +  y*  =  (»  +  y)*  — 

8an/  =  -,  or  a*  —  3p  =  -  /  consequently,  we  have  jp  =  —  ""   , 
ad  Sa 

and  the  solution  of  the  given  equations  is  reduced  to  that  of 
the  equations  x  -hy  =  a  and  xy  =:p  = . 

For  another  example,  take  the  equations  x  +  y  =  a  and 
aj*  +  y*  =  &. 

From  the  second  equation  we  get  a^H-  y*  —  2aj*y^  =  &  —  2p\ 

or  (»»  -  j^»  =  (aj  +  y)\x  -  yf  =  a\a?  -2xy  +  ^  =  a'[{x  + 

yf  —  4a?y]  =  J  —  2p%  or  a\a^  —  4p]  =  5  —  2p\  which  is  easily 

J 1* 

reduced  to  the  quadratic  p^  —  2a^  = Completing 

2 

the  square,  etc.,  we  have  ^  —  2a^  +  aj*  =  a*  + = 


<**  +  5  9        ,   M  /a*  4-  J  Q  .   ^  /a*  4-  h 

_J^,orjp-a«=±|/_^,  ori?  =  a»±|/— J^;  no- 

ticing  that  for  ±  we  must  use  — ;  supposing  x  and  y  are 
both  positive.  Hence,  the  solution  of  the  given  equations 
is    reduced    to   that    of   x  +  y  =  a  and   ocy  =  p  =  a^  — 


i/l 


+  b 


2 
To  illustrate  what  has  been  done,  take  the  following 


EXAMPLES. 


1.  Given,  4a?  —  30  =  33  —  Sa?*,  to  find  a?. 

By  transposition,  etc.,  we  get  as^  =  9 ;  consequently,  the 
roots  of  the  given  equation  are  expressed  by  a?  =  ±  8,  or  .by 
»  =  3  and  a?  =  —  8. 
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2.  Given,  ^  _  ^  -  221  =  ^  +  669,  to  find  m. 

4         5  3 

Freeing  the  equation  from  fractions,  etc.,  we  have  a?  = 
8600 ;  consequently,  by  extracting  the  square  roots,  we  have 

aj  =  ±  60. 

3.  Given,  3(aj»-8)+2(4aj»-6)  =  8(ai»  — l)  +  22,tofinda. 

An8.  a?  =  ±  4. 


4.  Given,  V^—  25  =  12,  to  find  x. 

Squaring  the  members  of  the  equation  so  as  to  remove 
the  surd  sign,  we  have  »*  —  26  =  144 ;  consequently,  x  = 
±13. 

2ajx  +  Vq? 

6.  Given,  —p====-  =  Va^  +  aj*  to  find  a?. 

Freeing  the  equation  from  fractions,  etc.,  we  have  1M  = 
{fl  —  xf\  consequently,  extracting  the  square  root,  we  get 
5a?  =  ±  (a  —  aj),   or  fe  =  a -- a?  and  hx=  —a  +  x^  which 

give  x  = and  a?  =  —  - — -. 

Bemarks, — ^If  5  =  1,  the  first  value  of  x  becomes  a?  =  ^ 
and  the  second  becomes  aj  =  —  jr  =  —  qo  =  —  infinity ;  also, 
if  5  =  —  1,  the  first  value  of  x  becomes  a?  =  ^  =  oo  =  infin- 
ity, and  the  second  value  becomes  «?  =  x. 

Now,  since  the  given  equation  is  equivalent  to  2aaj  +  5*3? 
=iC?  +  ^^  if  we  put  ±  1  for  5,  it  will  become  2{WJ  +  a?  =  a* 
+  aj^.    Regarding  x  as  finite,  this  equation,  by  erasing  o? 

from  both  members,  reduces  to  2aa?  =  a^  or  a?  =  -,  which 

2 

accoimts  for  one  of  the  values  found  for  x  when  5  =  ±  1. 

K  X  equals  ±  oo  =  ±  infinity,  we  must  reject  the  terms  2ax 

and  a^  (since  a  is  supposed  to  be  finite)  from  the  equation 

2aaj  -f  aj^  =  a'  +  a^,  on  account  of  their  comparative  small* 

ness ;  consequently,  the  equation  is  satisfied  by  »  =  ±  a>, 

since  it  becomes  ix?  =  aj*. 
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6.  Given,  V^—o?  +  a?  =   ,  ^        ,  to  find  x. 

y  a?  —  ar  —  x 

The  equation  is  easily  reduced  to  —  a'  =  a?,  which  gives 
a?  =  ±  V—a^  =  ±  a  V—  1,  which  are  imaginary  values, 
since  a  is  supposed  to  be  real. 

7.  Qivm,  ^±±  +  ^-"^  =  -j^—,  to  find X. 

8.  Given,  Va  +  x  +  Va  —  x  =  V^,  to  find  x. 
Squaring  the  members  of  the  equation,  etc.,  we  easily  get 

^^a  —  ajs  =zh'-a;  then  squaring  the  members  of  this,  etc., 
we  get  a?  =  ±  V2ab  —  ^.  '- 

Otherwise,  by  putting  a  +  x=^^  and  a  —  a?  =  s*,  the 
equation  becomes  y  +  ^  =  Vib;  and  by  taking  the  half  sum 
and  half  difference  of  the  equations  a  -{-  x  =  '^  and  a  —  »  = 

s*,  we  get  y^  +  5^  =  2a  and  x  =  ?LZ: —    Squaring  the  mem- 

2 

bers  of  y  +  2  =  V^,  we  get  f'{'2y2+^  =  2J,  which,  sub- 
tracted from  2y'  +  2s^  =  4a,  gives  y*  —  2y2  +  2?  =  4a  —2^, 
or,  extracting  the  square  root,  we  have  y—z=±  V^a  —  2ft. 
Taking  half  the  products  of  the  corresponding  members  of 

-y^  — 3* 

y  +  s  =  Vih  and  y  —  2  =  ±  V^a  —  2ft,  we  get  x  =      ^     = 

±  i/2aft  —  ft^ ;  consequently,  we  have  the  same  values  of  x 
as  before. 

H&marks.—If  a  and  ft  have  like  signs,  and  a  is  numeri- 
cally not  less  than  -,  it  is  clear  th^t  the  values  of  x  will  be 

resly  and  that  they  will  be  0  when  »  =  ^ ;  but  if  a  and  ft 
have  unlike  signs,  or  if  they  have  the  same  signs,  and  a  is 

numerically  less  than  *    the  values  of  x  will  always  be 

*       2 
imaginary,  since  the  expression  under  the  surd  will  be 
negative. 
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A  ^ 


10.  QiveB,  -7===. -j^^k  =  ^,  to  find  x. 

y  a?  +  a*  —  r  ar  —  a' 

,  _L    4/1  +  «** 

11.  Given,  (a«  -  (?)»•  +  o&b  +  ^  =  (?  +  ^2^  Vc  -  aS>»,  to 
findce. 

^n^.  aj  = 77=-. 

12.  Given,  ?1±-^  =  2,  to  find  ».  J.7W.  a?  =  ±  a  V^. 

a3*  — a* 

13.  Given,  3aj«  —  3120  =  526  —  2aj»,  to  find  aj. 

^7i«.  aj  =  3  and  a?  =  —  3  are  the  only  real  values  of  • 
wliich  satisfy  the  equation. 

14.  Given,  3aJ*  —  Sla?*  =  0,  to  find  the  values  of  ». 

Since  the  equation  is  equivalent  to  (a?*  —  27)aj  x  a?  =  0,  it  is 
satisfied  by  putting  a?  =  0,  a?  =  0,  and  a?*  —  27  =  0 ;  conse- 
quently, 0,  0,  and  3  are  the  only  real  roots  of  the  equation. 

16.  Given,  a?"  =  a',  to  find  a?. 

To  simplify  the  equation,  put  x  =  ay,  then  we  shall  (by 
substitution)  get  ay  =  a',  or  y*  =  1 ;  consequently,  by  ex- 
tracting the  square  root,  we  have  y*  =  ±  1,  or  y*  =  1  and 
y*  =  —  1,  which  give  y  =  1  and  y  =  —  1  for  the  only  real 
values  of  y ;  hence,  a?  =  ay  gives  x^=^  a  and  a?  =  —  a  for 
the  only  real  values  of  x  which  satisfy  the  given  equation. 

Bemarks. — ^If  we  put  y  =  s  4-  1  and  y  =  s  —  1  in  the 
equations  y*  =  1  and  y^  =  —  1,  they  will  become  0^  +  33"  + 
30  +  1  =  1  and  0*  —  3;3*  +  Ss  —  1  =  —  1,  which  are  easily 
reduced  to  (0*  +  3^  +  S)z  =  0  and  (3*  —  3^  +  3)3  =  0. 
These  equations  are  satisfied  by  putting  3  =  0,  which  give 
y  =  1  and  y  =  —  1,  as  before ;  consequently,  we  shall  get 
»  =  a  and  a?  =  —  a. 

Again,  the  equations  are  also  satisfied  by  putting  s*  +  33 
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4-8  =  0  and  s*  —  33  +  8  =  0,  which  are  complete  quadratics. 

Dividing  these  equations  by  s,  and  putting  them  under  the 

3  8  /        3\* 

forms  0  +  -  =  —  3  and  3  +  -  =  3,  we  get  (s  -f  - j  —  12  = 

L  ~  ?y==  -  3  and  U  +  ^J-  12  =(0-  ?Y=  ~  3;  con. 
sequently,  by  extracting  the  square  roots  in  the  arithmetical 

sense,  we  get  0 =  V^8  and  3 =  1^—3,  which  are 

identical  in  their  forms. 

By  taking  the  half  sum  and  half  difference  of  the  equa- 
tions  3  +  -  =  —  3  and  z =  4^—3,  we  get  =  — 5- 

and  ?  =  ""^~  ^""^  for  the  roots  of  3»  -f  80  -f  3  =  0 ;  and 

«  2 

3  3 

in  a  similar  way,  from  the  equations  25  +  -  =  3  and  z = 

z  z 

fCTs,  we  get  0=  ^+^""^  and  -  =  ^"^^^^  for  the  roots 

'       ^  2  3  2 

of  the  equation  s*  —  83  -f  3  =  0. 

XT                v                 .  i      —3+  i^^3  ^.      -1+  V^^ 
Hence,  we  have  y=z+i= +1= ^ 

andy  =  g  +  l  =  ~^~^^~^  +  l  =  ~^~^^~^fortwoof 
the  roots  of  the  equation  y"  =  1 ;  and  in  a  similar  way,  firom 

3/  =  3  —  1  we  get  y  = —  and  \ 

of  the  roots  of  the  equation  y*  =  —  1. 

i     I     a/,      o 

It  results  from  what  has  been  done  that  1,  31 , 

2 

and  ^         r  — 1>  (^vv^hich  are  sometimes  called  tl\s  cube  roots 

of  1)  are  the  three  roots  of  y*  =  1 ;  and  in  like  manner,  —  1, 

14-  4/113  ^^^  1-^^^  are  the  roots  of  y*=  -1. 
2  2 

If  we  multiply  the  preceding  roots  by  a,  we  shall  get  o^ 


3/  =  3  —  1  we  get  y  =  —  and  y  = for  two 


4 
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-.,  «(^i±i3),  ^=i^i^.  ^i±p).  -a 

^^^ — H-j  for  the  six  roots  of  the  equation  Qf:=a*;  no- 
ticing that  the  first  two  of  these  roots  are  real,  while  the 
remaining  four  are  imaginary. 

16.  Given,  aj*  -f  4aj  —  13  =^8,  to  find  x. 

Ana.  a?  =  3  and  a?  =  —  7. 

17.  Given,  3a?  —  5aj  -f  8  =  160,  to  find  x. 

Ana.  aj  =  8  and  »  =  — s- 

18.  Given,  —  22?"  +  7aj  =  —  4,  to  find  x. 

Changing  the  signs  of  all  the  terms,  so  as  to  make  the 
term  which  contains  a?  positive  (which  it  must  always  be 
before  the  square  is  completed),  we  get  the  equation  2a?  — 

7aj  =  4,  whose  roots  are  easily  found  to  be  4  and 

'  ^  2 

19.  Given,?Jl?  +  ?  +  i  =  7,tofind». 

aj  — 3      X     2 

3 

Arts.'  a?  =  4  and  a?  =  — . 

20.  Given,  the  proportion  4a5  -f  7  :  3aj  +  1  : :  9aj  -f  3  :  7a? 

—  9,  or  the  equivalent  equation  — Z_I  =       "^    ,  to  find  x. 
^  ^  3aj-fl      7a?-9' 

Ans.  »  =  11  and  a?  =  —  6. 

21.  Given,  ^Zll  +  ^  =  ^±^,  to  finda^. 

a— 1      aj  +  3       aj-2 

If  we  free  the  equation  from  fractions  we  shall  get  the 

24         55 
quadratic  23a?  -f  24aj  =  55  prar-f  —  «=  — ;  consequently, 

2o  2io 


completing  the  square,  etc.,  we  have  a?  4-  — a?  +  | — J  =  _ 

1409 

(23)* 


/12\*     1409  ^,       .12        ,  V1409       , .  ,      . 


^ ,  whoee  approximate  valaes  are  a?  =  1.110  and 


»  =  -  2.158. 
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22.  Given,  aj  +  -  =  5,  to  find  x. 
^  X        ' 


An8.  {0  =  2  and  x  =  i 


*     28.  Given,^i:^H-5i?^li)  =  5,tofindaj. 

-4n*.  »  =  8  and  x  =  5-. 
2 

24.  Given,  x"*  —  Sa?"^  =  —  2,  to  find  x. 

Ans.  x~^  =  1  and  x~^  =  2,  or  »  =  1  and  a  =  — 

2 

25.  Given,  g^  +  ^^   ^^^    =2,  to  find  a?. 

4  aj*  — 6 

The  equation,  when  freed  from  fractions,  etc.,  is  equiva- 
lent to  3a?* -29a?  =  -18,  or  a?*-??i^=  -6,  which,  by 

3 

29 
putting  y  =  a?,  is  reduced  to  the  quadratic  y*  — ^  =  —  6. 

(29        \*     841 
-^  -T-  2 j  =  —    to  both  members   of  the 

841 
36 

/•OK 

=  -^^;  consequently,  extracting  the  square  roots  of  the 
So 

29  25 

members  of  this  equation,  we  shall  have  y  — «-  =  ±  -^,  or 

29  ±25 

y  =  — 6— 

K  we  take  4-  for  ±  in  the  preceding  equatfon,  we  get 

54  4 

y  =  a?  =  — -  =  9 ;  and  if  we  take  —  for  ±,  we  get  y  =  ^,  or 

4  6 

a?  =  ^ ;  and  from  a?  =  9  and  a?  =  5,  by  taking  the  square 

roots,  we  get  a?  =  ±  3  and  x=  ±  —  for  the  roote  of  the 

o 

proposed  equation. 

26.  Given,  ?  4.—* ^  =  0,  to  find  a?. 

a?     a  — 1      a?  +  2 


.  ^    ,      29   ^841       /        29V  a   . 

equation,  ^e  get  y*  —  yy  -f  -^  =  ^y  —  -g- j  =  —  6  -f 


Ane.  aj  =  8  and  a?  =  i. 
4 
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27.  "  Given,  4aV  +  4aVa?  -f  4:abcPx  —  9cd^a?  +  {(k?+  bcPf 
=  0,  to  find  »." 

Because  the  equation  is  equivalent  to  {2ax  -\-a(^  +  icPf  = 
dccPa^y  we  get  (by  extracting  the  square  roots  of  the  membeiB 
of  this  equation)  2ax  +  a(^  +  i€P  =  ±SdVcxx. 

Hence,  we  easily  get   a?  = i and   a  =  — 

2a-t8dVo 
cu^  +  hcP 

2a  —  ZdVc 

28.  "  Given,  ma?  —  2mx  Vn  =  na?  —  mn,  to  find  x.^ 


Since  the  equation  is  equivalent  to  (»  Vmf  —  2  V'm'n .  0  4- 
?7m  =  (a?  Vm  —  Vmn)*  =  na?^  we  get  (as  in  the  last  question), 

A/im/n 

X  i^m  —  Vmn  =  ±xVn:  and  thence  x  =  —7^=: r=  and  a? 


^17171 


l/m—  Vwp 


29.  «  Given,  «?  ±12^'«^  -  f^i^^+i  +  i^  +  ^i^^)^ 

+  ^  V{a  +  5)c  =  0,  to  find  a?." 

Putting  -^Lt — ?^  =  A  and  dividing  by  Ax.  the  equa- 
9J*  —  3a'J* 

tion  (by  transposition)  is  easily  put  under  the  form  x  H- 

4  ^^^±^  =  '-^p  +  (1  +  2^)^4^.  ,hieh  (accord- 
aJA         a:  3t^A  (3  — a*)A    '  ^ 

ing  to  what  has  heretofore  been  shown)  is  such  that  the  values 

of  »  and  -4ir  —  *re  the  roots  of  the  proposed  equation. 

•      aoA.       -a? 

To  find  these  values,  we  square  both  members  of  the  preceding 

4:cd    . 

equation  and  subtract  ^jj  r  (a  +  h)c  from  the  squares,  and 

then  extracting  the  square  roots  of  the  results  in  the  arith- 
metical  sense,  we  get  (»  -  ^  1^«±^  ^  h^T^T^  _ 

^  /t  ^^*^,^.    Hence,  by  taking  the  half  sum  and  half 
(3  — -<v)h. 

difference  of  this  and  the  preceding  equation,  we  get  x  = 
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3J«A  aJ(l  H-  2J*)  oiA     a?      ""  (3-a*)A 

=  — ? ?,  for  the  roots  or  values  of  a?  in  the  proposed 

equation. 

30.  Given,  oo?  +  Sa?  =  c,  to  find  ». 

K  we  multiply  the  terms  of  the  equation  by  4a  (or  four 
times  the  coefficient  of  the  square  of  the  unknown  letter), 
and  add  V  (or  the  square  of  the  coefficient  of  the  simple 
power  of  the  unknown  letter)  to  both  sides,  we  shall  get 
4aV  -f  4aJa5  +  5*  =  J»  +  ^ac  or  (2afl?  -f  Vf  =  J'  +  4a<?/  con- 
aequently,  by  extracting  the  square  root  in  both  members,  we 

shaU  get  2aa?  +  S  =  ±  V J*  +  4ao  or  a?  =  -  &  ±  i^^  +  4gg^ 

2a 

Bema/rks, — 1.  Resuming  x  =  II — =— - —      ^,  then  (a 

2a 

being  positive)  if  c  is  positive,  since  J'  +  4ac  is  not  less  than 

J^,  it  follows  that  VJ^  -f  4atf  is  not  less  than  h  ;  consequently, 

when  c  is  greater  than  0,  the  values  of  x  must  be  real  and 

have  contrary  signs ;  and  when  o  =  0,  one  of  the  values  of 

-J 
w  is  0,  and  the  other  equals  — -• 


a 


2.  If  0  is  negative,  we  have  x  = =— /  which 

shows  if  iae  is  not  greater  than  J',  that  the  values  of  x  must 
have  the  same  sign  as  —  J  /  and  that  they  will  be  equal 

when  4ac  =  h\  and  that  ^^  is  their  common  vahie. 

2a 
•  If  4ao  is  greater  than  J*,  since  J'  --  4a<?  is  negative,  it  fol- 
lows that  the  values  of  x  will  be  impossible  or  imaginary, 

3.  Resuming  the  equation  aa?  -f  &»  =  <?,  then  if  c  is  finite 
and  a  an  infinitesimal,  by  supposing  a?  =  oo,  or  to  be  infinitely 
great,  we  must  reject  c  on  account  of  its  comparative  minute- 
ness, and  we  shall  have  aa?  +  &b  =  0  ora?=  —  -  =  —  oo  = 

a 

an  unlimitedly  great  result. 

Again,  still  supposing  a  to  be  an  infinitesimal,  if  we  regard 
X  as  being  finite,  Uien  on  account  of  the  minuteness  of  a,  we 

must  reject  (xa?^  and  shall  thence  get  Ja?  =  c  or  a?  =  -. 
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31.  Given,  o^  —  2aaf  =  J,  to  find  a?. 

Adding  a*  to  both  members  of  the  equation,  we  get  a^  — 
2aaj"  +  a*  =  (iB"  —  a)*  =  a*  +  J  /  consequently,  by  extracting 
the  square  roots,  etc.,  we  get  af=:a±  Vd^  +  h  or  a?  = 

n 

Remark. — ^If  the  given  equation  had  been  »"  —  2aa?^  =  5, 
we  should  have  found  x  =  y{a  ±  Vc^  +  h)\ 

•32.  Given,  VWT^  =  a?  —  4,  to  find  x. 
By  transposition,  the  equation  can  be  put  under  the  form 
0?  —  V2q^  H-  7  =  4,  then  multiplying  the  members  by  2  and 
adding  7  to  the  products,  we  get  2aj*  +  7  —  2  V^oi?  +  7  =  15 ; 
consequently,  putting  y  =  V^ar^  +  7,  the  equation  is  reduced 
to  the  quadratic  y^  —  2y  =  15.  Solving  the  quadratic,  we 
get  y  =  l±4ory  =  5  and  y  =  -—  3 ;  consequently,  by  re- 
storing the  value  of  y,   we  shall  get  V^oif  +  7  =  5  and 

V^gf^i  =  —  3.  If  we  suppose  the  radical  in  the  given 
equation  to  be  positive,  it  is  clear  that  the  second  of  the  pre- 
ceding equations  must  be  rejected,  and  that  the  values  of  x 
must  be  found  from  the  equation  V2^  -f  7  =  5.  Squaring 
the  members  of  this  equation,  we  get  2a^  -f  7  =  25  or  aj*  =  9, 
whose  square  root  gives  a?  =  ±  3 ;  consequently,  if  a?  is 
required  to  be  positive,  we  must  reject  the  equation  a?  =  —  3 
and  put  a?  =  3. 

33.  Given,  a^  —  4a?  +  Sa?*  —  8aj  =  1365,  to  find  the  positive 
value  of  X. 

By  extracting  the  square  root  of  the  fii*st  member  of  the 
equation,  it  is  easy  to  put  it  under  the  form  (a?*  —  2aj)'  + 
4(a?  —  2a?)  =  1365 ;  consequently,  putting  a?*  —  2a?  =  y,  the 
equation  is  reduced  to  the  quadratic  y^  +  4y  =  1365.  Solv- 
ing the  quadratic,  we  get  y  =  a?  —  2a?  =  35,  and  thence 
aj  =  7. 

34.  Given,  aj"  —  3  =  »y  ;^  —  1,  to  find  a?,  supposing  the 

radical  is  positive. 

The  equation  being  equivalent  lo  as*  —  3  =  V^  —a?,  ib 
easily  reduced  tb  5  —  a?  +  Vb-^v?  =  2 ;  consequently,  a?  =  2. 
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35.  Given,  VSx^^  +  4^2^"^^  =  4  +  V5x  —  22,  to  find 
Xy  regarding  the  radicals  as  being  positive.  Ana.  x=z7. 

'36.  Given,  ^^  +  ^  H-  a?  ^  (^  ^  ^y^  ^  ^^  tl^^  ^^  ^ ^^^ 
Va^  +  l-'X 
of  X.  Ana,  a  =  ±  ^^. 

37.  "Given,  \/x--  +  |/l  -  -  =  «,  to  find  »/' 
Transposing  y  1 and  squaring,  we  get  \yx )  = 

X  ^  X' 

Ix  —  y  1 1 ,  or  a  =  a?*  —  2  i/oj*  —  a?  +  Ij  which  is  easily 

reduced  to  a?  —  a?  —  2  Vsx?  —  a?  +  1  =  0,  whose  square  root 
gives   ViJ^  —  aj— 1  =  0,  ora^  —  a;  =  l;  solving  this,  we  get 

Otherwise. — ^If  we  put  ^=  a? and  2'  =  1  —  - ,  tlie  given 

X  X 

equation  will  be  reduced  to  y  +  ^  =  a?. 

Subtracting  the  second  of  the  assumed  equations  from  the 
first,  we  get  y*  —  is'  =  (y  +  s)  (y  —  s)  =  a<y  —  s)  =  a?  —  1, 

which  gives  x  = . 

Hence,  we  get  y  +  ^  =  _ ,  or  y  +  s  -f  2'—  y*  =  1 ; 

1  +  ^  — y 

and  from  2*=! =  1—  (1  +2-—  y)  =  y  —  0,  the  equation 

is  reduced  to  2y  —  y^  =  1,  or  y^  —  2y  +  1  =  0,  or  y  =  1. 
Hence,  the  equatiqp  y  +  2  +  3^--y^  =  l  reduces  to  ^  +  z 

=  1,  whose  solution  gives  2  =  — — 5 ;  consequently,  we 

X.                  ^          i.-l±i^l±i^ 
have  aj  =  yH-3  =  l  + ± =  -^ 

38.  Given,  Va  +  x  -f  Vb  +  x  =  Vc  -f  2a?,  to  find  x. 

Put  j^  =  a  +  Xj  s*  =  J  +  a?,  and  v^  =  c  +  2x;  then  the 
equation  becomes  y  +  3  =  t?,  or  y*  +  2y3  -f  55*  =  ^. 

From  the  assumed  equations  we  have  y*  +  3'  =  a  +  J  + 
2x  =  a+b--c  +  i^y  which  reduces  the  preceding  equation 
to  2y3  =  c  —  (a  +  i). 
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Also,  from  the  assumed  equations  we  have  y*—  ^=z  a  —  b^ 
whose  square  gives  y*  —  2y^0*  -\-  ^  =  {a  —  h)\  and  adding 
4^^  =  [^  -;  (^  -I-  J)]a  to  this,  we  have  /  +  2j^^  -\-  ^  = 
{a  —  S)*  +  [c  —  (a  -f  J)]*,  and  denoting  the  square  root  of 
this    by  A,  we    have    y^  +  s*  =  A.      Hence,  from    x  = 

39.  Given,  a?  +  y  =  a  and  ajy  =  J,  to  find  x  and  y. 

40.  Given,  ax-yty^^c  and  asy  =  <i,  to  find  «  and  y, 


2a  ^  2ft 

41.  Given,  a?  +  y*  =  a  and  Ja?*  —  <?y*  =  <Z,  to  find  a?  and  y. 

^n..  aj=  ±|/4±^  andy=  ±|/$^. 

42.  Given,  aj  +  y  =  a  and  —  +  ?l  =  J,  to  find  a?  and  y. 

y       a? 

Multiplying  the  terms  of  the  second  by  ajy,  and  dividing 

by  the  corresponding  members  of  the  first,  we  get  — —^  = 

x  +  y 

aj^  ~  ajy  4-  y*  =  ~xy^  or  a?  —  ?LZ__a?y  -f  y*  =  0. 
a  a 

Because  the  first  equation  gives  a?  +  2ajy  -f  y*  =  a',  we 
easily  reduce  the  preceding  equation  to    ^       xy  =  a*,  or  xy 


Za  +  b 

Hence,  the  solution  of  the  given  equations  is  reduced  to 

that  of  the  equations  x  '\-y^=^a  and  xy  = -. 

oa  +  b 

If  a  =  12,  and  J  =  18,  we  shaU  have  ay  =:1|??  =  33; 

54 

consequently,  from  a?  +  y  =  12  and  ay  =  32  we  get  »  =:  8 

and  y  =  4,  or  a?  =  4  and  y  =  8. 

43.  Given,  a?  +  ajy  ==  a  and  ay  +  2y*  =  J,  to  find  x  and  y. 

From  the  first  y  = ,  which,  being  substituted  in  the 
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second,  wc  get  2l^^:i^J  +  a  -  ar  =  J,  or  a?*  -  {Sa  +  h)s?  = 

—  2a' ;  whose  solution  gives  »=  ±  l — ! — == — —- j   ; 

consequently,  having  found  a,  we  get  y  from  the  equation  y 
a  — a? 


If  a  =  56  and  J  =  60,  we  get  ¥a^  +  6(2*  +  J*  =  164  and  » 
=  ±  V114  ±  82  =  ±  14,  aj  =  ±  4  V^. 

Hence,  if  we  take  the  rational  values,  we  have  a?  =  ±  14, 
and  y  =  =F  10. 

44.  "  Given,  J^-  =  a,    ^^    =  J,  -?J!!^  =  c,  to  find  a?,  y, 
a?  +  y  y-f^  aj  +  3 

ands." 

Dividing  the  numerators  and  denominator  of  the  first 
members  of  these  equations  by  xj/z,  the  equations  become 

—  a, =  J, .  =  t?,  which  are  easily  re- 


yz      xz  xz      xy  yz      xy 

diicedtoi4-l  =  i,l  +  l=il  +  l  =  l. 

ys      ars      a  a?3      ajy,     o  yz      xy      c 

If  from  the  half  sum  of  these  equations  we  subtract  the 

equations  severally,  we  shall  get  —  =      "^  ^f "~   ^,  —  = 

xy  2aoc  yz 

ab  +  hc  —  do    1_J^  ac  -{-be  —  ai 

2abc       '  xz  ~         2ab€ 

Dividing  the  second  of  these  by  the  product  of  the  first 

and  third,  and  extracting  the  square  root  of  the  result,  we 

have  «=  ±  V       -g^M^+f^-^)  .  and  in  a  dm- 

^  {ab  +  ac  —  be)  .{ac  +  be  —  ab) 

liar  way  we  get  y=  ±|/    ,— Vr  .  x  .  J v 

^  {ab  +  ao  —  bc).{ai  +  bo-- ac) 

/  2abc{ab  -\-  ac  —  bc) 

^      ^  (ab  ^-bc  —  ac)  .{ac  -^-bc  — ah) 

QUESTIONS   PRODUCING   QUADRATIC  EQUATIONS. 

1.  To  find  two  numbers,  such  that  the  ratio  of  the  greater 
to  the  less  shall  be  5,  and  their  product  845. 
Tlie  numbers  may  be  represented  by  x  and  5a;,  since  the 


416  ELEMENTARY    AND    HIGHER    ALGEBRA. 

greater  is  5  times  the  less ;  consequently,  we  must  have  5a? 
=  846,  or  a?*  =  169  =  13^  which  gives  a?  =  ±  13.  Hence, 
supposing  the  numbers  to  be  positive,  we  shall  have  13  and 
65  for  the  numbers. 

2.  To  find  two  numbers,  such  that  their  sum  shall  be  20 
and  their  product  75. 

K  10  +  a?  and  10  —  a?  stand  for  the  numbers,  then  one  of 
the  conditions  of  the  question  is  satisfied,  since  their  sum  is 
20;  and  to  satisfy  the  other  condition,  we  must  have 
(10  H-  x) .  (10  —  a?)  =  100  —  a?  =  75,  or  a?  =  25 ;  consequently, 
by  extracting  the  arithmetical  square  root  of  25,  we  get 
aj  =  5,  so  that  10  +  a?  and  10  —  a?  become  15  land  5. 

8.  liCt  2a  and  p  stand  for  the  sum  and  product  of  two 
numbers  or  quantities;  then  it  is  required  to  find  them. 
The  first  condition  of  the  question  is  satisfied  by  representing 
the  numbers  or  quantities  hj  a  +  x  and  a  —  a?,  whose  sum  la 
26^/  and  to  satisfy  the  second  condition  we  must  have  (fl^+ap) 
(a  —  a?)  =  a'  —  ar*  =  ^,  or  a?*  =  a*  —  ^,  whose  arithmetical 
root  gives  x  =  Va?-  —p.  Hence,  a-\-  x  and  a  —  x  become  a 
-f  Va?  —p  and  a  —  Va^--pj  which  satisfy  the  conditions  of 
the  question. 

4.  To  find  two  numbers  whose  difference  is  8  and  pro- 
duct 240. 

Eepresent  the  numbers  by  a?  +  4  and  a?  —  4,  and  their  dif- 
ference will  be  8,  agreeably  to  the  conditions  of  the  question. 
To  satisfy  the  other  condition  of  the  question,  we  must  have 
(aj  +  4)(aj  —  4)  =  a?^— 16  =  240  or  a?  =  256;  whose  arith- 
metical square  root  gives  a?  =  16.  ^^ 

Hence,  x  +  4:  and  a?  —  4  become  20  and  12,  which  are  the 
sought  numbers. 

5.  To  find  two  numbers  or  quantities  whose  difference  is 
2d  and  whose  product  is  p. 

Representing  the  numbers  or  quantities  by  a?  -f  <2  and 

X  —  dyVre  have  o?  —  6}  =^p  or  a?  =  Vjp  +  d? ;  consequently, 

we  shall   have  the  numbers  or  quantities  represented  by 

Vp  -^  dr  +  d  and  Vjp  -f  aP  —  d;  which  satisfy  the  conditionB 

of  the  question. 

6.  If  2a  and  V  represent  the  sum,  and  sum  of  the  squares 
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of  two  nnmbers  or  quantities,  then  it  is  required  to  find 
them. 

H  a  +  X  and  a  —  x  represent  the  numbers  or  quantities, 
then  one  of  the  conditions  of  the  question  is  satisfied ;  and  to 
satisfy  the  other  condition  we  must  have  the  equation  {a  + 

xf  +  (a  -  xf  =  2a»+  2a?  =  J*  or  a?=  ^-II^*;  whose aiith- 

metical  root  gives  x  =  y — — — . 

Hence,   we  have  a  +  x  and  a  —  x  expressed  hj  a  + 

^^E^  and  a  -  >/?-Il^';  which  wiU  be  real  if  J«  is 
2  2 

not  less  than  2a\  and  positive  if  y — - —  is  not  greater 

than  a. 

7.  Given,  2d  and  J*,  the  difference  and  sum  of  the  squares 
of  two  numbers  or  quantities,  to  find  them. 

Representing  the  numbers  or  quantities  hjx-\-d  and 
x  —  d^hj  proceeding  as  in  the  last  question,  we  shall  have 

\/^JZ^.  +  d  and  \/^——  -  d  for  the  sought  numbers 

or  quantities ;  which  will  be  real  if  2e?  is  not  greater  than  h\ 

/j4 2d' 

and  positive  if  y is  not  less  than  d. 

8.  To  find  a  number  or  quantity,  such  that  if  it  is  sub- 
tracted from  2a,  and  the  remainder  multiplied  by  the  num- 
ber or  quantity,  the  product  shall  equal  h. 

If  we  represent  it  by  a  +  a?,  the  remainder  will  be  a  —  a?, 
and  vice  versa  ;  consequently,  we  shall  liave  {a  -f  »)  (^  —  a?) 
=ma}  —  or  =zh  or  a?  =  a^  —  by  which  gives  aj  =  ±  Va^  —  J. 

Hence,  the  sought  number  or  quantity  is  a  ±  Va*—-h; 
since  [2a- {a  ±  V^^^].{a±  Vc^^^)^  {a^:  Vc^'l), 
{a  ±  y^?"==l)  =  a*  -  (a^  ~  J)  =  J. 

9.  Given,  2a  and  i,  the  sum  and  the  sum  of  the  cubes  of 
two  numbers  or  quantities,  to  find  them. 

Representing  them  by  a  +  a?  and  a  —  Xy  the  first  condition 
is  satisfied;  and  to  satisfy  the  second  condition,  we  have 

27 
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[a  4-  »)»  +  (a  -  aj)»  =  2a«  +  6(M?»  =  6  or  a5»  =  *Z1?^  which 

^ves    aj  =  V    ~Z   ^ '      Hence,    a  +  a/-^ —   and  a  — 
/h  -  2a» 


are  the  sought  numbers  or  quantities;  which  will 


be  real  if  2a^  is  not  greater  than  J,  and  positive  if  a/ ^ 
is  not  greater  than  a. 

10.  Given,  ^d  and  J,  the  difference  and  difference  of  the 
cubes  of  two  numbers  or  quantities,  to  find  them. 

Eepresenting  them  hy  x  +  d  and  a?  —  <Z,  we  have  (a?  +  df 

^{x-df=ex'd-h2d'=^h.     Hence  a/^ ""^^  +  (?  and 

•^       6a 

j/ —  —  dj  are  the  sought  numbers  or  quantities  j  which 

^      6d 

will  be  real  if  2d^  is  not  greater  than  J,  and  positive  if  <?  is 

not  greater  than  |/-"~ 
^       6d 

11.  To  divide  the  number  or  quantity  2a  into  twp  parts, 
such  that  their  product  shall  be  to  the  sum  of  their  squares, 
in  the  ratio  of  m  to  n. 

Since  the  parts  may  be  expressed  by  a  -f  a?  and  a  —  x, 
their  product  and  the  sum  of  their  squares  will  be  expressed 
by  a'  —  a?^  and  2a'  +  2aj'.  Hence,  we  have  the  proportion 
a*  —  a?* :  2a'  -i-  20?^  : :  m  :  7i,  or  the  equivalent  equation  Qmcf 

+  2msx?  =  na'  —  ru? ;  which  gives  x  =  aA/^ ""    ^. 

Hence,  the  sought  numbers  or  quantities  are  expressed  by 

a  +  ua/'LI^  and  a^aji/'^LZL-:^  ;  which  will  be  real  and 

positive  if  2m  is  not  greater  than  n  /  moreover,  if  5^  —  ^'  and 
2(j?^  H-  ^)  are  put  for  m  and  n  (supposing  q  greater  than  j!>), 

they  wiU  become  a  x  ^     ^  and  a  x  ^JHE ;  which  will  be 
rational,  if  a,  p^  and  q  are  rational. 

12.  "  A  company  at  a  tavern  had  £8  15«.  to  pay  for  their 
reckoning,  but  before  the  bill  was  settled  two  of  them  left 
the  room,  and  then  those  who  remained  had  10».  apiece  more 
to  pay  than  before ;  how  many  were  there  in  company  ?'* 
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I        Let  a?  4- 1  represent  the  number,  then  x  —  l  will  represent 

the  number  after  two  had  left ;  and  since  ^^  •^^-  and  ^^t 

a?  H-  1  a?  —  1 

evidently  express  the  money  paid  by  an  individual  before 

and  after  two  had  left  the  room,  it  follows,  from  the  question, 

that  we  must  have  the  equation  ^?J^f:  ^  iq^.  =  ^H^-. 

a?  +  1  aj  —  1 

freeing  the  equation  from  fractions,  we  have  (£8  15*.)  (» 
--  1)  H- 10*.  X  (a?  —  1)  =  (£8  15*.)  x  (a?  + 1) ;  which  is  easily 
reduced  to lO^.a?"  =  £18  =  360*.,  or  a?"  =  36  and  x  =  6i  con- 
sequently, aj  -f  1  =  7  is  the  sought  number ;  noticing  that  in 
getting  X  fiom  the  equation  aj^  =  36  we  have  rejected  the 
negative  root  expressed  by  a?  =  —  6 ;  because  it  is  clearly 
not  applicable  to  the  question. 

Otherwise. — ^Representing  the  sought  number  by  a?,  we 
shall  have  a?  —  2  for  the  representative  of  the  number  after 
two  had  left  the  room;  consequently,  we  shall,  as  before, 

have  the  equation  ^?J^  +  10*.  =  ^?J:^    Freeing  the 
X  x  —  2 

equation  from  fractions,  etc.,  we  get  the  equation  a?  —  2x  = 

85 ;   then  completing'  the  square   we  have  (a?  —  1)'  =  36, 

whose  positive  square  root  gives  a;  —  1  =  6,  and  thence  x  = 

7,  as  before. 

JRemarJca. — 1.  It  is  clear  that  the  first  of  these  solutions  is 
preferable  to  the  second ;  because  it  gives  a  simple  instead 
of  a  complete  quadratic,  so  that  the  unknown  letter  is  found 
by  extracting  the  square  root,  without  the  necessity  of  pre- 
viously completing  the  square. 

2.  It  is  hence  clear  that  in  solving  questions,  we  ought 
always  (for  the  sake  of  simplicity)  to  avoid  the  use  of  com- 
plete quadratics,  when  we  can  so  express  whatever  is  required 
as  to  obtain  the  solution  by  simple  quadratics. 

3.  We  will  add,  that  all  the  questions  we  have  given,  with 
the  exception  of  the  first,  are  ordinarily  reduced  to  complete 
quadratics,  or  to  equations  containing  two  imknown  letters ; 
processes  which  are  entirely  unnecessary,  as  is  clear  from  the 
solutions  we  have  given. 

13.  "A person  bought  a  quantity  of  cloth  for  £33  15*., 
which  he  sold  again  at  £2  8*.  per  piece,  and,  gained  by  the 
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bargain  as  much  as  one  piece  cost  him ;  required  the  number 
of  pieces." 

If  X  stands  for  the  number  of  pieces,  it  is  clear  that 
£33  15^.  ^  675g.   ^^^  (£2  8*.)aj  =  48«.  xx  will  equal  the 

X  X 

price  of  each  piece,  and  what  was  received  for  all  the  pieces; 
consequently,  we  must  have  the  equation  48aj =  675 

X 

225      225        ^.  .       ^1,  ^  ^1         1         r         J  —  225 
or  a?  —  -~-  =  —  ;  noticing,  that  the  values  of  x  and  — t^ 

lox       16  IQx 

are  the  roots  of  this  equation,  agreeably  to  what  has  been 

(225\*  225        / 

X )    +  4   X  -r—  =  Ix  + 

225V      /225V     4  x  225       225/225   .    A      225      289    , 

extracting  the  square  root  in  the  arithmetical  sense,  we  get 

225       15  X  17 

x  H r-  =       ^      ;  consequently,  taking  the  half  sum  of 

16a?  16 

tins  and  the  preceding  equation,  we  have  x  =  — ——  + 

o2 

11^=16,  as  required. 
32 

Eemark.-'This  metliod  of  solving  a  complete  quadratic  is 
^  almost  as  simple  as  the  method  of  solving  a  simple  quadratic ; 
since  it  is  suggested  by  the  nature  of  the  case,  and  does  not 
require  the  formality  of  completing  the  square,  etc. 

14.  If  2a  and  b  equal  the  sum  and  the  sum  of  the  fourth 
powers  of  two  numbers  or  quantities,  then  it  is  required  to 
find  them. 

Let  a  +  X  and  a  —  x  stand  for  the  numbers  or  quantities, 
then,  since  the  first  condition  of  the  question  is  satisfied,  we 
must  have  {a  -f  a?)*  +  (a  —  a?)*  =  J,  or  we  shall  have  2a*  + 

12aV  H-  2af  =  h;  which  gives  a^  +  6aV  =  ^  ""  ^^.    Solv- 

ing  the  equation,  we  get  x  =  jJiju  -JL- Z€?\  and 

thence  a  +  a?  and  a  —  x  will  become  a  -f  j^ijJ  JIL- 

-3a»)  and  a  -  ^L/l±l^  _  3a«),  as  required.    Thus,  if 
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2a  =  T  and  I  =  641,  we  shall  get  5  and  2  for  the  sought 
numbers. 

16.  If  2a  and  h  are  the  sum  and  the  sum  of  the  fifth  powers 
of  two  numbers  or  quantities,  it  is  required  to  find  them. 

Kepresenting  them  hj  a  +  x  and  a—x^  we  must  have 
(a  H-  xf  +  {a  —  xy  =  J,  or  2a*  +  20aV  +  lOaa^  =  J;  which 

gives  ar  +  2aV  =  -—rr 

Solving  the  equation,  we  have  x  =  |/(|/-T"  ^  —  a*)  ; 
consequently,  a  +  x  and  a  —  a?  become  a  +  y  (y  — ttt— 
—  aA  and  a- y^(y^*^-~a4  as  required.  If  2a  =  6 
and  h  =  1056,  we  get  4  and  2  for  the  sought  numbers. 

16.  A  person  on  a  journey  goes  the  distance  a  the  first 
day,  a  +  d  the  second  day,  a  +  2d  the  third  day,  and  so  on, 
in  arithmetical  progression ;  then  how  long  will  it  take  him 
to  go  the  distance  b  f 

An^        2^-^,    f^(4a»-4a^+^+8J^^ 
^^"  2d     ^  2d  ^ 

17.  To  find  two  positive  members,  such  that  if  the  square 
of  the  first  is  multiplied  by  5  and  that  of  the  second  by  7, 
the  sum  of  the  products  shall  equal  157;  and  that  if  the 
square  of  the  first  is  multiplied  by  7  and  that  of  the  second 
by  6,  the  sum  of  the  products  shall  equal  143. 

Ans,  3  and  4. 

18.  Having  the  sum,  3a,  and  the  sum  of  the  squares,  J,  of 
three  numbers  or  quantities,  in  arithmetical  progression,  to 
find  the  numbers  or  quantities. 

Representing  the  progression  by  a?  —  y,  »,  and  a?  +  y,  the 
conditions  of  the  question  give  the  equations  x  —  y-^-x-^x 
+  y  =  3a  or  »  =  a,  and  {x  —  y)*+  «?+  {x+yf  =»  8aj*+2y*  == 

3a^  +  2j^  =  J,  or  we  have  y  =  j/  "7   ^.    Hence  the  terms 

'         2 

become  a  -- 1/— Z— 2.,  a,  and  a  +  y    "^       ;  thus,  if  3a  = 

15  and  i  =  83,  we  have  a  =  5  and  4/         ^  =  2 ;  and  the 

'        2 
progression  becomes  3,  5,  7. 


422  ELEMENTARY    AND    HIGHER    ALGEBRA. 

19.  Given,  tlie  sum,  4a,  and  the  sum  of  the  squares,  J,  of 
four  numbei*s  or  quantities,  in  arithmetical  progression,  to 
find  the  numbers  or  quantities. 

Representing  the  progression  by  a?  —  3y,  a?  —  y,  a?  +  y,  and 
X  +  3y,  the  conditions  give  the  equations  4a?  =  4a  or  x  =  ay 
and(aj-3y)'  +  (ar-?/)--f(ic+y)*-f(aj+3y)^=4ar»H-20y»  =  4fl?-f 

20y*  =  5,  or  y  =  y ;  consequently,  the  terms  of  the 

progression  are  easily  found. 
Thus,  if  4a  =  24  and  i  =  164,  we  have  a  =  6  and  y  = 

|/        ~" =  1 ;  consequently,  the  progression  is  3,  6,  7, 9. 

Remark. — If  we  have  the  sum,  na^  and  sum  of  the  squares 
or  cubes  or  fourth  powers  J,  of  n  numbers  or  quantities  in 
arithmetical  progression,  then  we  can,  by  methods  similar  to 
those  used  in  this  and  the  preceding  question,  find  the  terms 
of  the  progression  from  the  solution  of  quadratic  equations. 

20.  Given,  the  sum,  3a,  and  the  product,  J,  of  three  num- 
bers or  quantities,  in  arithmetical  progression,  to  find  the 
numbers  or  quantities. 

Representing  the  progression  by  a?  —  y,  a?,  and  »  +  y,  the 
conditions  give  a?  =  a  and  (a?  —  y)aj(aj  ^-y)^  x{of  —  y*)  = 

a(a'  —  y^  =  J,  or  y  =  a/^  "~    /  consequently,  the  progres- 
^      a 

sion  is  easily  found. 
Thus,  if  3a  =  15  and  i  =  106,  we  have  a  =  5  and  y  = 


/■ 


=  2 ;  and  the  progression  is  3,  6,  7. 


5 

Rema/rk. — ^ff  we  have  the  sum  and  product  of  four  or  five 
numbers  or  quantities,  in  arithmetical  progression,  then  it  is 
easy  to  perceive  (from  what  has  been  done)  how  the  progres- 
sion may  be  found  by  quadratics. 

21.  "  Having  the  sum  a,  and  the  sum  of  the  squares  &,  of 
four  numbers  or  quantities,  in  geometrical  progression,  to 
find  the  progression." 

Let  X  and  y  denote  the  second  and  third  terms ;  then,  by 

the  nature  of  such  a  progression,  ~  and  ^  must  be  the  first 

y         ^ 
and  fourth  terms;  consequently,  from  the  conditions,  we 
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have  the  equations  — h»  +  y  +  -=«  and  -^  -f  a?  +  y*  + 


y       X  wy  \         ®y         / 

/^jH(^  _  -j^^  il;  ig  clear' that  the  first  of  the  preceding  equa- 
\    xy  / 


tions  is  equivalent  to      "^  ^  =  — ^-;  and  it  is  easy,  in  Uke 
xy         x-^-y 

manner,  to  show  that  the  second  is  equivalent  to      T.    = 
& 

!«!•  +  / 

a^  4-  V* 
From  the  first  of  these  equations  we  have        J  = 

/^4j^y_2=/_^y— 2;  consequently,  by  substitution,  the 
\    xy    f  xc-^-yf 

equations  ai-e  reduced  to  — 3Jl  = and  ( — ; — )  —  2  = 

^  xy        x-\-y         \X'Vyf 


aj»  +  y* 
Eliminating  a?  -f  y*  from  the  preceding  equations,  and 

adding  2  to  each  member  of  the  first,  we  shall  get  (^-x^) 
__^  =  land^±ii'  =  -J-  +  2,ori  =  --^  + 


(a'  +  yf 
Eliminating  1  from  the  first  and  third  of  these  equations, 

»y 

and  rejecting  the  common  factor  _-—  from  the  result,  we 

t       c^      _  2o  =      ^      +  J*-,  or  (freeing  from  frao- 
^     {x  +  yf  {x  +  yf      x-¥y 

b.         .  _  <r  —  b 
tions,  etc.)  we  have  (»  +  yy  +  -(«  +  y)  —  — 2 

Solving  this  quadratic,  we  get  »  +  y  =  T  — 2~      ia* "" 
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^;  oonfiequently,  if  we  substdtate  the  value  of  x  +  ymsajf 
=  — v^  \  y' — ,  we  shall  find  the  value  of  aw. 

Hence,  from  the  values  of  a?  +  y  and  xy  we  can  easfly  find 
the  values  of  x  and  y,  and  thence  the  terms  of  the  progres- 
sion become  known ;  thus,  if  a  =,15,  and  b  =  85,  we  get 
a?  -h  y  =  6  and  a^  =  8,  and  solving  these  equations,  we  have 

a?  =  2  and  y  =  4,  and  thence  the  progression  -,  a?,  y,  and  2. 

y  « 

becomes  1,  2,  4,  and  8. 

22.  Having  the  sum,  a,  and  the  sum  of  the  squares,  &,  of 
five  numbers  or  quantities,  in  geometrical  progression,  to 
find  the  progression. 

Let  X  and  y  denote  the  second  and  third  terms ;  then,  by 

the  nature  of  the  progression,  — ,  ?^,  and  ?L.will  represent  the 

y   X  ar 

first,  fourth,  and  fifth  terms.  ^ 

Hence,  by  the  question,  we  must  have  the  equations 

~  +  a?  +  y  +  ^  +  ?^  =  aand  ^  + a? +  f  +  t  +  ^=  f,  . 
y  ^       X       9?  y*  ^        or      a^         ' 

and  dividing  the  second  of  these  equations  by  the  first,  we 

1              .      aj*  V*     y^      i         1       1        -1 

get  the  equation x  +  y  —  ^  +  ^=  -,  so  that  the  sola- 

if 

tion  of  the  question  is  reduced  to  that  of  the  equatioiis 

-  +  ajH-y  +  ^  +  ^  =  aand  --»+ y-?L  +  ^  =  _ 
y  ^      X      ur  y  '      x      or      a 

By  taking  the  half  sum  and  half  difference  of  these  equa- 

tions,  we  get  — h  y  +  ^  =  — s —  and  »  +  ^  =  — - —  •  and 
'        ®     y      ^      ar         2a  x  2a    ' 

multiplying  the  terms  of  the  second  of  these  by  si,  and  sub- 

X 

tracting  the  result  from  the  first,  we  shall  have  -  =  — iLi 

y         2a 


\    2a  Ix 


JL  and  a?  4-  ?l-  =  z :  for  the  equations,  to  whose 

2a  I X  ^  X  2a 

solution  the  question  is  reduced. 

Multiplying  the  terms  of  the  second  of  these  equations  by 

?,  we  easily  get  —  =  \     ^   \  x  ~  —  y  /  consequently,  sub- 
y  y       \   2a   I      y 


QUADRATIC    EQUATIONS.  426 

8titatu)g  this  value  of  ->  in  th^  first  of  the  preceding  eqna- 

which  is  easily  reduced  to  the  form 1  x      "*"y^  = 

2a  am 

Since  the  equation  x  +  t  =  ^-^  gives  ^  +  y*  =  f^JZ*, 
ihe  preceding  equation,  by  substitution,  becomes  I  ^_Zlf  j  ^ 

y  =  ^-Jt — f.  y,  which  is  easily  reduced  to  the  quadratic  y* 
a^  +  b         /a>  -  JV 


^  =  1-2^)' 


2a 
Solving  the  quadratic,  and  taking  the  positive  root,  we 

have    y  = j- h  -^-^ 7- ^ ;    consequently, 

having  found  y,  we  easily  get  x  from  the  equation  »  +  ?^  = 

-! ;  thus,  if  a  =  31  and  &  =  341,  we  have  y  =  4  and 

2a 

a;  =  2,  and  thence  the  progression  is  1,  2,  4,  8,  and  16. 

23.  Having  a^  the  sum  of  the  means,  and  ft,  the  sum  of 
the  extremes,  of  four  numbers  or  quantities,  in  geometrical 
progression,  to  find  the  progression. 

Ans.  Supposing  the  terms  of  the  progression  to  increase 

from  left  to  right,  then  a>4/=-H^  equals  the  difference  of 

the  means,  and  of  course  the  progression  is  easily  found. 

Thus,  if  a  =  24  and  i  =  56,  the  progression  is  2,  6,  18, 
and  54. 

24.  Having  a,  the  sum  of  the  extremes,  and  b,  the  product, 
of  three  numbers  •r  quantities,  in  harmonical  progression,  to 
find  tlie  progression.    , 

Let  Xy  y,  and  3  denote  the  progression ;  then,  since  their 
reciprocals  are  in  arithmetical  progression,  we  have  the 

equation  -  +  =  =  -,  or  we  have  ^.iL?  =  -,  or  (by  the  condi- 
X     3      y  xz        y 
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tionfl)  ^  =  -^ ;  consequently,  y  =  y  _  and  the  progreflsion 
0      y  a 

is  easily  found ;  thus,  if  a  =  98,  and  i  =  99225,  we  get  y  = 

h       99225 
46,  and  from  _  =  _ __  =  ass,  or  ass  =  2205  and  a?  +  s  =  98, 
y         45 

we  get  aj  =  35  and  z  =  63. 

25.  Having  a,  the  sum,  and  &,  the  product  of  the  extremes 
of  three  numbers  or  quantities,  in  harmonical  progression, 
to  find  the  progression. 

Aris.  The  mean  term  equals  ^LZ — ^LH — ,  and  thence 

— i — —-^ —  equals  the  sum  of  the  extreme  terms ;  conse- 

quently,  the  progression  is  easily  found;  thus,  if  a=  143, 
and  i  =  2205,  we,  get  45  for  the  mean,  and  35  and  63  for 
the  extremes. 

26.  "  What  number  is  that  which,  when  divided  by  the 
product  of  its  two  digits,  the  quotient  is  3,  and  if  18  be 
added  to  it,  the  digits  will  be  inverted?" 

If  y  is  the  unit's,  and  x  the  ten's  digit,  then  10»  +  y  will 

express  the  number,  and  — ^—LE  =  3  by  the  first  condition ; 

a?y 

also,  10»  +  y  +  18  =  lOy  +  a?  by  the  second  condition. 
From  the  elimination  of  y  we  get  the  quadratic  a?^—  a?  =  -, 
whose  solution  gives  a:=2,  and  24  will  be  the  sought  number. 

27.  There  is  a  number  consisting  of  three  digits,  such  that 
the  middle  digit  is  a  geometrical  mean  between  the  other 
two,  and  that  the  sum  of  the  extreme  digits,  when  dimin- 
ished by  1,  equals  twice  the  middle  digit.  Moreover,  sup- 
posing the  sum  of  the  digits  to  equal  19,  and  that  the  hun- 
dredth's digit  is  greater  than  the  unit's  digit,  it  is  proposed 
to  find  the  number.  Ans.  964. 

28.  K  a  body  moves  1  yard  the  first  minute,  3  yards  the 
second  minute,  5  yards  the  third,  7  yards  the  fourth,  and  so 
on,  then  how  long  will  the  body  be  in  moving  400  yards  ? 

An8,  20  minutes. 
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29.  Having  the  product  of  the  sum  of  two  iiuinberB  by 
the  greater  equal  to  153,  and  the  product  of  the  sum  by  the 
less  equal  to  136,  to  find  the  numbers.  Ans.  8  and  9. 

30.  The  product  of  two  numbers  is  28,  and  after  the  first 
is  increased  by  6  and  the  second  diminished  by  4,  the  pro- 
duct of  the  resulting  numbers  is  30;  then  what  are  the 
numbers?  J.7W.  4and7. 

31.  Supposing  the  sum  of  a  certain  principal  and  its 
amount  at  compound  interest  for  two  years  to  be  $2102.50, 
and  that  the  amount  of  the  same  principal,  at  the  same  com- 
pound rate,  in  four  years,  is  $1215.50625;  then  what  is  the 
principal  ?  and  the  rate  per  cent,  per  annum  ? 

Ana.  The  principal  is  $1000,  and  the  rate  6  per  cent 

32.  The  sum  of  the  squares  of  two  numbers  equals  61,  and 
their  sum. is  to  their  product  as  11  to  30 ;  then  what  are  the 
numbers?  Ans,  6  and  5. 

33.  The  sum  of  the  reciprocals  of  two  numbers  is  5,  and 
the  sum  of  the  squares  of  their  reciprocals  is  13 ;  then  what 
are  the  numbers?  ^n*.  1  and  1. 

2         3 

34.  Having  the  sum  of  the  n^  powers  of  a  number  or 
quantity,  and  of  its  reciprocal,  equal  to  a,  to  find  it. 

An..  >i/i±iZEi. 

35.  Having  the  sum  of  the  n^  powers  of  two  numbers  or 
quantities  equal  to  a,  and  the  sum  of  the  n^  powers  of  their 
reciprocals  equal  to  J,  to  find  them. 

Ans.  l/^_^/^  and  /^  ^  ^^^ 
^2  ^  2 

86.  Having  the  sum  of  the  squares  of  two  numbers  or 
quantities  equal  to  a,  and  the  sum  of  the  reciprocals  of  the 
numbers  or  quantities  equal  to  J,  to  find  them. 

If  X  and  y  stand  for  the  numbers  or  quantities,  the  con- 
ditions give  the  equations  a^-f-y*  =  a  and  i-|-z  =  £-ZJf  —  j 

X     y       vy 
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From  the  second  of  these  equations  we  get  2odj/  —  -(a?  +  y)  = 
0,  which,  added  to  the  first  equation,  reduces  it  to  the 

quadratic  (a?  -f  yf  —  ^(»  +  y)  =  «>  whose  solution  (regarding 
0 


X  and  y  as  positive)  gives  x  +  y  =  — ■ — ^ . 


Because  2a>y  =  |(«  +  y)  =  ?-±^-^l±i,  we  get  a? -h  y» 

aJ*_2  — 24/^pXi      , 
— .  2fl?y  =  a  —  2xj/  = r  u^  -r  x^  whose  square  root 

gives  a:-y=±i45i^=li:^^^^±I).    Hence,  since  a, +  y 

0 

and  a?  —  y  are  known,  it  is  easy  to  find  the  values  of  x  and  y. 


SECTION    XV, 
METHOD  OF  UNDETEEMOrE])  COEFFICIENTS. 

(1.)  If  an  equation  of  the  form  A  +  Bx  +  Go?  +  etc.,  = 
A'  +  B'x  +  CV  +  etc.,  (1),  in  which  A,  B,  0,  etc.,  A',  B', 
C,  etc.,  do  not  contain  a?,  must  be  satisfied  by  any  value 
which  may  be  given  to  a?,  then  shall  A  =  A',  B  =  B',  C  =  C, 
and  so  on,  or  (regarding  A  and  A'  as  coefficients  of  a^  =  1) 
the  coeffioieTvt  of  any  power  of  x  in  one  member  of  the  equa- 
tion equals  the  coefficient  of  the  eaTYve  power  of  x  in  the  other 
member. 

For,  by  transposition,  etc.,  (1)  gives 
^ ^ 

^  =  B~B'  +  (C-C>  +  etc.^^^' 

which  clearly  can  not  be  satisfied  for  all  the  values  that  may 
be  given  to  x  (or  so  as  to  leave  x  arbitrary),  except  by  put- 
ting the  numerator  and  denominator  of  the  right  member 
separately  equal  to  0 ;  consequently,  we  must  have  A  =  A', 
and  B  -  B'  +  (0  -  COa?  +  (D  -  D  V  +  etc.  =  0,  (3). 
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It  may  in  like  manner  be  shown  from  (3)  that  we  must 
have  B  =  B',  and  then  that  C  =  C,  and  bo  on,  as  required. 

Hence,  if  for  A',  B',  C\  etc.,  we  put  their  equals,  A,  B,  0, 
etc.,  (1)  will  become  the  identical  equation  A  +  Ba?  -f  Ca^  -f 
etc.  =  A  +  Ba?  -f  Ca?  H-  etc. 

Universally,  if  we  have  the  equation  A  H-  B0(aj)  -f  C0'(^) 
-f  etc.  =  A'  -f  B'<p(x)  +  C'(l>Xx)  +  etc.,  (4),  such  that  A,  B, 
C,  etc..  A',  B',  C,  etc.,  are  independent  of  any  values  which 

^»),  f  («,),  «»  etc.,  ^  0  etc,  ^\^\  etc,  and  so 

on  (which  are  functions  of  a?,  or  dependent  on  it),  can  have, 
then  it  is  clear  that,  by  a  like  reasoning  to  that  used  above, 
we  can  show  that. we  mu^t  have  A  =  A',  B  =  B',  C  =  C, 
and  80  on ;  consequently,  by  the  substitution  of  the  values  of 
A',  B',  C',  etc.,  (4)  becomes  the  identical  equation  A  -f 
B<t>{x)  +  G(t>\x)  +  etc.  =  A  +  B0(a?)  +  C<t>\x)  +  etc.,  in  which 
X  is  clearly  arbitrary. 

(a.)  Since  any  function  of  a?,  when  developed  into  a  series 
of  ascending  or  descending  powers  of  a?,  or  of  any  other 
functions  of  X  (which  the  nature  of  the  case  may  require), 
ought  to  be  considered  and  treated  as  being  identical  with 
the  series  which  represents  it,  it  follows  (from  what  has  been 
done)  that,  after  we  have  determined  a  suitable  form  for  the 
development,  we  may  represent  the  coefficients  of  its  terms 
by  any  undetermined  letters,  as  A,  B,  C,  etc.,  and  then  de- 
termine the  values  of  the  letters  by  equating  them  to  the 
coefficients  of  the  corresponding  powers  (or  functions)  of  a? 
in  the  given  function,  so  that  the  given  function  and  its  de- 
velopment shall  constitute  an  identical  equation;  and  it  ism 
this  process^  that  tJte  Method  of  Undetermined  Coefficients 
essentially  consists. 

(8.)  APPLICATIONS   OF  TEffi  METHOD   TO  EXAMPLES. 

1.  To  convert  the  fraction  -— ^ —  into  a  series,  arranged 

b-hcx 

according  to  the  ascending  powers  of  x. 

If  we  divide  the  numerator  and  denominator  of  the  frac- 
tion by  J,  and  put  t  =  a'  and  v  =  J',  the  fraction  will  become 
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-—  /  and  it  is  clear  (from  actual  divifiion)  that  we  may 

assume  — ^rrr-  =  a'  H-  A®  +  Baj*  +  (V  +  etc.,  for  the  de- 
1  +  ox 

velopment  of  the  fraction. 

Freeing  the  equation  from  the  fraction,  we  get  a'  ^=^a'  + 
(A  +  a'J>  +  (B  -f  KVy  +  (C  H-  BVy  +  etc.,  which  must 
be  an  identical  equation. 

Consequently,  if  we  equate  the  terms  which  do  not  contain 
fl?,  and  put  the  coefficients  of  a?,  jb",  a?^,  etc.,  equal  to  0  (since 
the  coefficients  of  a?,  a?*,  a?*,  etc.,  in  the  first  member  of  the 
equation  equal  0),  we  get  the  identical  equation  a'  =  a\  and 
the  equations  A  -f  a'V  =  0,  B  -f  A5'  =  0,  C  +  W>'  =  0,  etc., 
or  A  =  a'  X  (- 1%  B  =  A  x  (-^  JOj  C  =  B  x  (-  iO^  etc. 

Hence,  we  have  =— ^—  =  — -^rr  =  a'  +  a'  x  (—  Vx)  + 
0  -^  ex       1  +0X 

a'  X  (-J'a?)  X  (- J'aj)  +  a'  x  (~  Vx)  x  (-  Vx)  x  (-  Vx)  + 

etc.  =  r  — TT-  +  -T^ iT-  +  etc. ;  which  is  such  that  if 

0       0^  (r  tr 

we  multiply  any  one  of  its  terms  by  —  ^,  the  product  gives 

b 

the  next  successive  term. 
JSemark. — K  we  put »  =  -,  we  shall  have      ^  ^ 


y 

=     ^^^    z=zy  X  — ^^f- ;  consequently,  developing  — ?_- 
into  a  series  arranged  according  to  the  ascending  powers  of  y, 

we  shall  have =—  =  -  —  ^-^  4-      ^  ^  etc. :  and  restorinir 

c-{-by      c       (?    ^    (?  ■  ^ 

the  value  of  y,  we  easily  get —^_  =_?_=:  ^  _  i*  +  f*! 

aar^      abx~^     ah^x--^        .  .  , 

etc.  = = — I 3 etc. ;  a  series  arranged  ac- 

c,  (T  <r 

cording  to  the  descending  powers  of  x, 

2.  To  convert  the  fraction  into  a  series,  arranged 

1  —  3a? 

according  to  the  ascending  powers  of  a;. 

Ana.  1  +  8aj  +  9aj*  -f  27»"  -f  81a?*  +  etc. 
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3.  To  convert into  a  series,  arranged  according  to 

the  ascending  powers  of  x. 

A       1      2aj      4fl?       Sa?*^ 
^^•5  +  25  +  125  +  625  +  ^*^ 

4.  To  convert     ~   ?  into  a  series. 

2  +  7aj 

.^Z      81     ,  217.      1519.  ^10633  .        , 
^„,.  _  _  _a,  +  __a4  _  __a^  + -^^  _  etc. 


6.  To  convert  fT--V  into  a  series,  arranged  according  to 
the  ascending  powers  of  z. 

We  may  clearly  assume  V\  —  ^  =  1  +  A^*  +  Bs*  +  Q>^ 
+  etc.,  or  1  -  3*  =  (IH-  A^*  -f  Bs^  +  etc.)*  =  1  +  %kz^  + 
(A*  +  2By  -f  2(AB  +  Cy  +  etc. ;  since  it  is  clear  that  the 
odd  powers  of  z  can  not  enter  into  the  series.     Comparing 

the  coeflScients  of  like  powers  of  z^  we  get  A  =  —  -,  B  =  — 


g— T— g,  etc.    Hence,  by  Bnbstitution,  we  shall  have  VT— P 

^       a»        s*  32'  8.5s«  . 

•^zX —  etc. 

2      2.4      2.4.6      2.4.6.8 

6.  To  find  two  fractions  whose  sum  equals  the  fraction 
1  1 


i  -  7aj  +  12a^      (1  -  3a?) .  (1  -  4aj) 

A  "R 

It  is  clear  that  we  may  assume and — for  the 

1  -  3aj         1  -  4aj 

fractions,  and  suppose  A  and  B  to  be  independent  of  a;.   Hence, 

we  shall  have  the  equation  — =  — =: 1. 

^  (l-3aj).(l-4a;)      1  -  3aj  ^ 

JL^  =  Wwt"^S^>  ^^  ^y  rejecting  the  common 
1  —  4aj         (1  —  30?) .  (1  —  4aj) 

denominators   we    shall    have    1  =  A  +  B  —  (4A  -f  3B)a?, 

which  must  clearly  be  an  identical  equation ;  consequently, 

we  must  have  the  equations  A  +  B  =  1  and  4A  -f  3B  =  0, 

which  ffive  A  =  —  3  and  B  =  4,  and  hence 

1  —  7aj  +  12aj* 

l-3»^l-4a! 
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7.  To  find  two  fractions,  whose  sum  equals  the  fraction 
1 


Because  a?*  +  1  has  x  H-  V—  1  and  x  —  V—1  for  factors, 

we  may  clearly  put- 1 =      A         m^n^T^ 

^  ^^     (l-3a?).(l  +  aj«)      \--Zx^  ^^^/^ri 

-I 1 =  ^ ± —       or  puttini?  B  for  2n 

and  C  for  2«7i,  we  may  assume  — 


(l-3aj).(l+aJ^      l-3a?^ 
---it —    I  which,  freed  from  fractions,  gives  the  identical 

equation  l  =  A  +  B  +  (0  —  3B)a?  -f  ( A  —  30>j»-      Hence, 

we  have  the  equations  A  +  B  =  1,  0  =  3B,  and  A  =  30, 

9  1  3 

which  give  ^  =  17;'  -^  =  i^'  ^°^  ^  ~  in '  consequently,  we 

shall  have I = ? +    1  +  ^x 

(1  -  32r).(l  +  ar*)      10(1  -  3a:)  ^  10(1  +  x^ 

8.  To  decompose  the  fraction --_ into  others 

(a?  —  2)' .  (a?  —  5) 

(the  most  simple),  whose  sum  shall  equal  the  given  fraction. 

A         •  3  — a?  A      .      B  .A 

Assumniff — = -\ -,  we  get  A  = 

^(aJ-2).(a?-5;      a?-2^aj-5'        ^ 

—  -  and  B  =  — ,  and  thence  we  shall  have 


g- g,  (a!-2)».(a;-6) 

;  and  since 


3(0!  — 2)'      3(aj  — 2).(a;-6)'  (»— 2).  (as— 6) 

=  _       ^       + L_,  we  shall  get §JIL^__  — _ 

3(aj  -  2)  ^  3(3!  -  5)  ^     (a)-2)».(»-5)~ 

1  2 2_ 

3(a!  -  2)»  ■*"  9(a!  -  2)      9{x  —  ^)' 
Hence,  we  shall  have 


(aj-2)«.(a!-6)~      3(«-2)» 
1  2 


9(a:  -  2)*       9{x  —  2) .  (»  -  5)  ~       3(ai  -  2)»  "^  %  -  2)«  ■*" 

9.  To  find  two  fractions,  whose  sum  equals  the  fraction 
2^-«  ^«*.-J_.and.    1 


ar*  —  5aj  -f  6*  *  a?  —  8         a?  —  2' 
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10.   To    find    three    fractions    whose    sum    shall    eqnal 
^^'-ll  Jin..  -1^,  - -i^,  and      ^ 


a?»  — 2aj»-a?-f2  x-Y      x  +  Y         aj-2 

11.  To  find  three  fractions  whose  sum  equals  the  fraction 

Ans.  -- , ,  and 


af^  +  a?  a^'      X  x  +  1 

12.  To  find  three  fractions  whose  sum  equals  the  fr'action 
1 

•  111 


4{x  -  1)'      4(0?  +  1)'  2(aj»  +  1) 

18.  To  convert  — ?-Z into  a  series,  arranffed  accord- 

c  -{-  mx  -\-nar  ^ 

ing  to  the  ascending  powers  of  x. 

Dividing  each  term  of  the  numerator  and  denominator 

by  c,  and  putting  -=za\-  =  b\^  =  m\  -  =  n\  we  shall 
c  e  0  c 

have  reduced  the  given  fraction  to  ?  "^ ;  conse- 

1  +  m'aj  -f  w  V 

quently,  if  we  convert  this  into  a  series,  we  shall  readily 
obtain  the  required  development. 

It  is  easy  to  perceive  that  we  may  assume (^  -\-  o^ 

1  -h  m'x  -f  n'a? 
=za'  +  Ax-h  Bflj^  +  Ca;*  +  etc. ;  which,  freed  from  the  frac- 
tion, gives  the  identical  equation  a^  -f  Vx  =  a'+  (A-f  a'mT^x 
+  (B  +  km!  -f  dn'y  +  (C  +  Bm'  +  An'y  +  (D  +  Cm'  -f 
B7i')aj*  +  etc.  Hence  we  get  the  equations  a^  ■=a\  A=  — 
a'rn!  +  l\  B^  a'  x  (-  n')  +  ^  x  (-  ^0?  C  =  A  x  (-  ^0 
+  B  X  (-  mO,  D  =  B  X  (—  n')  +  C  X  (—  m'),  and  so  on ; 
which  give  Kx  =  (—  a'rn!  +  J')a?,  Ba?^  =  a'  x  (—  n'a^  +  Aa? 
X  (-  m'x),  Caj«  =  A»  X  (-  n'af)  -f  Ba?  x  (~  m'x\  Da^  = 
Baj*  X  (—  n'^  +  Caj*  x  (—  m'o^,  and  so  on. 

Hence,  the  development  is  easily  found ;  m^nce  any  term 
after  the  second  is  found  from  the  two  preceding  terms  hy 
mvltiplying  the  first  of  the  tioo  hy  —  n'aj*,  and  the  second 
hy  —  m'x,  and  then  adding  the  producfts  according  to  th^vr 
9igns. 

28 
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Remark, — ^It  is  clear  that  fractions  of  the  forms 
al  +  Vx  -f  c'q?  a'  +  Vx  +  cV  +  d'a? 


•,  etc.,  can 


1  +  m'x  4-  n'a?  -\-p'^  1  +  m!x  +  nV  +^V  4-  ?V 

be  developed  in  a  similar  way,  when  their  first  three,  four, 

etc.,  terms  are  known. 

14.  To  develop into  a  series,  arranged  accord- 

1  —  X  —  Q? 

ing  to  the  ascending  powera  of  a?. 

By  actual  division,  we  find  1  -f  a?  for  the  first  two  terms 

of  the  development ;  consequently,  since  —  n'o?  and  —  m,'x 

are  here  represented  by  o?  and  »,  by  proceeding  as  directed 

in  the  preceding  example,  we  have =  1  +  a?  + 

1  —  X  —  or 

2aj»  +  8a^  +  6a^  +  &»*  -f  etc. 

16.  To  convert into  a  series. 

1  +  2a;  4-  ^ 

Ana. ^  =  1  —  2a?  +  3aj*  —  4a^  +  5a^—  etc- 

1  -f  2a;  +  a:^ 

16.  To  convert ? —  into  a  series. 

1  +  2aj  +  a» 

1  —  a* 
Ana. ,  =  1  —  3a!  +  5a3*  —  7aj»  +  9a^~  etc. 

1  +  2aj  +  ar 

17.  To  convert 31 into  a  series. 

1  — 3aj+2iB*  — aj» 

By  division  we  get  1  -f  6aj  +  13a?  for  the  first  three  terms 
of  the  development;  and  since  —  i?V,  —Wo?^  —m/x  are 
here    expressed    by    a?^    —  2ar*,    and    3aj,    we    easily    get 

1 o^-£ — zs=  1  +  5aj  +  13aj»  +  30aj»  +  69a^  +  160a?«  -h 

1  —  6x  -f-  ^xr  —  ar 

372aj«  -f  etc. 

•     18.  To  expand  1 =    ~  ^     4.      ^       into  a 

^         1  -  7aj  -M2aj»       1  -  3a?  ^  1  -  4a? 
series. 

S^^^®  :i n^  .  .0^  =  1  +  7aj  +  87a?  +  175a?  +  781a^  -f 

1  —  Ta?  +  ismt 

3367a?  +  etc.,  and  that  -^-  _  =  —  3  —  9a?  —  27a?  —  81a?  — 
1  —  3a? 
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eta,  -— i_  =  4  -f  16a5  +  64aj*  +  256a?  +  etc.,  it  follows  that 

by  adding  the  last  two  series,  according  to  their  signs,  the 
sum  most  eqnal  the  first  series.  K  we  use  n  to  stand  for  the 
number  of  any  term  in  either  of  the  two  last  series,  it  is 
clear  that  —  3"af*~*  will  represent  the  nf^  term  in  the  first  of 
them,  and  that  4''cb~~^  will  represent  the  nf^  term  of  the  second. 
Hence,  if  we  add  these  terms,  we  shall  get  (4**  —  3'*)af*"^  for 
their  sum,  which  will  equal  the  n^  term  (or  what  is  called 

the  general  term)  of  the  development  of _  ;  thus, 

if  71  =  5,  (4"  —  Sy^-^  becomes  (1024  —  243^  =  781a?*,  which 
is  the  fifth  term  of  the  series  1  +  7a5  +  37a?  +  n5a?  -h 
781a^  +  etc. 

Remark. — ^From  this  example  we  perceive  how  we  may 
proceed  in  order  to  find  the  general  term  of  any  series  of  the 
kind  given  above. 

BEVEBSIOK   OF  SERIES. 

1.  To  revert  a  series  is  to  express  the  unknown  letter  con- 
tained in  it  by  another  series,  which  may  be  regarded  as  the 
development  of  the  value  of  the  unknown  letter. 

2.  We  shall  suppose  that  we  have  y  =  aaj  +  5aj*+<3aj*  + 
da?  +  etc.,  (1),  and  that  it  is  proposed  to  find  x. 

Then  it  is  clear  that  we  may  assume  aj  =  Ay  -f  By*  +  Cy 
-f  Dy*  +  etc.,  (2),  and  regard  A,  B,  C,  etc.,  as  being  inde- 
pendent of  y.  If  we  substitute  the  values  of  y,  jr,  y®,  etc., 
from  (1)  in  (2),  it  will  become  x  =  A(aaj  +  Jaj*  +  etc.)  + 
B(aaj  +  Jaj*  +  etc.)*  +  G{ax  -{-ha?  -{-  etc.)'  +  etc.,  (3),  which 
must  be  an  identical  equation. 

It  is  easy  to  perceive  that  the  developments  required  in 
the  right  member  of  (3)  can  be  obtained  from  the  expression 
Ajox  4-  BaV  4-  CaV  4-  etc.,  by  changing  a  into  a  +  Ja?,  J 
into  h-\-  cx^c  into  c  +  ^,  and  so  on  successively,  and  devel- 
oping by  the  rule  given  in  Involution  for  the  expansion  of 
a  function  of  a  polynomial. 

Thus,  by  using  the  vertical  bar  to  express  the  coeflScients 
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Rj' 


a?+2Bab 


<if+ 


of  the  powers  of  x,  (3)  becomes  x  =Aaa)+ ai 


a!»  +  eta,  (4). 


Because  (4)  is  an  identical  equation,  we  must  hsTO  the 
equations  Aa  =  1,  Ba*  +  A&  =  0,  Co*  +  2Ba5  +  Ac  =  0,  and 


Ea» 

Do^ 

4Da»J 

8Ca'J 

3Cffli» 

2Bac 

aJ«  +  3Ca»c 

B** 

2B«k2 

Arf 

2B^ 

Ae 

80  on,  which  give  A  =  -,  B=  —  — ,  C  = — ■ 

a  or  cr 


ac 


D  = 


7  5    CWIU. 


SO  on. 


Sobstituting  the  values  of  A,  B,  0,  etc.,  in  (2),  we  got 
y      h^  ^  W  —  ac  ^      5&*  — -  habc  +  ci^d  a   ,      .^     /^x 

"-a-^  +  '^r-^ a^ ^+  "*""  ^^ 

which  agrees  witli  the  formula  given  by  Cagnoli,  at  p.  46  of 
his  Trigonometry. 

If  the  eoeJKcients  of  the  even  'powers  of  x  in  (1)  equal  0, 
then  it  will  be  reduced  to  the  form  y  =  aB  +  Jaj*  +  ca^-f 
dx' +  etc.,   (I'); /and  instead  of  (5)  we  shall  have  «  = 

a     or  a}     ^  d}^ 

Remarks. — 1.  If  we  have  y'  =  m  +  aaj  +  Ja5^-hesB'4-  etc^ 
then,  by  transposition,  and  putting  y  =  y' —  m,  we  shall  have 
y  =  oa?  +  5a?  -f  etc. ;  consequently,  the  series  can  be  re- 
versed by  (6)  or  (5'). 

2.  If  we  have  a'z  +  V^  +  c'^  +  etc.  =  oa  +  fe?  +  ca?"  + 
etc. ;  then,  by  putting  y  =  a'z-\-  V^  +  cV  +  etc.,  we  shall 

have  y  =  aaj  +  Jaj'  +  ca?*4-  etc.,  and  thence  a?  =  ??  —  ^  4- 

a      c^ 

etc. ;  consequently,  putting  a'z  +  V^  +  etc.,  for  y,  we  shall 

geta,  =  ^  +  ^^:iL^*e«+etc. 
a  a^ 

To  illustrate  what  has  been  done,  take  the  following  com- 
mon 
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EXAMPLES. 

rA  nSi  /J^ 

let.  Given,  y  =  aj  +  --  +  ---|-^+  etc.,  to  find  a?. 

2       4       8 

If  we  put  a  =  1,  J  =  _,'o  =  _,  (i  =  -,  etc.,  then  (5)  gives 

2  4  8 

2d.  Given,  3^  =  1  +  « +  ^  + ^  +  _^  +  etc.,  to 
finda^. 

=  — ,  etc.,  then  (5)  gives  aj  =  y  —  ?L-f?L— ?l-(-  etc.  =  the 
hyperbolic  logarithm  of  1  +  y  =  y'. 

2*  a*  2* 

3d.  Given,  ;s54-_  +  _.  +  _4-  etc.  =  a?  +  a?  +  ic*  +  etc.,  to 
2       4       8 

find  X. 

Putting  a'  =  1,  *'=  Q>  ^'^p  ^^'^  ^  =  lj  J  =  l,  c  =  l,ete., 

«^      «•      ^ 
then  we  shall  have  aj  =  2---+--  —  -  +  etc. 

2       4       8 

.  1  '' A-1.  aj*  aJ*  a?"^ 

4th.  Given,  y  =  a?  —  -— -  + 


.3  •  2.3.4.5      2.3.4.6.6.7 
+  etc.,  to  find  x. 

•V*  37* 

etc. ;  then,  by  (5'),  we  shall  have  x^y-^  ^-^  +  ^   ^  -^  + 


3.Sy^ 
2.4.6.7 


+  etc. 


3.  We  shall  suppose  that  we  have  the  equation  a?"  + 
aaJ"+"*  +  haf-^^  +  caf ■*"'"*  +  dixf-^*^  -f  etc.  =  ±  y",  (1),  and 
that  it  is  hence  proposed  to  develop  the  value  of  a?. 

It  is  easy  to  perceive  that  we  may  assume  a?  =  y  [A  + 
By^  4-  Cy*^  +  Dy**^  +  etc.],  (2),  in  which  A,  B,  C,  etc.,  are 
independent  of  yy  and  it  is  clear  that  we  may  regard  By"* 
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98  being  an  increment  of  A,  Cy^  as  an  increment  of  B,  D^ 
as  an  increment  of  C,  and  so  on. 

From  the  substitution  of  the  value  of  a>  from  (2)  in  (1),  we 
get  ^'•[A  +  By*"  +  etc.]"  4-  ay'-»-'"[A  +  By""  +  etc.]"^-"*  + 
Jj^+'^CA  +  By""  +  etc.]"'''^  -f  etc.  =  ±  y%  or  omitting  the 
factor  y'*,  which  is  common  to  the  two  members  of  the  equar 
tion,  we  have  [A  +  By"*  +  etc.]**  +  ay^[A  +  BjT  +  etc.]""*-* 
+  bj^'^lA  +  By"*  +  etc.]"**"*  +  etc.  =  ±  1,  (3),  which  must 
be  an  identical  equation. 

It  is  easy  to  perceive  that  the  developments  required  in 
the  fii-st  member  of  (3)  can  be  obtained  from  A"  +  aA**"*'"*^* 
+  5A'*+*"*y'"*  +  <?A'*+'"*y*"*  -f  etc.,  by  changing  A  into  A  + 
By"*,  B  into  B-f-Cy"*,  C  into  C+Dy"*,  and  so  on,  successively, 
and  developing  according  to  the  rule  given  in  Involution. 

dj^^+ff*  J  A"  "•■'"* 

Thus,  we  get  A-  +  ^^^..g  y"*  +.  ^^  ^  ^)^a— ^B  ^  + 

1  .  2 

nA"-^0 

etc.  =  ±  1,  (4). 

Because  (4)  is  an  identical  equation,  we  must  have  the 
equations  A**  =  ±  1,  (6),  (noticing  that  +  must  be  .used  in 
this  for  ±,  when  the  right  member  of  the  given  equation  is 
+  ,  and  vice  versa),  and  aA""*""*  +  nA""^  B  =  0,  JA"+**  + 

{n  -f  77i)aA"+"*-iB+^-^^!^A"-'B'+nA"-^C=0,  and^ 

From    these    equations    we    get    B  = A"*+*,    0  = 

(^■  +  2m+lK^2n5  ^  ^^,,  ^^^  ^^  ^^ 

If  y  represents  the  arithmetical  root  of  y",  and  A  the 
algebraic  root  of  equation  (5),  then,  if  we  put  Ay  =  y',  (6), 
and  substitute  the  values  of  B,  C,  D,  etc..  In  (2),  we  shall 


get    ^  =  y^^J—+    [_ ^- ^»^_Jj^.l  + 

r  _  (n  4-  3m  +  l).(2n  +  3m+  1)^     n+3m+l^  _  ^.l  v^+i 

t(n  +  4m  +  1) .  (2n  +  4m  +  1)  .  (3n  +  4m'  +  1)^  _ 
~    2  .3  .  47i* 

2  .        f^  2t?      ^  '    ny 


'4m^l 
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[•     {n+5m+l).(2n+6m+l).{3n+5m+l).{-in+5m+l)^ 

L  2.3  .  4  5»» 

(?t  +5m  +  1) .  (2»  +  5m  +  1) .  (3;t  +  5ot  +  1)         ., 
1-  J  ^  2  ^  gj^j X  iPe*  - 

(n  +  5m  +  l).(2n  +  5m  +  l)(^^  ^  ^  _^  ^^±i(a^  + 

*<^) |y'«'"+i  4-    etc.,  (a),  whose  law  of  continuation  is 

manifest. 

If  76  is  a  positive  whole  number,  and  m  =  —  1,  then  (1) 
becomes  of  +  aaf-^  +  bof-^  +  caf -^  +  etc.  =  ±  j^,   (6^) ; 

and  (a)  is   reduced   to  a?  =  y' 1-  (^  ""    a^  —  - jL  -i. 

^  n         \  271^  7l/y'  ^ 

r     (n-4)(n-2)(3n-4)(7t-l)     .  (n-4)(n-2)(3n-4)  „ 
L 3      ^      5i^'        ^  +  3;? <**  - 

r  («.  -  5)(2>t  -  5)(3n  -  5)(4»  —  5)(?t  - 1)  ,     (n  -  6){2n  -  5) 
L          2.3.4.6        ft'         *                2.3. 
(3»  -  5X4»  -  5)  ,,  ^  (n-5)(2»-6)(3ft  -  5)     /3a'*  +  2a»c\ 
4     .     ft» ''*+         2.3    .    »* ""V 2 / 

-^"~f';7g(3a^<^  +  6aJo  +  *0  +  ^2a.  +  2J^  +  <^- 
{]^.  +  etc.,  (J). 

If  in  (O')  we  put »  —  ?  instead  of  «,  the  resulting  equation 

will  be  of  the  same  form  as  (6'),  with  the  exception  that  the 
tenn  which  corresponds  to  aaf*~^  will  be  wanting,  because 
its  coefficient  will  equal  0 ;  consequently,  (6')  may  represent 
« the  resulting  equation,  if  we  put  a  =  0. 

Hence,  putting  a  =  0,  (J)  is  reduced  to  »  =  y'  —  — . ^ 

ny      nj/^ 

(n-S)¥-2nd      {n  -  i)hc  -  ne      f     (yi  - 5)(2n  -  SU 
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r(„-4)(„-8)(8»-8)y^  _  C»_-^|^) 

3J'^)  +  ^^^-^^{de  +  Jg'  +  ?0  ""  "■  I~78  +  ®^^"'  W'  wl^ich  is  of 

a  much  simpler  form  than  ((),  while  it  has  the  same  gener- 
ality. 

Supposing  71  to  be  a  positive  whole  number,  and  a,  J,  Cj 
rf,  etc.,  together  with  ±  y",  to  be  real  numbers  or  quantities, 
it  is  clear  that  (6')  may  represent  any  algebraic  equation  of 
the  n^  degree,  observing  that  one  or  more  of  the  letters  a, 
J,  e,  etc.,  may  be  naught  or  negative,  if  required. 

Because  ±y"=±lxy"  =  (Ay)**  =  y'",  it  results  that  the 
right  member  of  (6';  equals  y'**.  To  get  y^  =  Ay,  we  must 
(according  to  what  has  been  shown)  multiply  the  positive 
root  of  y"  by  the  value  of  A,  as  found  from  the  solution  of 
the  linajmal  eqtiation  (5). 

Since  it  is  proved  in  the  Treatises  on  Analytical  Trigo- 
nometry, that  (5)  has  n  different  roots,  it  follows  that  y'  must 
have  n  different  values.  Also,  because  the  imaginary  roots 
of  (5)  occur  in  pairs  of  the  forms^+y  V—  1  and  p—q  V —  1 
(in  which  p  may  equal  0,  if  required),  it  follows  that  there 
must  be  similar  corresponding  values  of  y'.  Hence,  it  is 
clear,  from  (J)  or  (c),  that  the  equation  of  the  n'*  degree 
represented  by  (6')  has  n  roots,  whose  developments  are 
given  by  (J)  or  {c),  by  putting  the  different  values  of  y'  for 
y^  in  them ;  it  is  also  clear,  if  (6')  has  imaginary  roots,  that 
they  must  occur  in  pairs  of  the  forms  P  4-  Q  V — 1  and  P— 
Q  V—  1,  observing  that  P  may  equal  0,  if  required. 

It  may  be  added,  if  a,  J,  c,  etc.,  and  y'"  are  one  or  more 
of  them  imaginary,  then  -it  may  be  shown,  in  much  the 
same  way  as  before,  that  (6')  has  n  roots. 

To  show  the  use  of  what  has  been  done,  take  the  following 
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EXAMPLES. 

1.  To  develop  the  roots  of  a?"  +  2aj  =  9  =  3'  x  1. 
Comparing  the  equation  to  (6'),  we  have  n  =  2,  a  =  2,  J 

=  0,  (?  =  0,  etc.,  y'^  =  jr''  =  3*  X  1,  or,  since  y'»  =  j/*  x  A*, 

we  put  y*  =  3'  and  A'  =  1 ;  consequently,  the  positive  root 

of  y*  is  3,  and  the  algebraic  roots  of  A'  =  1  give  A  =  ±  1, 

and  we  shall  have  j/^  =  ±  3. 

Substituting  the  preceding  values  in  (J),  we  get  a?=y'— 1  + 

111 

H-/  —  F-Ts  +  TB-T«  —  ®*c-j  ^^  putting  ±  3  for  /  in  this,  we 
Siy       by       loy 

Wea,=  ±3-l±iT2jg±34s+etc.  =  ±3-l± 

0.16666.  qp  0.004629,  ±  0.000257  qp  etc.  Hence,  using  the 
upper  signs  in  the  ambiguous  signs  (±,  ^),  in  the  preceding 
series,  we  get  x  =  2.1622 ;  and  using  the  lower  signs,  we 
have  a?  =  —  4.1622.  These  roots,  which  are  correct  to  four 
decimal  places,  have  been  obtained  by  using  only  five  terms 
of  the  preceding  series. 

2.  To  find  Zy  from  the  equation  ^  —  700^?  =  69829. 

To  simplify  the  equation,  we  put  z  =  lOOaj,  and  thence 
get  aj'—7a5= 5.9829,  or,  multiplying  by  a?-^,  and  transposing, 
we  have  x  —  5.9829aj-^  =  7. 

In  this  equation  we  have  n  =  l,  a  =  0,  J=—  5.9829,  c  = 

0,  eZ  =  0,  etc.,  and  y'  =  y  =z7.    Hence,  by  substituting  the 

1       .    /  N             .         /r  .   5.9829      (5.9829)'  , 
precedmg  values  m  (o),  we  get  x  =  7  -\ = ^ — =5—^  + 

2(5^9J3      5(5.9829)^      ^^^^  ^  ^  ^  0  8547  -  0.10435887  + 

0.0254844  -  0.0074875  +  etc.  =  7.768308  +,  when  we  use 
only  five  terms  of  the  series ;  consequently,  we  have  z  = 
100a?  =  776.8308  +.  The  preceding  value  of  z  is  correct  to 
two  places  of  figures,  and  nearly  to  three  places,  for  the 
correct  value  is  s  =  777.  (See  Young's  Theory  of  Equations, 
p.  108.)  It  may  be  added,  that  the  remaining  root  of  the 
equation  is  easily  found  to  be  —  77. 

3.  To  find  X  from  the  equation  a?*  —  3a?  =  5. 

Multiplying  the  terms  by  a?-^  and  transposing,  the  equa- 
tion becomes  x  —  5aj~'  =  3 ;  which  gives  c^  =  0,  J  =  0,  c  = 
—  5,  {i  =  0,  <g  =  0,  etc.,  y'  =  y  =  3and«.  =  l. 
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Substituting  the  preceding  Values  in  (c),  we  get  a?  =  8  + 

5  -  ^  +  ^  _  etc.  =  8  +  0.5555.  -  0.2058  -f  0.1333.  — 

9      243  ^  6561 

etc.  =  3.42.,  correct  to  two  decimal  places  nearly. 

4,  To  find  »  from  the  equation  vf  —  IOsb"  +  e»  +  1  =  0. 
Multiplying  by  a?***  and  transposing,  the  equation  becomes 

^  4-  6a?-'  +  aj-*  =  10 ;  which  gives  ti  =  2,  a  =  0,  &  =  0,  c  = 
0,  d  =  6,  «  =  1,  /=  0,  5^  =  0,  etc.,  y*  =  10  and  A'  =  1,  op 
y=i^andA  =  ±landsr'=±  i^. 

Hence,  a.=  ±i/lOqz^^^^-2ro^8\'^VB''2^ 
-?^  +  etc.  =  ±  3.162277.  T  0.094868.  -  0.005  T  0.0071151. 

—  0.0009  +  etc. 

Taking  the  upper  signs  in  the  ambiguous  signs,  we  get  a? 
=  3.05,  correct  to  two  decimal  places ;  and  using  the  lower 
signs  we  have  aj  =  —  3.06,  which  is  also  correct  to  two  deci- 
mal places. 

5.  To  find  X  from  the  equation  «*  —  3a?  +  75aj  =  10000. 
Here  we  have  »  =  4,  a  =  0,  J  =  —  3,  o  =  75,  e?  =  0,  €  = 

0,  etc.,  also,  5^^*  =  10000  =  10*  x  1  =  y*  x  A*,  or  y*  =  10« 
and  A*  =  1,  so  that  y  =  10,  A  t=  ±  1,  and  A  =  ±  V^^\  ; 
consequently,  y'  has  the  four  values  expressed  by  y'  =  ±  10 
and  y'  =  ±  10  V^^^. 

By  the  substitution  of  the  preceding  values  in  (c),  we  get 

®  "•  ^  "^  4y'  4y^  32y'»  128y'»  "^  32y'«  2048y^  "*" 
etc.  Putting  ±  10  for  y',  we  get  a?  =  ±  10  ±  0.0^5  —  0.1875 
±  0.00028125  T  0,00175570  +  0.00002109  T  0.00001320 
±  etc. 

Jlence,  we  get  x  =  9.8860  and  aj  =  —  10.26099  for  the  ap- 
proximate values  of  two  of  tlie  roots ;  the  first  being  correct 
to  four,  and  the  second  to  three  decimal  places. 

Again,  by  putting  ±  10  )/  —\  for  y',  we  get  a?  =  ±  10  f'— 1 
0.075      0.1875       0.00028125    0.00175570    0.00002109 

0.00001320  tc.  =  ±  10  V—X  ^  0,075  i/=l  4-  0.1875 
±  0.00028125  4/^  ±  0,0017557  V^^  —  0.00002109  T 
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0.0000133  V^-i  ±  etc.  =  0.18747  ±  9.9270  V"^^,  which  is 
correct  to  four  decimal  places,  both  in  the  real  and  imagi- 
nary parte ;  confiequently,  we  have  x  =  0.1874  +  9.9270 
i^^  and  X  =  0.1874  —  9.9270  V^Hl  for  the  approximate 
values  of  the  imaginary  roots  of  the  given  equation. 

Remarks. — ^We  have  taken  this  question  from  p.  106  of 
Young's  Theory  of  Equations,  where  one  value  of  x  is  found 
to  be  9.8860027-  The  question  appears  to  have  been  origi- 
nally proposed  by  Dr.  Halley,  who  found  9.8862603936495 
for  the  approximate  value  of  one  of  the  roots.  (See  a  small 
tract  on  the  Solution  of  Equations,  at  the  end  of  Newton's 
Universal  Arithmetic,  Example  1.) 

6.  To  find  X  from  the  equation  a?"  —  6aj"  -f  8a?  —  1  =  0. 

By  putting  a?  =  — ,  =  x'"^^  the  equation  is  easily  changed  to 

X 

aj'-i  _  ^'-8  +  laj'-«  =  1  =  y'-i ;  which  gives  y'  =  8.    Com- 

8  8  8 

paring  this  equation  to  (6'),  we  have  w=  —  1,  a=— -,J  = 

o 

i ;    consequently,  from  (J),  we  have  a?'  =  8  —  ^ -.  — 

8  8      512 

_  etc.  =  7.3379 ;  correct  to  three  decimal  places. 


16384 

Hence,  we  have  a?  =  --=  - — -~  =  0.136  for  the  approxi- 
'  a?'     7.3379  ^^ 

mate  value  of  a?,  which  is  correct  in  all  its  figures. 

METTHOD  OF  APPBOXIMATING   TO  THE    EATIO    OF   TWO    NTTMBEBS 
OB  QUANTmES. 

1.  Let  A  and  A'  represent  the  numbers  or  quantities; 
then  if  we  divide  A  by  A',  and  divide  A'  by  the  remainder, 
and  so  on,  as  in  finding  the  greatest  common  divisor,  by  using 
tf,  J,  c,  etc.,  for  the  successive  quotients,  we  shall  have  the 
following  process : 
_A/JA|«_ 

A--aAJ  A'  1^  (1). 

•JA  — oJA' 

(1-f  fl&)A^-ftA|  A  -  « A'  |_£^ 

((?  +  €ihc)h!  —  IcK 
(1  +  hi)K  -  (g  +  c  +  <jiJtK)k!\{X'^db)hJ'--lk.\A^ 

and  so  on,  to  any  extent  that  may  be  required. 
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It  is  clear,  from  (1),  that  any  dividend  and  its  correspond- 
ing divisor  (neglecting  their  signs)  may  be  expressed  by  the 
forms  PoA'  —  QqA  and  QA  —  PA^,  (2) ;  consequently,  if  m 
stands  for  the  quotient  resulting  from  the  division,  the  re- 
mainder will  evidently  be  of  the  form  PiA'  —  QiA  =  (Pq  -|- 
mP) A'  —  (Qo  -I-  mQ)A ;  which  gives  Pi  =  mP  -f  P©  and  Q^ 

=  ^/^Q  +  Qo,(3). 

2.  Supposing  A  and  A'  to  be  positive,  and  a^  5,  <?,  etc.,  the 
greatest  positive  integers  in  the  successive  quotients,  it  is 
clear  that  the  remainders  in  (1)  will  all  be  positive.    Because 

the  remainder  A  —  ak!  is  positive,  it  is  plain  that  :=  is 

A 

greater  than  a  =  -  ;  and  in  like  manner  from  the  remainder, 

(1  +  ah)k!  —  JA,  we  shall  have  —  less  than     \      /  and 

A  0 

from  the  remainder,  (1  +  Jc)A  —  (a  +  (?  4-  ahc)A!^  we  sliall 

have  — -  greater  than  ^LL^J^ — ?,  and  so  on ;  consequently, 

the  ratio  -—  lies  between  any  two  of  the  siicceasive  ratios  % 
A  1 

L±L^,  a±c+c^^  ^^^^  ^  ^j^  ^^  li^^  ^  ^..  A  ^. 

0  1  -{-  00  A 

greater  than  the  first  of  the  preceding  roMos^  less  than  the 

second^  greaier  than  the  thirds  and  so  on.    It  is  hence  clear 

that  we  may  call  ?,     "t  ^  ,  ^  "V  ^  "t — ?,  etc.,  the  firsts  second^ 
1       b  \  -\-  be 

A  A 

thirds  etc.y  approximate  raiios  of  —  ;  observing  that  ^ 

-^  A. 

which  expresses  the  exact  geometrical  ratio  of  A  to  A^,  is 
sometimes  called  the  exact  or  complete  quotient^  while  the  ap- 
proximate ratios  are  called  inexact  or  incomplete  quotients, 

8.  If  we  represent  any  successive  three  approximate  ratios 

by'??,  ?,  and  ^S  then  from  (3)  these  will  become  ??,  ?, 

and  ^?J±$,  (4). 
mQ  +  Qo"  ^ 

Since  m  represents  the  quotient  in  (1),  which  corresponds 

P 

to  =i  (the  last  of  the  three  ratios),  it  foUows,  from  (4),  that 

Qi 


UNDETERMINED    COEFFICIENTS.  445 

if  we  miiltiply  the  numerator  of  the  second  hy  m,  and  in- 
crease the  product  hy  the  numerator  of  the  firsts  the  result 
will  give  the  numerator  of  the  third;  amd  in  the  very  same 
way  the  denominator  of  the  third  can  he  fawnd  from  the  de- 
normnoitOTS  of  the  second  and  first  fractions  or  ratios.  Thus, 
if  we  take  the  first  two  approximate  ratios  or  fractions, 

?,      \^  ,  and  represent  the  third  by  -i ;  then, since  c  is  the 

16  Qi 

third  quotient,  we  must  put  c  for  m,  and  we  shall  have 

P,      (l  +  «6>jfa^a  +  c^H-a&^       ^tonghttobe. 
Qi  hc  +  1  1  +  hc     '  ^ 

4.  If  we  multiply  the  first  of  (3)  by  Q  and  the  second  by 
P,  we  shall  have  PoQ  +  mPQ  =  QPi  and  QoP  +  mPQ  = 
PQi,  which,  by  subtraction,  give  PoQ— QoP=— (PQi— QPi); 

P    P  P 

and  if  — ?,  — ?,  etc.,  are  the  ratios  which  succeed  --^,  we  shall 

Qs  Q«  Qi 

have  PQi-  QPi  =  -  (PiQg-QiPa),  and  so  on.  Hence,  if  for 
Po  and  Qo  we  put  a  and  1,  and  for  P  and  Q  we  put  1  -\-  ah 
and  J,  we  shall  have  PoQ  —  QoP  =  aJ  —  1  —  aJ=— 1;  con- 

.    P    P  P    P 

sequently  (from  what  has  been  done),  if  — ?,  — ,  -J,  -?,  etc., 

Qo  Q  Qi  Qa 
represent  the  first,  second,  third,  etc.,  approximate  ratios,  we 
shall  have  the  equations  PqQ  —  QoP  =  —  1,  PQi  —  QPi  =  1, 
PiQ«  — •  QiPa  =  —  1?  6tc.,  (6) ;  observing  that  the  right  mem- 
hers  of  (5)  are  negative  when  their  first  members  are  ohtained 
from  the  last  two  of  an  even  numher  of  approximaUng 
ratios^  and  thai  the  right  members  are  positive  when  their 
first  mernhers  are  obtained  from  the  last  two  of  an  odd  numr 
her  of  approximating  ratios, 

5.  K  the  first  of  (5)  is  divided  by  QoQ,  the  second  by  QQi, 

P       P  IP 

and  so  on,  they  will  be  reduced  to  -^  —  —  =  —  — — . ,  —  — 

Qo     Q         QoQ  Q 

&  =  7^x1  etc.,  (6). 
Qi     QQi       '  ^  ^ 

Because  a,  J,  c,  etc.,  are  positive  integers,  and  that  Qo  =  1, 

Q  =  J,  Qi  =  1 4-  J(?,  etc.,  it  is  clear  that  QoQ  is  less  than  QQ^, 

and  that  QQi  is  less  than  QiQt,  and  so  on ;  consequently,  it 

P    P  P 
follows,  from  (6),  that  the  ratios  -J,  _,  _J,  etc.,  will  continu- 

Qo  Q  Qi 
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ally  approach  to  a  state  of'  equality,  as  their  nmnber  is  in- 
creased, 

A  P     P 

Since  the  ratio  —  is  between  any  two  of  the  ratios  ~  _ 

A  Qo  Q 

P 

^5  etc.,  or  limited  by  them,  it  results  that  as  the  number  of 

Qi 

ratios  is  increased  they  will  continually  approach  to  —  aa 

■A 
P     P    P 

their  limit ;  conseguenUy^  we  may  caU  — ?,  --,  — ,  etc.,  cenr 

Qo  Q  Qi 

verging  ratios  or  fractions.    If  the  ratio  —  is  rational,  it  is 

A. 

dear  that  the  number  of  converging  ratios  will  be  finite ;  but 

A 

if  _  is  irrational,  the  number  of  converging  ratios  must  be 
A. 

A 

infinite,  and  such  that  they  will  ultimately  differ  from  -_  by 
a  difference  which  will  be  less  than  any  given  difference. 

6.  If  A  and  A'  have  a  common  divisor,  since  the  quotients 
a,  J,  <?,  etc.,  are  independent  of  the  divisor,  it  follows  that  the 
converging  fractions  will  also  be  independent  of  it ;  conse- 

A 

quently,  if  the  number  of  fractions  is  finite  (or  -~  rational), 

A 
the  last  of  them  must  be  the  ratio  -— ,  when  reduced  to  its 

A 

A 

A'^ 


lowest  terms.    Hence,  if  ^^,  when  reduced  to  its  lowest 


terms,  is  expressed  by  — :,  and  that  -  is  the  fraction  which 

immediately  precedes  it,  it  results  from  (5)  that  we  shall  have 
the  equation  SV  —  TU  =  ±  1,  (7) ;  in  which  —  must  be 
used  for  ±  when  there  is  an  even  number  of  converging 
fractions,  and  +  must  be  used  for  ±  when  there  is  an  odd 
number  of  converging  fractions. 

If  C  represents  the  greatest  common  divisor  of  A  and  A', 
then  if  we  multiply  (7)  by  0  (since  CV  =  A'  and  CU  =  A) 
we  get  A'S  —  AT  =  ±  C,  (8) ;  consequently,  if  C  =  1,  the 

last  of  the  converging  fractions  will  be  — ,  and  -  will  be  the 

A  J. ' 

fraction  (or  ratio)  which  immediately  precedes  it. 
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7.  It  10  impossible  to  insert  a  rational  fraction,  such  as 

R  P 

—,  between  two  successive  converging  fractions,  such  as  -^ 

p         .        .  ^ 

and  -J,  unless  its  denominator  S  is  greater  than  Qj   (the 

Qi 
greater  denominator  of  the  fractions,  between  which  the 
fraction  is  inserted). 

P      P  1 

For,  by  the  supposition,  we  must  have  —  —  -J  =  -t  __. 

Q     Qi         QQt 
P      "R      PS 0"R 

greater  tlian  -_  —  --= tto^'  ^^  (rejecting  the  signs)  we 

must  have  i-  >  ??JZ^,  (9).    Because  P,  Q,  E,  and  S  are 

Qi  8 

integers,  it  is  clear  that  PS  —  QR  can  not  (numerically)  be 
less  than  1 ;  consequently,  it  is  evident  that  the  inequality 
(9)  can  not  be  satisfied  unless  S  is  greater  than  Qi. 

P    P  P  .  " 

Hence,  the  fractions  _?,-_,  __!,  etc.,  are  ih&  simplest  frao- 

Qo  Q  Qi 

A 
tions  which  converge  toward  — ;  ortoth^  same  degree  of  ap- 

A. 

A 

proximation^  they  eapress  the  approximate  valines  of —-^  in  the 

.^ 

simplest  marmer. 

A  ^ d^ 

8.  Since,  from  (1),  we  have  _  =  ^  -j — — ,  and 

A/  J      (l  +  fl?)A^--&A  ^^  ^  ^^^  j^  jg  ^1^^  ^^^ 

A  —  aA:  A  —  a  A! 


A  1 

we  shall  have  --  =  a  h 

^  J+i 


c+1 


d  +  etc.,  which  is  called  a 
€<ynJtirmed  fraction  J  observing  that  an  expression  which  is 
partly  integral  and  partly  fractional,  or  wholly  fractional, 
and  is  such  that  the  denominator  of  the  fractional  part  is  a 
mixed  number,  and  the  denominator  of  the  fractional  part  of 
the  denominator  is  also  a  mixed  number,  and  so  on,  to  any 
required  extent,  is  called  a  continued  fraction. 
If  we  take  only  the  integral  part  of  the  continued  fraction, 

we  have  ^  for  the  firet  approximation  to  -  - ;  and  if  we  take 
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the  part  a  +  ^,  we  have  —it —  for  the  second  approximation 
0  o 

A 

to  ~  5  and  80  on.     Hence,  our  method  of  approximating  to 

A 

the  ratio  —  is  substantially  the  same  as  the  ordinary  method, 
by  using  continued  fractions. 

9.  To  perceive  the  use  of  what  has  been  done,  take  the 
following 

EXAMPLES. 

29 
1st.  To  find  the  approximate  ratios  of  — . 

Here  we  have    24  |  29  1 1 
24 
5J24|4 
20 

4J^5[j. 
4 

1J4IJ 
4 
•  0; 

consequently,  the  quotients  a,  i,  c,  d  are  severally  repre- 
sented, by  1,  4, 1,  4.     Hence,  the  first  two  converging  frac- 

V  a      1       jl+aJ      1  +  1x4      5 

tions  become    -  =  -  and       \       =     ^  =  - ;  conse- 

11  h  4  4 

,1     1  +  5x1      6  ^„ .  6  +  6  X  4     29        ,, 

quently,  — 1_ =  _  and  — 1 =  —  are  the  remamina: 

^         •^•14-4x15         4  +  5x4     24  ^ 

fractions.  Because  the  last  fraction  is,  equal  to  the  given 
fraction,  it  follows  that  the  given  fraction  can  not  be  reduced 
to  lower  terms ;  and  since  there  are  an  even  number  of  frac- 
tions, we  have  6  x  24  —  5  x  29  =  —  1. 

372 
2d.  To  find  the  approximate  values  of  -1-^, 

Here  a,  i,  c,  and  d  are  represented  by  1, 1, 1,  and  20,  and 

1    2    3    62       372 
thence  -,  -,-,—  =  — -  are  the  sought  fractions.    Because 
l'  1    2   41      246  ^ 

there  are  an  even  number  of  fractions,  we  have  3  x  41  — 
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2  X  89  =  —  1 ;  and  because  6  is  the  greatest  common  divi- 
sor of  246  and  372,  we  shall  have  3  x  246  —  2  x  872  = 
-6. 

1728 
8d.  To  find  the  approximate  vahies  of  tifz, 

1892 

Here  a,  S,  <?,  etc.,  are  represented  by  0, 1, 10,  1, 1,  6,  and 

3,  and  we  have?,  J,  1?,  11,  i^,  1?!,  432^1728^ 
'  f  1'  11'  12'  23'  160'  473      1892 

Because  there  are  an  odd  number  of  fractions,  we  h^ve 
473  X  137  —  432  x  150  =  1 ;  and  because  4  is  the  greatest 
common  divisor  of  1728  and  1892,  we  also  have  1892  x  137 
-  1728  X  150  =  4.  ^ 

VI ^1,    n-     ^    3.1416926535,  etc.       ..        ..      ^  ^,       . 

4tn.  triven, ? =  the  ratio  of  the  circum- 
ference of  a  circle  to  its  diameter,  to  find  the  approximate 
ratios. 

Here  the  numbers  corresponding  to  a,  J,  c,  d,  etc.,  are  3, 
7,  15,  1,  292,  1,  1,  etc.;  consequentiy,  ?,  ^,  g|,  g|, 

103993 

,  etc.,  are  the  soufflit  ratios.    The  most  celebrated  of 

33102'  ®  ^ 

22         365 
these  ratios  are  -^  and  — ,  which  are  the  ratios  of  Archim<e- 
7  113 

des  and  Metius. 

5th.  Given,  25a?  —  31y  =  1,  to  find  positive  integral  values 
of  X  and  y  which  will  satisfy  the  equation. 

31 

If  we  find  the  approximate  ratios  of  — ,  we  get  1, 4,  and  6 

25 

for  the  numbers  which  correspond  to  a^  J,  c;  consequently, 

we  have  -,  -,  and  —  for  the  ratios.    Since  the  number  of 
1    4  25 

ratios  is  odd,  we  have  25  x  5  —  31  x  4  =  1 ;  or,  using  m  to 

stand  for  any  positive  integer,  we  have  25  x  (5  +  31m)  — 

31  X  (4  -f  25m)  =  1 ;   consequently,  we  may  put  a?  =  5  -h 

31m,  and  y  =  4  +  25m.    K  we  put  0, 1,  2,  etc.,  successively, 

form,  we  get  a?  =  5,  y  =  4;  aj=  36,  y  =  29;  a?  =  67,^  =  54, 

and  80  on,  for  the  corresponding  values  of  x  and  yy  conse- 

29 
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quendy,  the  question  admits  of  an  unlimited  number  of 
answers. 

6th.  Given,  41a5  —  56y  =  1,  to  find  positive  integral  values 
of  X  and  y  which  will  satisfy  the  equation. 

TT  •         1    3   4   11    16        ,  56  ^t 

Here,  smee  j,  -,  -,  —,  -,  and  —  are  the  convergmg 

fractions,  we  have  41  x  15  —  56  x  11  =  —  1,  or  41  x  {&6m 
— 15)  —  56  X  (41m  —  11)  =  1.  Putting  1,  2,  etc.,  for  my  we 
get  56m  —  15  =  41  and  41m  —  11  =  30,  and  so  on. 

Remark. — If  A  and  B  are  positive  integers  prime  to  each 
other,  it  follows  that  we  may,  in  like  manner,  find  an  unlim- 
ited number  of  positive  integers  for  »  and  y  which  will 
satisfy  the  equation  kx  —  By  ==  1. 

7th.  To  find  the  sum  or  (more  properly)  the  generating 
ftinction  of  the  series  1  +  2aj  -f  3a?  +  4iB^+  etc. 

If  we  can*  find  the  generating  function  of  the  fraction 
.,  it  is  clear  that,  by  taking  its 


1  4-  2aj  4-  3aJ*  +  4aj*  +  etc' 
reciprocal,  we  shall  get  the  generating  function  of  the  pro- 
posed series. 

K  we  divide  the  numerator  of  the  fraction  by  its  denomi- 
nator, we  shall  get  1  for  the  quotient,  and  —  2a?  —  3a?-- 40*— 
etc.,  for  the  remainder. 

Then,  dividing  1  +  2aj  +  3a?  -f  4a?  -h  etc.,  by  the  preced- 
-j  ^ 

ing  remainder,  we  get for  the  quotient,  and  -  ^g^  ^ 

—  +  2a^  -f  ^ — h  etc.,  for  the  remainder ;  and  dividing  the 
2  iu 

last  divisor  by  the  last  remainder,  we  have  —  4  for  the  quo* 
tient,  and  a?  -I-  2a?  +  3a?  -|-  etc.,  for  the  remainder ;  also,  di- 
viding: the  last  divisor  by  the  last  remainder,  we  have  —  for 
®  2aj 

the  quotient,  and  0  for  the  remainder;  consequently,  the 
divisions  terminate. 

Hence,  the  quotients  a,  &,  (?,  d  are  here  represented  by  1, 

—  ^,  -.-4,  and  ^  ;  consequently,  the  fractions  3-,  — ^ — , 

IM  2iX  1  O 
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hc  +  1      '  q)c  +  l)y.d+h 

^1  +  1   ?-3  ;i-?  +  l 

come  i,_^V-^  ^>  *^d  ^— ?— =  l--2a,  +  a?  = 

—  A     f  + 1  1 

(1— a?)*,  which  is  the  generating  function  of 

Hence,  we  shall  clearly  have  1  +  2a?  +  3aj*  +  40*  +  etc.  = 
(1  ^  x)"^  =  the  sought  generating  function. 

8th.  To  find  the  generating  function  of  the  series  1  + 
2aj  +  3a?  +  6a^  +  8aJ*  +  13a?*  +    etc.,  or   of  the   fraction 
1 


l  +  2aj  +  3a?+5aj*+8a^  +  etc. 

Proceeding  as  in  the  last  equation,  we  have  a,  J,  c,  d  ex- 
pressed by  1,  —  — ,  —  4,  and  —  ^/  consequentiy,  we  easily 

get  i —  for  the  generating  function  of  - — -— ; 

^        l+aj  ^  l+2a?+3ar'+etc. 

by  taking  the  reciprocals,  we  shall  have  1  +  2aj  +  3aj"  + 
6aj»  +  etc.=--l±^. 

1  —  X  —  TT 

Remark, — ^We  have  taken  this  question  from  p.  265  of  the 

New  York  edition  of  Young's  Algebra,  where -.  is 

(1  —  a?)' 

given  for  the  generating  function  of  1  +  2aj  +  &b*  +  5a*  + 

etc. 

9th.  To  find  the  generating  function  of  the  series  3  +  5a?  + 
7a?  +  13a?*  +  23a^  +  45aJ*  +  87a^  +  etc. 

Proceeding  as  in  the  last  two  questions  to  find  the  gener- 

atinff  function  of  the  fraction ,  we  get  -, 

®  3  +  5a?  +  7ar  4-  etc.  3 

-.  .^,  —_,—_,  2,  and  —  -  for  the  representatives  of  a, 
5a?'      12'      5a?'    '  a?  ^ 

&,  c,  ^  <?,  and/;  consequentiy,  we  get    ""  _^""_^ —  for 
the  generating  function  of  the  fraction;  and  taking  the 
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reciprocals,  we  shall  have  3  -♦-  6a  4-  7a^  -♦-  ISaj*  +  28»*  +  ete. 

3  —  a;  —  6a^  . 

= -,  as  required. 

R€m(»rhs.-^1.  The  answer  which  we  have  given  to  thiB 
question  agrees  with  that  given  by  Mr.  Young,  at  the  place 
cited  above. 

2.  The  method  used  in  solving  the  three  preceding  ques- 
tions is  substantially  the  same  as  that  given  by  Mr.  Young 
at  p.  174,  etc.,  of  his  Theory  of  Algebraical  Equations.  Mr. 
Young  ascribes  the  method  to  M.  Le  Barbier. 

3.  It  is  clear  that  the  method  is  applicable  to  any  reenr- 
rmg  series,  when  the  terms  are  rational,  and  the  scale  of 

relation  consists  of  a  finite  number  of  terms. 

10th.  To  find  the  approximate  fractions  of 

Here,  dividing  the  nunaerator  (arranged  according  to  the 
descending  powers  of  x)  by  the  denominator,  1,  and  1  by 

the  remainder,  and  so  on,  we  get  a^,  — ^,  9(b*,  aad  —  for 

2x  dx 

the  representatives  of  a,  &,  c^  and  d. 

^          aj»         3        \       3/^           ,       \       3/^3^       3 
Hence,  -,  — -,  — r— jT ,  and 

3»       V    3a?/^  V    3a?/ ^3»    &b 

2*8  Qoj 1  .  A  • 

^  z. — are  the  convergmg  fractions. 

Again,    putting    the    given    expression    in    the    form 

H — ""    ^  "*" — ,  and  proceeding  as  before,  we  get  —  1,  — 

19  1 

— , ,  and  —  for  the  representatives  of  a,  ft,  c.  and  d: 

SX  X  SX  "  -n      7      1  9 

^     1 
-1  ^"^"^ 

consequently,  the  converging  fraetkma  beeome  -— , _ 

""3S 
-9      3       ^ 
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Bemao'ks. — If  the  fractions  converge,  with  sufficient  rapid- 

fj^  ^^    Q^^  -| 

ity,  to H— ,  it  is  clear  that  those  values  of  x  which ' 

satisfy  the  equation  a?"  —  3aj  —  1  =  0  ought  to  reduce  the 
converging  fractions  to  0  very  nearly.  Hence,  if  we  put 
the  numerators  of  the  fractions  which  contain  a?,  separately 
equal  to  0,  the  roots  of  the  resulting  equations  ought  to  be 
the  approximate  values  of  the  roots  of  a?'  —  Sa?  •—  1  =  0. 

Thus,  if  we  put  the  numerators  of  the  second  and  third 
fractionfi  (in  the  first  set)  equal  to  0,  we  get  the  equations 
»*  =  3  and  So*  —  a?  =  9.  Solving  these  equations,  the  first 
gives  X  =  1,732  and  a;  =  —  1.732,  and  the  second  gives  x  = 
1.904  and  a?  =  — 1.57  for  approximate  values  of  the  roots 
1.879  and  —  1.532  of  the  equation  a?"  —  3a?  —  1  =  0. 

In  like  manner,  if  we  take  the  second  set  of  converging 
fractions,  and  put  the  numerators  of  the  second  and  third 
equal  to  0,  we  get  the  equations  3aj  +  1  =  0  and  a*  +  9aj  + 

8  =  0.    Solving  these  equations,  we  get  a?  =  —  -  =  —  0.333 

tj 

and  a?  =  —  0.347  for  approximate  values  of  the  remaining 

root  —  0.3472  of  the  equation  «r*  -  3j?  —  1  =  0. 

Hence,  we  perceive  in  what  manner  we  may  (often)  find 

the  first  figures  of  one  or  more  of  the  roots  of  an  equation. 

THius,  to  find  the  approximate  root  of  the  equation  aj"  +  18ttJ 

--6  =  0,  we  convert  "Z — 11— It —  into  the  converging 

^^^^r.a  -6  3aj  x\  Sxf  ,  -6+18a?+a^ 
factions  — J,  _^, ,  and  j • 

18a?        ^^^ 
Then,  by  putting  the  numerators  of  the  second  and  third 
fractions  equal  to  0,  we  get  the  equations  3a?  —  1  =  0  and  a? 

+  54«j  =  18,    Solving  these  equations,  we  get  x=  ~  =  0.333 

3 

and  X  =  0.33130 ;  the  second  of  these  values  being  correct 
to  four  decimal  places.  (See  Vol.  I.  of  Bonnycastle's  Alge- 
bra, pp.  147  and  148.) 
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SECTION    XVI- 

SOLUTION  OF  KECIFROCAL  OR  EECUBBmG  EQTJATIOHB. 

(1.)  Let  A^"^  +  K^z"^^  +  A^'"-*^  . . . .  +  A^_^  +  A^^b 
+  Ajn  =  0,  (1),  stand  for  any  equation  of  the  m^  degree ; 
then,  if  A©  =  A^,  Aj  =  A^_i,  A,  =  A^.,,  and  so  on,  the 
equation  is  called  a  recvprocdl  or  recurring  equation. 

(a.)  Supposing  (1)  to  be  a  reciprocal  or  recurring  equation, 
by  putting  Ao,  Ai,  A,,  etc.,  for  A^,  A^_i,  A^_„  etc.,  it  is 
clear  that  the  equation  may  be  written  in  the  form  A^(s'"-f-l) 
-♦-  AisCs"*-'  +  1)  +  A^iz"^-^  +  1)  +  etc.  =  0,  (2). 

If  m  is  an  odd  number,  since  m  —  2,  m  —  4,  and  so  on, 
are  odd  numbers,  it  is  clear  that  z"^  +  1,  3"*~*  +  1,  s**-*  +  1, 
and  so  on,  will  each  be  exactly  divisible  by  s  +  1 ;  conse- 
quently, 3  =  —  1  must  be  a  root  of  (2)  or  (1).  To  find  the 
remaining  roots  of  (1),  we  divide  it  by  s  +  1,  and  put  the 
quotient  equal  to  0,  and  we  shall  get  the  equation  A^s"*"*  -|- 
(Ai  -  A,>— »  +  (A,  -  Ai  +  A,)  X  «— »  +  ....  +  (A^_,  - 
A^_i  +  A^y  +  (A^_i  -  A^>  +  A^  =  0,  (3) ;  and  since 
Ao  =  Amy  Ai  =  A^_i,  Aa  =  A^_s,  and  so  on,  it  is  clear  that 
(3)  is  a  reciprocal  or  recurring  equation,  of  the  degree  repre- 
sented by  the  even  number  m  —  1. 

(«.)  If  m  is  an  odd  number,  and  Ao  =  —  A^,  Ai  =  — 
A^«i,  Aa  =  —  A^_2,  and  so  on,  then  it  is  clear  that  (1)  may 
be  written  in  the  form  Ao(s"*  —  1)  -I-  Aiz{z'^-^  —  1)  -h 
Aj3'(3'""'*  —  1)  +  etc.  =  0 ;  consequently,  since  m,  m  —  2, 
m  —  4,  and  so  on,  are  odd  numbers,  z^  —  1,  3*^-*  —  1,  s"*-^ 
—  1,  and  so  on,  must  each  be  exactly  divisible  by  «  —  1,  and 
of  course  3  =  1  must  be  a  root  of  (1).  Dividing  (1)  by  s  — 
1,  and  putting  the  quotient  equal  to  0,  we  shall  get  the 
reciprocal  or  recurring  equation  Ao^'"-^  -♦-  (Aj  +  Ao)3^"*  + 
(A,  + Ai  4-  AoK-*  +  ....+ (As +  Ai  +  Ao)3*+  (Ai  +  A^js 
-I-  Ao  =  0,  of  the  even  degree  m  —  1 ;  and  solving  this 
equation,  we  shall  get  the  remaining  roots  of  (1). 
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(4.)  If  ^  is  an  even  number,  and  A^  =  —  Am,  Ai  =  — 
Am  —  1,  and  89  on,  and  if  the  middle  term  of  (1)  is  wanting, 
then  by  writing  (1)  in  the  form  Ao(3"*  —  1)  +  Kxzi^"^  —  1) 
+  Aas'(2i'^-*  —  1)  +  etc.  =  0,  since  2?^  —  1,  3'~-*—  1,  and  so 
on,  are  exactly  divisible  by  s*  —  1,  it  follows  that  2  =  1  and 
s  =  —  1  mnst  be  roots  of  (1).  Dividing  (1)  by  ^  —  1,  and 
putting  the  quotient  equal  to  0,  we  get  the  reciprocal  or  re- 
curiing  equation  Aos"*^*  -|-  Aje"*-®  +  (Ao  +  Aj^"*-*  +  (Ai  + 
As^"*-*^  +  (Ao  +  A,  -♦-  Ai>"'-«+  .. ..  +(Ao  +  A,  +  A^y  + 
(Ai  +  K^  +  (Ao  +  A,)^*  -f  Ai0  +  Ao  =  0 ;  consequently, 
from  the  solution  of  this  equation,  we  shall  get  the  remain- 
ing roots  of  (1). 

(5.)  Hence,  supposing  (1)  to  be  a  reciprocal  or  recurring 
equation  of  an  even  degree,  and  that  m  =  ^n^  then  (1)  may 
be  written  in  the  form  Kj^  +  !)-♦-  Kxzi^"^  +  1)  +  ^^ 
(^""-^1)+ A^(;3**-«+l)  +  ....+  An_i0"-V  +  1)+ A^s"  = 
0 ;  or  dividing  the  terms  of  this  by  «**,  we  shall  have  the  equa- 

tion  A,(3«  +  i.)  +  A,(3-i +^)  +  A,(3-«  +  ^^ 
+A^-i{3  +  -)-l- A„  =  0,  (a).    Putting  s  +  -  =  aj,  (5),  we 

\  Zf  z 

easily  get  2*  +  ^  =  a?—  2,  s*  +  ^  =  aj"  —  3a?,  ;3*  +  -^=  (aj*  — 
3a?)  X  a?  -  (a?  -  2)  =  a^  —  4a?  +  2,  s«  +  1  =  (a^  -  4aj»  +  2>B 
—  (a?  —  3a?)  =  ajf*  —  Saj"  +  5a?,  and  so  on.  Substituting  the 
preceding  values  of  s  +  -,  s*  -♦-  3,  2*  +  -g,  and  so  on,  in  {p)^ 

it  will  be  reduced  to  an  equation  of  the  form  A^,a?~  +  Ba?"-^ 
+  Oaf*"^  -I-  etc.  =  0,  (p) ;  which  being  of  the  n^  degree,  its 
degree  is  half  that  of  (1). 

Solving  (c)  we  shall  get  the  values  of  a?,  which  will  of 
course  be  the  n  roots  of  the  equation;  then  putting  these 

roots  separately,  for  a?  in  (J),  the  values  of  z  and  -  correspond- 
ing to  each  root,  will  be  two  of  the  roots  of  (1) ;  consequently, 
the  2n  roots  of  (1)  will  become  known. 

Because  the  values  of  z  and  -  are  the  roots  of  (1)  which 

z 

correspond  to  each  root  of  (c),  it  is  plain  that  the  roots  of  (1) 
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may  be  coneidered  as  consistiiig  of  corresponding  pairs,  of 
Ijie  forms  a\  — ;  a'\  _-,  and  so  on. 

€b  Of 

(6.)  To  illustrate  what  has  been  done,  take  the  following 

EXAMPLES. 

1.  To  find  the  roots  of  2;s*  —  Se'  —  8«  +  2  =  0. 

Since  —  1  is  clearly  one  of  the  roots,  by  dividing  the  eqnar 
tion  by  s  +  1  and  putting  the  quotient  equal  to  0,  we  get 
the  equation  2;2*  —  5;?  +  2  =  0 ;  which  is  a  reciprocal  or  re- 
curring equation,  whose  solution  gives  2  and  -  for  the  remainr 

2 
ing  roots  of  the  given  equation. 

2.  To  find  the  roots  of  6/  +  4s*  +  3^  -  33»  -  43- 6  =  0. 
Since  1  is  one  of  the  roots,  if  we  divide  the  equation  by 

iS— 1,  and  put  the  quotient  equal  to  0,  we  shall  get  53*-h  90*+ 

12fl?4-9s-|-6  =  0,or6(i3*  +  l)  4.  9/^ +  1\  ^-12  =  0.    Putting 

z  H-  -  =  a?,  the  preceding  equation  is  easily  reduced  to  6a?  + 
z 

9 l/JJ 

9a?  =  —  2 ;  whose  solution  gives  a?  = — —  and  »  =  — 

l±i^.    Hence,weshaUhaves  +  ^  =  -.?.:^4^and3 
10  '  ^  z  10 

+  -  = 1— — ;  whose  solution  will  give  the  remaining 

roots  of  the  given  equation,  which  are  all  imaginary. 

3.  To  find  the  roots  of  3*  +  2s"  —  2^  —  1  =  0. 

Since  1  and  —  1  are  clearly  two  of  the  roots,  if  we  divide 
the  equation  by  s*  —  1  and  put  the  quotient  equal  to  0,  we 
shall  get  the  reciprocal  or  recurring  equation  ^s?  4-  23  + 1 
=  0 ;  whose  solution  gives  —  1  and  —  1  for  the  remaining 
roots  of  the  given  equation. 

4.  To  find  the  roots  of  s*  +  1  =  0. 

Ans.  -Iandl±i3. 

6.  To  find  the  roots  of  «•  —  1  =  0, 

Am.  1  and  ~^\^^^~^ 
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6.  To  find  the  lootg  oi^  +  1  =  0.         Ans.  ±  L±i_Ei. 

7.  To  find  the  roots  of  a^  —  1  =  0. 

Ana.  1,  —  1,  and  ±  V^. 

SOLUTION  OF  BDfOHIAL  EQUATIONS. 

(l.)  Agreeably  to  what  has  been  said  in  Evolutioiiy  at  p. 
282,  etc.,  we  may  clearly  represent  any  binomial  equation  by 
y"  ±  a5*»  =  0,  (1).  Putting  y  =  oa?,  (1)  becomes  a^aj"  ±  a*  = 
0,  which,  by  rejecting  the  factor  a",  is  reduced  to  aj"  ±  1  =  0 ; 
for  which  we  shall  take  the  equivalent  separate  equations 
«"  =  —  1 ,  (2),  and  »~  =  1,  (8). 

(2.)  Because  (^  +  ^^  =  -  1,  and  (Lti^^  =  1,  if 

we  represent  any  positive  or  negative  odd  integer  by  «i,  and 
any  poeitire  or  negative  integer  (including  0)  by  ^,  it  is  clear 

that  for  (2)  and  (8)  we  may  write  a"  =  r  "^         ^V"  and 

ar  =  (^  +  *^r  J  whose  »*  roots  give  x  =  A  +  ^^\  " 
\      4/3      /  V      4/2      ' 

and»  =  (^  +  ^"     Becanse(i+fEIr=_l_ 

i_4/zri 

^  ,  it  is  clear  that  for  the  preceding  equations  we 


^  ^ 

may  write  x  =  A  ±  ^)  "^ ,  (4),  and  a?  =  (L±i^)",  (5), 

and  suppose  m  and  p  to  be  poeitiye  integers.  .  It  is  clear 
from  (4)  and  (5),  that  the  values  of  x  (generally)  occur  in 
pairs ;  since  by  using  +  for  ±  in  1  ±  V—1  we  get  one  root, 
and  by  taking  —  for  ±  we  get  another  corresponding  root. 

(a.)  Putting  m  =  n±,q^  multiplying  by  4  and  dividing  by 

n,  we  get  —  =  4  ±  — 5  which  being  put  for  the  exponent 
n  n 

in  (4),  reduces  it  to  g  =  A±^^\    "  ^  /I  ±  l/=^y  ^ 
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(1  +  V l\~~^ 
-^     — j      ;  which  is  equivalent  to  the  separate  eqna- 


(^  )  .  Because  the  last  two  of  these  values  of  x  are 
V2  / 
the  same  as  the  first  two  taken  in  a  reverse  order,  it  follows 
that  the  values  of  x  which  correspond  to  m  greater  than  n, 
will  be  merely  a  repetition  of  the  values  of  x  which  cor- 
respond to  m  less  than  n. 

Hence,  supposing  n  to  be  an  odd  integer,  by  putting  1,  3, 
6,  ....  71  successively,  for  m  in  (4),  we  shall  get  the  n  dif- 

4 

(1    4_  4/       1\n 
-^       I  ,    X  = 
V2      ' 

e-^)-=e-^)""=e-^w. 


«,  —  1 

— - —  pairs  of  values  of  a?,  together  with  the  value  of  x  ex- 

pressed  by  a?  =  A  ±;^^\*  I,  /I  ±  V^\  ^^X\  which 

will  evidently  be  the  n  roots  of  (4),  since  it  is  clear  that  (4) 
can  not  have  equal  roots. 

And  if  n  is  an  even  number,  by  putting  1,  3,  6,  ... .  n— 1 
successively,  for  m  in  (4),  we  shall  in  like  manner  get  the  n 

_4 

which,  as  before,  will  be  the  n  roots  of  (2). 

^ "I 

(4.)  If  71  in  (6)  is  an  odd  number,  and  we  put  p  = 
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±  r,  we  get  ^  =  4 ±  — ,  which  being  put  for  the  expo- 

(1  +  '/^^X*"'*'"'' 
J  =   — 

which,  being  equivalent  to  the  separate  equations  a?  =  — 

(L±i^f  X  (l±jOf  and  «,  =  -  (1^^)" "  X 

^^ * 

/l^j/— 1\"  j^  jg  ^jgj^  jjj^j  ^g  values  of  x  which  result 

from  taking^  greater  than  "'~     will  be  merely  a  repetition 

of  the  values  of  a  resulting  from  taking  p  not  greater  than 
n-1 

2 

Hence,  if  we  put  0, 1,  2,  3, ^^^  successively,  for  _p 

in  (5),  we  shall  get  the  n  values  of  x  expressed  by  a5=l,  «= 

which  will  be  the  n  roots  of  (3). 

Again,  if  t^  in  (5)  is  an  even  number,  and  we  put  p  = 

^  ±  ^  we  get  §?  =  4  ±  — ,  which,  being  put  for  the  expo- 
2  n  n 

±1 

nent  in  (5),  reduces  it  to  »=  ""(^^  V""^)  ">  consequently, 
as  before,  tlie  values  of  x  resulting  from  taking  p  greater 
than  -  will  be  merely  a  repetition  of  the  values  of  x  which 
result  from  taking  p  not  greater  than  g' 

Hence,  if  we  put  0, 1,  2,  3, ....  |  successively,  for  p  in 
(5),  we  shall  get  the  n  values  of  x  expressed  by  aj  =  1,  a  = 
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(^••=(^^f »=e-^f= 

OiA^^zl\  =  -  1,  which  will  be  the  n  roots  of  (3). 
(tf .)  It  is  evident  that  (4)  and  (5)  may  be  written  in  the 

± 

(7) ;  confiequently,  having  found  the  values  of  (    -^'    "^    | 

(1  4-  V IX** 
— = j  ,  the  n  roots  of  (2)  will  be  found  by  putting 

1,  3,  5,  etc.,  successively,  for  m  in  (6),  and  those  of  (3)  will 
be  found  by  putting  0, 1,  2,  8,  etc.,  successively,  for  p  in  (7), 
and  then  developing  the  powers. 

To  find  /L±:?:3r  and  A±^-l\*  it  ^iU  clearly  be 

4  8 

sufficient  to  find  (ijtJ_Ir  and  (^  "^  V,  and  then 

to  change  V—  1  (in  them)  into  ±  i^—  1. 

If  we  convert  the  binomial  (1  +  a  V'—  l/  into  a  series 
arranged  according  to  the  ascending  powers  of  a  i^— 1,  we 
shall  (by  the  binomial  tlieorem)  get  (1  +  a  V—  l/rr  1  + 

^ */-!     K>-  -  1),,  _  r(^-i)(r-2)   ^/:^    H^-i) 

TT2  12,     3         ^  —  A  + 12 

(r-2)(r-3)     '  -(1     K^-i)j  I  r{r-ltr-2){r-Z)^ 

-etc.)+im  1.2.3  ''+1.2.  3.4.6  *^ 
—  etc.)  X  4^—1,  (8) ;  consequently,  if  r  is  a  positive  integer, 
the  power  -will  be  exact,  and  if  r  is  fractional,  and  a  sensiblj 
lees  than  1,  the  value  of  (1  +  a  V—  if  can  be  found  to  any 
required  degree  of  exactness  by  converging  seiiee. 
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^-(^^r=f-fr''('^W'<(^^ 


1  H —  I ,  (10),  it  ifi  clear,  if  we  develop  Ae  binoiBials 

in  tlie  right  niembers  of  these  equations,  that  we  shall  get 
the  values  of  the  first  members  of  the  equations  by  converg- 

ing  sencs  when  -  and  -  are  fractional. 
n         n 

Thns,  if  n  =  8,  and  we  put  -  fw  r,  and  -  for  a  in  (8),  we 

shall  get  (l  +  ijzij'rz:  0.94563651  +  0.67252751  V^^ ; 

1                                            /      V^^\^ 
and  by  putting  -  for  a  in  (8),  we  shall  also  have  1 1  ^ j 

=  0.97555394  +  0.44623019  i^^ ;   consequently,  from  (9) 

(l  +  i^\^=  0.499999  +  0.866025  V^. 

Changing  V—1  into  ±  t^— 1,  this  result  clearly  indicates 
that  two  of  the  roots  of  the  equation  a^  -f- 1  =  0  are  O.ft  ± 

jLz.  i/—  1  =  —5 — II_,  agreeably  to  what  has  been  shown 

in  Ex.  4  of  Eecurring  Equations. 


To  find  the  remaining  root  of  »■  +  1  =  0,  we  shall  put  n 
=  3  and  m  =  3  in  (6),  and  shall  get  x  =  f/L^JllZlij  1  = 

(    -^  j  =  —  1,  which  also  agrees  with  the  answer  given 

in  the  example  previously  cited. 

It  is  clear  from  (10),  that  if  we  square  the  preceding  roots, 
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we  shall  get j  j_  V^^^ 

^ and  1  for  the  roots  of  the  equation 

Hence  the  method  of  proceeding  in  order  to  find  the  roots 
of  any  binomial  equation  becomes  too  evident  to  require  any 
further  comment. 

(6.)  FinaUy^  we  Ka/oe  shovm^  from  the  principles  of  pure 
cUgebT^ay  that  any  binomial  eqtuition  must  home  as  many  dif- 
ferent roots  as  there  are  tmita  in  the  index  of  the  wnkrwwn 
letter. 

We  have  also  gvoen  a  simple  method  for  Jmding  the  roots 
of  any  srwh  eqtuition  to  amy  required  degree  of  emct^ness^  so 
that  we  may  consider  the  solution  of  binomial  equations  -as 
being  completed. 


SECTION    XVII- 

SOLUnOH  OF  CUBIC  AND  BIQUADRATIC  EQUATI0H8. 

(1.)  In  conformity  to  what  has  been  shown,  we  may 
clearly  take  ^  +  Aij/*  +  A^  =  A„  (1)  for  the  general  rep- 
resentative of  any  cubic  equation. 

A 

If  for  y  we  put  x \  it  is  easy  to  perceive  that  (1)  will 

be  reduced  to  the  form  a?"  +  oa?  =  J,  (2),  which  is  of  a  mudi 
more  simple  form  than  (1). 

Putting  x=ip  -{-  q^  and  substituting  jp  +  y  for  a?  in  (2),  it 
becomes  (p  -i-  qf  +  a{p  +  q)  =  b^  or  p^  +  g^  +  {8pq  +  a){p 
~\-  q)  =zb  ;  consequently,  by  assuming  3pq  +  a  =  0  or  jpj  = 

-f,(3),wegeti;»  +  2»  =  ft,(4). 
o 
From  (4)  and  (3)  we  easily  g&t  {^  +  ^  —  4p'j»=  J»  + 

— ,  or  (;p'  T-  J*)'  =  6*  +  •— ,  whose  square  root  gives  jo^  —  ^ 


=  \/v  + 


— ,  (6). 
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The  half  snm  and  half  diflTerence  of  (4)  and  (6)  give  j^  = 
|  +  V|+^  and  ?*  =  |-'/|V^;  consequently,  by 
taking  the  sum  of  the  cube  roots  of  these  expressions  (since 

-=/.+»).  w,  get  .=^^5+ vf7|)  +  y%- 
i/f^l),  (A), ».(..., =-!),. =;/(!.  i/f;|) 

a 

3 

—  — — (AO  ;    which   are    called    Cardan's 

Formulae. 

If  a  is  positive,  while  J  is  positive  or  negative,  it  is  clear 
that  X  can  be  found  from  (A)  or  (A') ;  also,  if  a  is  negative 

(since  |/-  +  —  will  become  y~  —  ^j,  it  is  evident,  if  ^ 
is  not  greater  than  _.,  that  a?  can  also  be  found  from  (A), 
or  (AO ;  and  if  -  —  ^  =  0,  we  shall  jfrom  (A)  get  x  = 

^  2 

11  a  is  negative  and  —  greater  than  -,  or  if  --  is  less  than 
27  4  «* 

_,  it  is  clear  that will  be  negative,  and  of  course 

27  4       27  e         ' 

|/  _. will  be  imaginary ;   consequently,  x  can  not  be 

found  from  (A)  or  (A'),  unless  the  cube  roots  can  be  extract- 
ed in  such  a  way  fiat  the  imaginary  parts  shall  destroy  each 
other ;  and  any  example  in  which  the  cube  roots  can  not  be 
thus  extracted  is  said  to  fall  under  the  irreducihle  case  of 
cMc  equations. 

To  illustrate  (A)  and  (A'),  take  the  following 

EXAMPLES. 

1.  To  find  X  from  the  equation  a?*  +  3a?  =  2. 

Since  a  and  b  are  here  expressed  by  3  and  2,  we  easily 


461     ELEMENTABY  AND  HIGHEB  ALOEBBA- 

get  from  (A)  and  (A*),*  =  ^(1  +  V2)+  ^{1  —  V^  and  »  = 

f(l+  V^) 

2.  To  find  X  from  the  equation  a?  —  6x=  —6. 

Since  a  and  &  are  expressed  by  —  6  and  —  6,  we  get  x  = 

--^-^,orB  =  --^-~ 

3.  To  find  y  from  the  equation  y*  —  3y*  =  5. 

By  putting  jb  -f  1  for  y,  the  equation  ie  easily  reduced  to 
a?  —  3a?  =  7.  Solving  this  equation  by  (A'),  we  get  x  = 
^//7-{-3VE\  1 

r  \ — 2 — /  "^  7/7  +  3 1/5\ '  c^^^^^^'^^'y*  ^y  *^*^  i 

V  \       2        / 

to  the  value  of  a?,  we  get  the  value  of  y. 

Thus  we  perceive  how  to  apply  (A)  or  (A')  to  the  solution 
of  any  cubic  equation  which  does  not  fall  under  the  irro* 
ducible  case.  * 


(2.)     SOLUTION    OF    CUBIC    EQUATIONS   WHICH    FALL   UNDER 
IBBEDUCIBLE   CASE. 

Putting  —  a  for  a  in  (2),  it  becomes  oj^  —  ««  =  5,  (I') ;  in 

which  h  may  be  positive  or  negative,  while  a  must  be 

w 
positive,  and  at  tlie  same  time  -  must  not  be  greater  than 

27- 

Adding  —  max  +  max  =  0  to  the  first  member  of  (1'),  it 
becomes  a^  —  max  +  max  —  ax-=h ;  consequently,  if  we 
assume  t?  —  mxix  =  0,  or  a?  =  m^,  we  shall  get  m^x  —  aaj  = 

J,  or  a?  =  — ,  which  gives  a?  =  -_ ~- ;  and  equat- 

a{m  —  1)  a\7ii  —  1)' 

ing  these  values  of  a?*,  we  shall  get  m^in  —  1)*  =  — . 

2  1 

Putting  m  =  7?  +  -,  we  have  ?/i  —  1  =  i;  —  -,  and  thence 

3  3 
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"^a{8^-iy  ^^^'  '^^  m(m-l)«  =  ^  becomeB   (t;  +  |) 

If  ^=*,  (30  reduces  to^-|  =  ^*_^4  =  ^^,  or  to^- 
I  —  ^Y  =  (^  —  q)  X  (-2^  +  o)  =  ^j  ^^®  ^o^ts  of  ^il^s  equation 
being  t>=|,  2^=  -|,  t;=  -|.    Substituting  |  -|,  -|i 

for  «>  in  (20,  we  get  a?  =  5^  a?  =  —  5* ,  and  »  =  --.  ?^  for  the 

a  26^  2a 

roots  of  (I'),  when  ~  =  — 
Putting  a/^  =  N,  and  assuming  V»  -  I  =  ^,  (1'^,  and 

V  =  -7— — T  (^'0  5  *^^^  i^  ^8  clear  that  we  may  consider 

3(3^;  —  1) 

(S')  as  being  derived  from  (1'^,  by  the  same  process  that  (3^ 
has  been  derived  from  (1^ ;  and  it  is  evident,  if  we  can  find 

V  from  (I'O,  that  (2'')  will  give  the  value  of  -y,  and  then  {2^) 
will  give  the  value  of  x. 

In  like  manner  (I'')  may  be  supposed  to  be  derived  from 
(3")  may  be  supposed   to   be   derived   from   ys  _  X  — 

lM±i±S,  (5"),  i,  p««iBg  y=  H^^^E^iD,  n 

^^  3(3V-1) 

and  so  on  indefinitely. 

Since  —  is  supposec 
a* 

that  N  is  not  greater  than  2 ;  and  if  N  is  less  than  2,  it  is 
clear  that  VN  +  2  is  less  than  2,  and  nearer  to  it  than  N ; 
and  4/(4^N  +  2  +  2)  is  also  less  than  2,  and  nearer  to  it 
than  i^N  +  2 ;  and  so  on  to  infinity. 

Hence,  we  may  manifestly  consider  the  irreducible  case 

30 


M  A 

Since  —  is  supposed  not  to  be  greater  than  ^,  it  is  plain 
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of  cubic  equations  as  being  reduced,  by  the  preceding  pro- 
cess, to  the  solution  of  an  equation  of  the  form  ^«^  —  -  =  — , 

3       27 

(a),  since  the  right  members  of  (1''),  (3''),  (5'^),  etc.,  as  their 

2 
number  is  increased,  continually  approximate  to  _  as  their 

27 

limit ;  and  it  is  clear,  when  their  number  is  infinitely  great, 
that  their  right  members  will  differ  from  —  by  a  difference 

which  will  be  less  than  any  given  difference.  Now,  although 
(1''),  (3"),  (5''),  etc.,  can  not  in  practice  be  continued  to  in- 
finity, yet  they  can  easily  be  continued  so  far  as  to  enable  us 
to  find  X  to  any  required  degree  of  exactness ;  since,  if  they 
are  continued  until  an  equation  is  found  whose  right  mem- 

ber  agrees  with  —  to  n  decimal  places,  it  is  clear  that  we 

may  put  -  the  greatest  root  of  {a)  for  the  greatest  root  of  the 
3 

equation  thus  obtained,  and  that  we  can  thence  find  x  cor- 
rectly to  at  least  ti  —  1  decimal  places ;  and  it  Is  clear  that 
the  value  of  x  thus  found  will  (generally)  be  the  numerically 
greatest  root  of  (1'). 

K  r  stands  for  the  root  of  (1'),  thus  found,  then,  reducing 
(1')  to  the  form  a^  —  oa?  —  6  ;=  0,  we  shall,  by  division,  get 

t^lJ^?^^  =  ^^rx-h7^-a  +  '^^Z^':^;  consequent- 
X — r  x—r 

ly,  since  r^  —  ar  —  J  =  0,  to  n  decimal  places,  if  we  put 

Q^-\-rx  +  r^—  a  equal   to   0,   we  shall  get  the   quadratic 

equation  a?*  +  raj-|-r^  —  ^^  =  0,   whose  solution  gives  x  = 

—  5  ± J  (5),  which  gives  the  two  remaining  roots 

of  (1'')  when  the  values  of  a  and  r  are  substituted  for  them 
in  the  equation,  these  roots  being  thus  correctly  found  to  at 
least  Wr  —  1  decimal  places. 
To  illustrate  what  has  been  done,  take  the  following 

EXAMPLES. 

1.  To  find  the  roots  of  aj*  —  6a?  =  2  to  five  decimal  places. 
Here  a  =  6,  b  =  2,  a.  =  _-_3^__  =  _i_,  N  =  v^?!? 
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=  1/1  =  0.70710678,  and  (1")  and  (2")  give  V»-Z  = 
2  3 

OMnmS    ^^   V  ^  0.70710678      ^^^    v,_I  = 

27  3(3«-l)  '  3 

V2.70710678   1.64632876  ^^  -^  _  1.64532876  ^^^  ^  _ 


27         27  3(3V-1)' 


Y  _  ^3.64532876  _  1.90927440  -^  _  1.90927440  Vf,  _Y 
3-    27    -    27   ;   -3(3V-1)'     ^ 

_  V3.90927440  _  1.97718843  ^  _  1.97718843 .  -S,_Y 
~  27  ~  27  '  ~3(3V-1)'  ^ 
_  1.99428896  ^_L99428895  »  V _  1.99857172  ^ 
"  27  '^-8(3V-1)'  3  27—' 
_  1.99857172^  ^>  V_  1.99964289  .^  _  1.99964289 .  ^, 
3(3V-1)      **      ^^        3(3V-1) 


1.99991072^   1.99991072.  :g°  V  1.99997768 
3(3V  - 1) 


:  "V  —      '  .  v* ~ 

3  ~    27   '     -/,45-   iv  '     3  ~    27    ' 


^■_  1.99997768,  "   V  _  1.99999442  ^  _  1.99999442 

'  —    VII      J   ^     Q        07     ?   '  —    vm      ^ 

8(3V-1)       *^      ^^         3(3V-1) 
and  BO  on. 

Becanse  ^^^^^  differs  from  ^  only  by  2:2220056_8 

27  27       "^     "^  27        ' 

it  is  clear  that  we  may  put  V  =  - ;  consequently,  from  V  = 

o 

1.99999442^  ^^  putting  ?  for  V,  we  get  3V  =  1.99999721.  . 

8(3? -1)  3 

Similarly  3V  =  ^•'*„,     '     ,  gives  3V  =  1.99999023,  and  so 
8V-1 

1  8V 

on,  nntil  we  finally  get  iT  =  3^^— J  =  ^3^^^j^^  =  2.601679 ; 

■which  is  one  of  the  roots  of  the  given  equation,  correctly 
found  to  five  (and  very  nearly  to  six)  decimal  places. 

Substituting  6  for  a  and  2.601679  for  r  in  (J),  we  easily  get 
a?  =  —  2.261802  and  a?  =  —  0.339876  for  the  remaining  roots 
of  the  given  equation ;  these  roots  being  correctly  found  to 
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five  decimal  places.  (See  Vol.  I.,  p.  155  of  Bonnjcaetle's 
Algebra,  Question  4.) 

2.  To  find  the  roots  of  a^  —  3^9  =  1  to  three  places  of 

figures. 

Since  a  =  3,  5  =  1,  we  have  x  =  -_ =-- -and N 

a(3t;  — 1)     3t>  — 1 

=  t/?I?=l;  and  thence  V»-I  =  l,  V  = I ; 

3  "■  27   ■"      27    '  3(3V-1)'  3  ""     2T    ' 

^^_     1.9318        :^      Y  _  1.9828    ^_     1.9828        ^ 

3(3V-1)  "^  ^^  3(3V-1) 

V      1.9956  4?:         1.9956  ■,  *tt  ^^-       2 

1.  =  -— -^,  V  =       ,;,         ,  and  so  on.    Hence,  putting  | 

^         ^7               3(3Y-1)  ^ 

for  V,  we  get  3V  =  1.9978,  3V  =  1.9924,  3V  =  1.9695,  3V 
=  1.879 ;   consequently,  since  x  =  _ =  3V,  we  shall 

have  X  =  1.879  for  one  of  the  roots  of  the  giv^n  equation ; 
correctly  found  to  three  decimal  places.  Putting  3  for  a 
and  1.879  for  r  in  (J),  we  easily  get  a?  =  —  1.532  and  aj  =  — 
0.347  for  the  first  figures  of  the  two  remaining  roots  of  the 
given  equation. 

3.  To  find  the  roots  of  aj*  —  7a?  =  —  7  to  four  places  of 
figures. 

Here  we  have  (1  =  7,  5  =  —  7,  and  a?  =  — ,  N  = 

3t;  —  1 

a/^  =1.96396049 ;  and  hence  V  - 1  =  1:^6396049  y  ^ 
y   7  '  3      27    ' 

1.96396049  ^a  _  V  _  1-990969  -^  _   1.990969 


3(3i7  -  1)  '  3  ~        27  3(3  V  -  1) 

Hence,  putting  V  =  -,   we  get  3V  =  1.99548 ;   conse- 
3 

O  OTT" 

quently,  since  «,  =  -__  =  -  ___,  we  shaU  get 

»  =  —  3.048  for  one  of  the  roots  of  the  given  equation,  which 
is  correct  in  aU  its  figures.    It  is  hence  easy,  from  (J),  to 
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find  1.692  and  1.366  for  the  first  figures  of  the  two  remain- 
ing roots  of  the  given  equation. 

(S.)  JSence  it  follows  that  we  have  completed  the  solution 
of  cul^io  equations.  For  those  which  do  not  fall  under  the 
irreducible  case  can  be  solved  by  the  formulse  of  Cafd/in^ 
and  those  which  fall  under  the  irreducible  case  can  be  solved 
to  any  degree  of  exactness  by  the  preceding  method. 


SOLUTION  OF  BIQUADBATIC  EQUATIONS. 

(1.)  In  accordance  with  the  definitions  that  have  been 
given,  we  may  clearly  take  y*  4-  Ay*  +  By^  +  Cy  =  D,  (1)» 
to  represent  a  biquadratic  equation. 

If  we  put  y  =  oj  —  _,  it  is  easy  to  perceive  that  (1)  will  be 
reduced  to  the  more  simple  form  a?*  +  aa?  +  6aj  +  c  =  0,  (2)* 

(a.)  Putting  a?"  =  maj  +  ^,  (3),  and  substituting  this  valxi© 
of  a^  in  (2),  it  will  become  {rrvx  H-  fCf  -\-  aijnx  +  ti)  +  &»"+"  ^ 
=  mV  4-  ^niTtx  -\-n^  +  amx  +  an  +  &»  H-  c  =  mV  -f-  (2^^^ 
+  am  +  J)aj  +  n'  -f-  t??i  +  c  =  0;  and  if  in  this  we  put  ^w^  "^ 
n  for  a?,  it  will  become  rn^ijnjx  -h  n)  -f  i^irmi  +  am  -h  Vyc  -^r 
n^  -\-  an  +  c  =  {m^  4-  ^mn  4-  am  4-  h)x  4-  n*  4-  m?n  4-  ^^  "^  ^ 
=  0 ;  in  which  m  and  n  are  undetermined. 

If  we  determine  m  and  n  on  the  supposition  that  the  coef- 
ficient of  aj  is  0  (so  as  to  leave  x  arbitrary),  we  shall  get  tlve 
equations  m*  4-  2mn  4-  am  4-6  =  0   and   n*  4-  m^n  4-  <^^^  "^ 
0  =  0. 

From  the  first  of  these  equations  we  easily  get  rb  =   — 
m^-ham-\-  h^  ^j^.^j^  being  put  for  n  in  the  second  ectwatioxi, 

f>  +  ma  +  m*\  ^  /h-(nia  +  m»)\  +  ^  =  o,  or  we  B\^a\\  \vave 
\         2m         /      v  ^m  / 

y  _  (,7i^  4.  ^8)2  4.  4^772,^  =  O,  which  is  easily  redxxo^a.    -to   the 
equation  m^  4-  2am'*  4-  («^  —  4c)7n?  =  &'. 

If  we  put  771*  =  ^,    (4:),   tlie  preceding  equatioxx     \>etoot3aefi 
s«  4-  2as'  4-  («'  -  4:c)b  =  6*,  (6),  which  agrees  witVx  -tkx^  xesul 
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obtained  in  a  very  different  manner  by  Enler.    (See  Bonny- 
•astle's  Algebra,  Vol.  L,  p.  161.) 

(8«)  K  we  substitute  the  value  of  n  in  (3),  it  will  become 

aj*  =  77WJ  —  ^      ^^       /  which  is  easily  rednced  to  (aj  —  ^ j 

=_^^±2^±2* 'which  giye8x===^±  l/I^±^±5 


4m  2      2  m 

(6). 

Hence,  the  solution  of  the  biquadratic  equation  (2)  is 
reduced  to  that  of  the  cubic  equation  (5) ;  for  having  found 
z  from  (5),  we  get  m  from  (4),  and  then  x  can  be  found  from 
(6);  consequently,  since  a  cubic  equation  can  either  be 
exactly  solved,  or  solved  to  any  required  degree  of  exact- 
ness, it  foUowa  that  we  have  completed  the  solution  of 
Inquobdratic  equations. 

(4.)  To  illustrate  what  has  been  done,  take  the  following 

EXAMPLES. 

1.  To  find  the  roots  of  a^  -  27aj*  +  14®  +  120  =  0.      ' 
Sini5e  a,  J,  and  g  are  represented  by  —  27, 14,  and  120, 

(5)  becomes  ^  —  643*  -f-  249s  =  196,  one  of  whose  roots  is 
easily  seen  to  be  1. 

Substituting  1  for  z  in  (4),  we  get  m*  =  1,  whose  roots 
give  77»  =  1  and  m  =  —  1. 

Putting  1  and  —  1  separately  for  m  in  (6),  we  easily  get 
3,  —  2,  4,  and  —  6  for  the  roots  of  the  proposed  equation. 

2.  To  find  the  roots  of  a^—  17aj»  —  20aj  —  6  =  0. 

Here  a,  5,  and  c  being  expressed  by  — 17,  —  20,  and  —6, 
(5)  becomes  ^  —  343*  +  3133  =  400 ;  and  it  is  easy  to  see 
that  16  is  one  of  the  roots  of  this  equation. 

Putting  16  for  z  in  (4),  we  get  m  =  4  and  m  =  —  4  for  the 
corresponding  values  of  m. 

Substituting  4  and  —4  separately  for  m  in  (6),  we  get  2  + 
V^,  2  —  1/7,  -  2  +  V2,  and  —  2  —  4^2  for  the  roots  of  the 
proposed  equation.  (See  Question  4,  p.  162,  Vol  I.,  of 
Bonnycastle's  Algebra. 

3.  To  find  the  roots  of  y*  -  8y»  +  20y*  -  19y  -f  12  =  0. 
Putting  y  =  a?  -f-  2  in  the  given  equation,,  it  becomes  fl^  — 

4a?  —  3a5  +  6  =  0,  which  wants  its  second  term. 


LIMITS    OF    THE    BOOTS    OF    EQUATIONS.  4T1 

Because  «,  5,  and  c  are  represented  by  —  4,  —  3,  and  6, 
(5)  becomes  sr*  —  8s*  —  8s  =  9,  one  of  whose  roots  equals  9^ 
Since  3  and  —  3  are  the  values  of  m,  which  correspond  to  s 

=  9,  we  (from  (6) ),  get  2, 1,  -  3 -f  4/^3^  ^  ?Z1^^  for 

the  roots  of  tbe  equation  in  a?  /  consequently,  from  y  =  »  + 

2  we  shall  have  4,  3,  ^"^^""^  ^^t^^  for  the  roots  of 

2  2 

the  proposed  equation. 

4.  To  find  the  roots  of  y*  —  8j^  +  24^  —  36y  +  27  =  0. 

Putting  y  =  0?  +  2,  the  equation  becomes  a?*  —  4flj  4-  3  =  0 ; 
consequently,  (5)  gives  s®  —  12s  =  16,  which  has  4  for  one 
of  its  roots. 

Because  2  and  —  2  are  the  values  of  m  which  correspond 
to  s  =  4,  we  readily  get  1, 1,  —  1  -f  V^,  —  1  —  ^^^  for 
the  roots  of  the  equation  in  w;  consequently,  3,  3,  1  + 
t^— 2, 1  —  V'— 2  are  the  roots  of  the  given  equation. 


SECTION    XVIII. 


UMUS  OP  THE  BEAL  BOOTS  OF  AN  EQUATION  OF  THE 
nth  DEOBEE. 

(1.)  Using  af*  +  A^iOf-"-  +  K-^^^  +  ....  +  N  =  0,  (1) 
to  fetand  for  an  equation  of  the  n^  degree,  which  is  supposed 
to  have  real  roots ;  then,  if  some  of  the  coefficients  are  posi- 
tive (regarding  IST  as  being  the  coefficient  of  a?^),  while  others 
are  negative,  if  we  use  —J  to  stand  for  the  greatest  negative 
coefficient,  J  -f  1  shall  be  greater  than  the  greatest  positive 
root  of  (1),  or  5  +  1  shall  be  what  is  called  a  superior  limit 
to  the  positive  roots  of  (1). 

For  it  is  clear  that  a?**  —  'b:x^^  —  Jaf*"*  —  ....—  ft  can  not 
be  greater  than  the  first  member  of  (1),  and  since  (5  +  1)**— 
up  4.  i)n-i  _  j(j  +  i)n-a  _  etc.  =  (J  +  1)"-*  -  Kb  +  l)--«- 
etc.  =  (J  + 1)"-*  —  Up  + 1)"-'  etc.  =  etc.  =  etc.  =  1,  it  follows 
if  we  put  J  +  1,  or  any  greater  number  for  x  in  (1),  that  the 
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result  can  not  be  less  than  1 ;  consequently,  since  the  great 
est  positive  ix)ot,  when  put  for  aj,  reduces -the  first  menoiber 
of  (1)  to  0,  it  results  that  b  +  1  must  be  greater  than  the 
greatest  positive  root. 

Thus,  5  is  a  superior  limit  to  the  positive  roots  of  the 
equation  a?*  —  4iB'  +  3ar  —  a?  —  3  =  0. 

(3.)  On  the  same  supposition,  if  M  is  the  greatest  positive 
-  coefficient  which  precedes  the  first  negative  term,  and  if  — 

XT/ 

N"  is  the  greatest  negative  coefficient,  then  ^r^  +  1  shall  be 

M 

a  superior  limit  to  the  positive  roots  of  (1). 

For  if  we  divide  the  coefficients  by  M,  and  disregard  the 

terms  which  precede  the  term  whose  coefficient  is  M,  then, 

since  —  _-  is  the  greatest  negative  coefficient  in  the  result, 

it  follows  from  what  has  been  shown  that  _,  4.I  is  a  superior 

M 
limit  to  the  positive  roots. 
Thus,  3  is  a  superior  limit  to  the  positive  roots  of  a?*  +  2a^ 

H- 6aj»  —  7ar»  +  9»  -  12  =  0. 

(8.)  Using  — &  to  represent  the  greatest  negative  coefficient 
in  (1),  and  af*"**"  to  Express  the  power  of  a?  in  the  first  nega- 
tive term,  then  shall  r  i  +  1  be  a  superior  limit  to  the  posi- 
tive roots  of  (1). 

For  since  of  —  J(af-"*  +  sf'-"'-^  +  a."-'»-a  + ^x  +  1) 

J  is  manifestly  not  greater  than  the  first 

member  of  (1),  if  we  determine  a?  so  as  to  make  this  expres- 
sion positive,  it  is  manifest  that  the  value  of  x  so  found,  and 
all  greater  values,  will  be  superior  limits  to  the  positive  roots 
of  (1). 

Because  the  preceding  condition  is    equivalent   to  the 

inequality  a?">  —-j  x  ,  if  we  put  J  =  r^orr-f-l  = 

ri  +1,  and  substitute  r  +  1  for  a?,  we  shall  reduce  the  in- 
equality to  {r  +  If  >  (.JL-Y"^  X  [{r  +  If  -  (r  +  1)'^-^] ; 
\r  -{-  1/ 

which  being  evidently  true,  it  results  that  Vb  +  1  Ib  a  supe- 
rior limit  to  the  positive  roots  of  (1). 


MMITB    OF    THE    BOOTS    OP    EQUATIONS.     •    *73 

Thua^  3  18  a  superior  limit  to  the  positive  roots  of  the 
equation  a?*4-2aj*  —  8a^  —  4a?4-6  =  0;  since  —  t  =  —  4,  n 
=  4,  and  n  —  m  =  2. 

{€•)  If  M  is  the  greatest  positive  coefficient  which  precedes 
the  first  negative  term  in  (1),  and  if  m^  is  the  difference  of 
the  indices  of  the  corresponding  powers  of  x;  then,  if  —  N' 
is  the  greatest  negative  coefficient  in  the  equation,  it  is  evi- 

dent,  from  what  has  been  shown  in  (3),  that  i/  ---  4. 1  will 

M 
be  a  superior  limit  to  the  positive  roots  of  (1). 

Thus,  3  is  a  superior  limit  to  the  positive  roots  of  the 
equation  a^  +  8aj*  +  4a?*—  Saj*  —  7a?  —  ft»—  32  =  0,  because 
M  =  8,  —  N'  =  —  32,  and  that  ■—  5  is  the  first  negative  co- 
efficient, and  that  6  —  3  =  2  =  m\ 

(5.)  If  for  X  we  put  —  a?  in  (1),  (and  change  the  signs  of 
all  the  terms  in  the  result  when  n  is  an  odd  number),  we  shall 
clearly  obtain  an  equation  such,  that  its  positive  roots,  when 
their  signs  are  changed,  will  be  the  negative  roots  of  (1). 

Hence,  having  found  a  superior  limit  to  the  positive  roots 
of  (1),  and  then  put  —  »  for  «  in  (1),  and  obtained  a  superior 
limit  to  the  positive  roots  in  the  resulting  equation,  by 
changing  the  sign  we  shall  get  what  is  called  an  inferior 
limit  to  the  negative  roots  of  (1) ;  consequently,  in  this  way 
we  shall  (generally)  find  a  positive  and  negative  number, 
between  which  all  the  real  roots  of  (1)  must  lie,  the  numbers 
thus  found  being  called  limiU  to  the  real  roots  of  the  equa- 
tion. 

EXAMPLES. 

1.  To  find  the  limits  of  the  roots  of  aj*+  2a?—  Zx  — 16  =0. 
Here  4^16  +  1  =  5  is  a  superior  limit  to  the  positive  roots ; 

and  changing  x  into  —  a?,  or  (which  is  the  same)  changing 
the  signs  of  the  second  and  fourth  terms,  we  get  a?^  —  2aj^  — 
3a3  +  16  i==  0 ;  and  since  3-1-1  =  4  is  a  superior  limit  to  the 
positive  roots  of  this,  it  follows  that  —  4  is  an  infei'ior  limit 
to  the  negative  roots  of  the  given  equation,  and  its  real  roots 
lie  between  —  4  and  5. 

2.  To  find  the  limits  of  the  roots  ofaj*-|-2aj»4-«  +  5  =  0. 
Because  the  equation  has  no  negative  terms,  it  clearly  has 
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» 

no  positive  roots ;  and  putting  —  x  for  a?,  we  get  —  6  for  the 
limit  of  the  negative  roots,  and  the  real  roots  Ke  between 
—  6  and  0. 

3.  To  find  the  limits  of  the  roots  of  aj»  —  2aj2  +  4aj  —  7  =  0. 

The  number  7  + 1  =  8  is  a  limit  to  the  positive  roots ;  and 
putting  —  X  for  a?,  the  equation  becomes  a?*  +  2a5^  +  4a?  -f-  7 
=  0,  which  has  no  positive  roots,  and  of  course  the  given 
equation  has  no  negative  roots,  and  the  roots  lie  between  0 
and  8. 

(6.)  Putting  aj  =  -,  and  substituting  -  for  x  in  (1),  it  is 

easily  reduced  to  an  equation  of  the  form  j/"  -f-  A'n_iy*~^  + 
A'„_s3^"'  +  ....  +  N'  =  0,  (2),  whose  roots  are  clearly  the 
reciprocals  of  the  roots  of  (1). 

Representing  the  linlits  of  the  roots  of  (2)  by  a  and  —  J, 

it  is  evident  that  -  can  not  be  greater  than  the  least  positive 
a 

root  of  (1),  and  -  will  be  what  is  called  an  inferior  limit  to 
a 

the  positive  roots  of  (1) ;  and  in  like  manner  —  -,  not  being 

numerically  greater  than  the  numerically  least  negative  root 
of  (1),  will  be  what  is  called  a  superior  limit  to  the  negative 
roots  of  (1). 

Hence,  limits  can  be  assigned  to  the  real  positive  and 
negative  roots  of  any  equation  which  has  such  roots. 


EXAMPLES. 

1.  To  find  limits  to  the  roots  of  ar»  —  4a?  —  1  =  0. 
Since  —  4  is  the  greatest  negative  coefficient,  (3)  gives  Vi 
4- 1  =  3  =  a  superior  limit  to  the  positive  roots,  and  putting 

—  X  for  a?,  we  get  (in  like  manner)  —  3  for  an  inferior  limit 
of  the  negative  roots;  consequently,  the  roots  lie  between 

—  3  and  3. 

Putting  -  for  x  in  the  equation,  it  is  easily  reduced  to  i^+ 

y 

4y*  —1=0,  and  2  is  easily  seen  to  be  a  superior  limit  to 
the  positive  roots ;  and  in  like  manner  (by  putting  —  y  for 
y)  we  get  —  5  for  the  inferior  limit  of  the  negative  roots ; 
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consequentlyj  -  and are  inferior  and  superior  limits  to 

the  positive  and  negative  roots  of  the  given  equation. 

2.  To  find  limits  to  the  roots  of  3a^  +  Gaj*  —  12aj^  +  4flj  — 
5  =  0. 

Dividing  the  terms  by  3,  the  equation  is  reduced  to  the 

4        6 

proper  form,  a^  -{-  2af  —  4a?  -{-  -x  —  -  =i  0'^  then,  from   (2), 

(3),  or  (4)  we  get  3  for  a  superior  limit  to  the  positive  roots ; 
and  putting  —  x  for  x,  or  changing  the  signs  of  the  second 
and  fourth  terms,  we  get  -—  5  for  an  inferior  limit  to  the 
negative  roots ;  consequently,  the  real  roots  lie  between  —  5 
and  3. 

Putting  _  for  a?,  we  easily  reduce*  the  equation  to  ^  — 

y 

-Y  +  —y^  —  _y  —  _  =  0,  whose  real  roots  have  -  +  1  = 
5  5  5        5  5 

2 . 2  and  —  |1  +  y-)  for  limits;  and  of  course  1-7-2.2  and 

—  1  ^  |1  +  i/-)  ftre  inferior  and  superior  limits  to  the  posi- 
tive and  negative  roots  of  the  given  equation. 

Hence,  we  easily  find  that  the  equation  has  two  real  roots, 
one  of  which  lies  between  1  and  2,  and  the  other  between 

—  3  and  —  4. 

(7.)  Representing  an  equation  of  the  n^  degree  by  Aaf*  -f 

AiOf*-'  +  Aj^-*  -h -I-  A„_i»  +  An  =f{x)  =  0,  (3),  sup- 

posing  A  to  be  positive,  while  the  other  coeflScients  may  be 
positive  or  negative,  according  to  the  nature  of  the  case; 
then,  if  we  denote  the  first,  second,  third,  etc.,  derived  func- 
tions of /(a?)  by/(a;),  f\x\f'\x),  etc.,  we  shall  get  the 
equations  nAaf "^  +  («'  —  l)Aiaj"-»  +  (n  —  2)Asaf»-«  +  .  .  .  . 
+  2A„-^  -^  K-i  =f{x)  =  0,  n{n  -  1)Ab'»-*  +  (ti  -  1) 
(n  -  2)Axaj"-»  4.  (n  -  2)(/i  -  3)A^^-*  +  ....  4-  3  x  2A„_a^ 

4-  2An-s  =y(^)  =  ^J  ^^^  ^^  ^°  *^  ^(^  ""  1)(^  —  2)  X  ...  • 
x2xlA  =  N,  a  term  which  does  not  contain  x. 

Now,  if  X  is  so  assumed  that  all  the  terms  of  the  series 
/(^),  /W>  /'H  /"(^) ^y  W^  shaU  be  positive,  it  is 
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clear,  from  what  Las  been  shown,  that  the  assumed  value  of 
X  will  be  a  superior  limit  to  the  positive  roots  of  (3). 

K  we  put  —  X  for  »,  or  change  the  signs  of  the  sec<Hid, 
fourth,  sixth,  etc.,  terms  in  the  first  member  of  (3),  then  if 
we  find  a  superior  limit  to  the  positive  roots  of  the  resulting 
equation  (as  before),  and  change  the  sign  of  the  limit,  it  will 
become  an  inferior  limit  to  the  negative  roots  of  (3) ;  conse- 
quently, we  shall  thus  get  limits  to  the  real  roots  of  (3). 

EXABCPUES. 

1.  To  find  limits  to  die  real  roots  of  ai*  —  8aj*  -I-  2aj  — 
7  =  0. 

Here  f{x)  =  0,  f{x)  =  0,  etc., '  become  a?*  —  3aj^  -f  2a?  — 
7  =  0,  3ar^  —  6aj  +  2  =  0,  a?  —  1  =  0,  and  the  constant  N  is 
reduced  to  1. 

Hence,  putting  3.1  for  a?,  the  series  (4)  becomes  0 .  161, 
12 .  28,  2  . 1, 1 ;  consequently,  3.1  is  a  superior  limit  to  the 
positive  roots,  and  it  is  easy  to  perceive  that  the  real  roots 
lie  between  0  and  3 . 1. 

2.  To  find  limits  to  the  real  roots  of  4aj"  —  8aj  —  17  =  0. 
Here  f{x)  =  0  an^  f{x)  =  0  become  4ar^  —  8a;  —  17  =  0, 

and  12a?  —  8  =  0,  or  3aj^  —  2  =  0 ;  consequently,  since  the 
roots  of  3a?  —  2  =  0  have  -0.9  and  0  .  9  for  their  limits, 
it  is  clear  (from  what  has  been  shown),  if  the  roots  of 
4a?  —  8a;  —  17  =  0  are  real,  that  one  of  them  must  lie  be- 
tween —  0.9  and  0  .  9.  Because  the  substitution  of  —  0.9 
and  0.9  for  x  in  4a?  —  8a?  —  17  =  0  gives  —  12 .  716  and 
—  21 .  28-i,  which  have  the  same  sign,  the  equation  has  no 
real  root  which  lies  between  —0.9  and  0  .  9,  and  of  course 
it  has  a  pair  of  imaginary  roots. 

And  since  the  substitution  of  2  and  2  , 1  in  4a?  —  8a?  —  17 
=  0  gives  —  1  and  3  .  244,  which  have  contrary  signs,  it  fol- 
lows that  the  equation  has  one  root  which  lies  between  2 
and  2 . 1. 

3.  To  find  limits  to  the  real  roots  of  a?  —  19a?  +  132a?  — 
302a?  +  200  =  0. 

Here  f{x)  =  0,/(a?)  =  0,  mdf\x)  =  0  become  a^  —  19a? 
+  132a?— 802aj  +  200  =  0,  4^  -  57a?  +  264a?  -  302  =  0, 
and  2a?— 19a? +  44  =  0. 


LIMITS    OF    THE    ROOTS    OF    BQUATIONB.  4T7 

Because  4  and   -  are  the  roots  of  the  last  of  the  preceding 

equations,  if  the  roots  of  the  first  are  all  real,  it  follows  that 
one  of  the  roots  of  the  second  must  lie-  between  the  preced- 
ing numbers.    Hence,  substituting  4  and  —  separately  for 

a?  in  the  secon4  equation,  we  get  98  and  91 .  25  for  the  resultS) 
which  being  positive,  or  having  the  same  sign,  it  follows 
that  the  second  or  cubic  equation  has  no  real  root  which  lies 

between  4  and  — ;  consequently,  it  has  a  pair  of  imaginary 
2 

roots,  and  thence  (according  to  what  has  heretofore  been 

shown)  it  results  that  the  first  or  proposed  equation  has  a 

pair  of  imaginary  roots. 

Since  the  substitution  of  1  and  2  separately  for  Xy  in  the 
cubic  equation  gives  -r  91  and  30  for  the  results,  wliich  have 
nnlike  signs,  it  follows,  from  what  has  been  shown,  that  the 
equation  has  a  real  root  which  lies  between  1  and  2. 

Since  the  preceding  root  must  lie  between  the  two  re- 
maining roots  of  the  first  or  proposed  equation  (if  they  are 
real),  we  put  1 . 2  and  0  separately  for  x  in  the  proposed 
equation,  and  get  —  3.0784  and  200  for  the  results ;  which, 
having  contrary  signs,  it  follows  that  the  given  equation  has 
one  real  root  which  lies  between  0  and.l .  2,  and  it  is  clear 
that  the  root  can  not  be  much  less  than  1 .  2.  Putting  2  and 
00  =  infinity  separately  for  a?,  in  the  given  equation,  we  get 
—  12  and  +  oo  for  the  results;  consequently,  the  equation 
has  another  real  roof,  which  is  a  little  greater  than  2. 

Bemurk.—ThiB  question  has  been  taken  from  p.  162,  Vol, 
I.,  of  Bonny  castle's  Algebra,  where  1.02804,  4,  6.67653, 
7.39543  are  given  for  the  roots ;  and  the  same  answer  is 
given  by  P.  Nicholson,  at  p.  84  of  his  Analytical  and  Arith- 
metical Essays. 

4.  To  find  the  number  of  real  roots  of  oi^  —  So?  +  So? -— 7x 
— .  18  =  0,  which  may  lie  between  a?  =  0  and  a?  =  8. 

Here,yi[a?),/(a?),  etc.,  become  «*  —  8a?^  4-  3.^  -  7a?  —  18  = 
0,  4a!^ -  24a;* +  6aj- 7  =  0,  6a5«- 24a? +  3  =  0,  »- 2  =  0, 
and  N  =  1.    Putting  0  for  a?  in  the  preceding  equations,  and 
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writing  the  signs  of  the  results  in  their  proper  order,  together 
with  the  sign  of  N,  we  get  the  row  of  signs  expressed  by  — , 
-—,+,—,+,  (1);  also,  putting  8  for  aj,  and  writing  the 
signs  of  the  results  and  N,  as  before,  we  get  the  row  of  signs 
+  ,  +,  +,  -h,  +,(2). 

In  accordance  with  what  has  heretofore  been  shown,  it  is 
evident  from  (2)  that  8  is  a  superior  limit  to  tlie  positive  roots 
of  the  proposed  equation. 

Also,  since  the  signs  in  (1)  and  (2)  show  that  the  given 
equation  changes  its  sign  between  x  =  0  and  a?  =  8,  it  fol- 
lows, from  principles  heretofore  established,  that  it  must  have 
one  or  three  real  roots  between  0  and  8. 

Now  the  given  equation  can  not  have  three  real  roots 
between  0  and  8 ;  for  if  it  can,  then  the  first  derived  equa- 
tion must  have  two  real  roots  between  0  and  8,  since  it  must 
have  a  real  root  between  each  successive  two  of  the  real  roots 
of  the  given  equation ;  but  from  the  signs  in  (1)  and  (2),  it 
appears  that  the  first  derived  equation  changes  its  sign  be- 
tween aj  =  0  and  a?  =  8 ;  consequently,  the  proposed  equation 
has  but  one  real  positive  root ;  and  since  the  absolute  term 
is  negative,  the  equation  has  one  negative  root;  and  it  is 
easy  to  show  that  7  and  —  0.9  are  the  principal  parts  of  these 
roots. 

(§.)  Let  Aaj~+  Baf-^+  Ca?~-*  +  Daf-'  4- . . . .  +Ta?  +  XJ  = 
0,  (1),  stand  for  a  complete  equation  of  the  n^  degree,  and  it 
will  clearly  consist  of  ?i  +  1  terms ;  then  if  we  multiply  it 
by  a?  —  a,  it  will  be  changed  to  Aaj"+^  -F  (B  —  aA)af  -f-  (C  — 
aByxf"''  +  (D  -  aCyxT-'  +  (E  -  aD)af-«  +  ....  +  (U  -  dr)x 
—  tiU  =  0,  (2),  which  is  an  equation  of  the  {n  +  1)'*  degree, 
consisting  of  n  +  2  terms,  and  having  x=za  for  one  of  its 
roots. 

Calling  any  two  successive  unlike  signs  (in  (1)  and  (2))  a 
variation^  and  any  two  successive  signs  which  are  alike  a 
permanence^  we  propose  to  show  that  (2)  has  at  least  one 
more  variation  than  (1),  when  a  is  positive,  and  that  (2)  has 
at  least  one  more  permanence  than  (1),  when  a  is  negative. 

1.  When  a  is  positive.  Since  (2)  has  one  more  sign  than 
(1),  it  will  clearly  bo  sufficient  to  show  that  (2)  has  no  more 
peiTuanences  than  (1),  because  (2)  must  then  necessarily  have 
at  least  one  more  variation  than  (1). 
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If  (1)  has  no  permanences,  or  if  the  signs  of  B  —  aA^  C  — 
aB,  etc.,  are  the  same  as  the  signs  of  B,  C,  etc.,  it  is  evident 
that  the  signs  t)f  the  ti  -f- 1  first  terms  of  (2)  will  (severally) 
be  the  same  as  the  signs  of  the  terms  in  (1) ;  consequently, 
since  the  sign  of  U  —  aT,  the  coefficient  of  x,  is  unlike  that 
of  —  aU,  the  absolute  term  in  (2),  it  follows  that  (2)  has  one 
more  variation  than  (1). 

If  a  permanence  exists  between  the  first  and  second  terms 
of  (1),  and  a  variation  between  the  second  and  third  terms ; 
if  the  sign  of  B  —  aA  is  the  same  as  the  sign  of  —  A,  it  is 
clear  that  a  variation  will  exist  between  the  first  and  second 
terms  of  (2),  and  a  permanence  will  exist  between  the  second 
and  third  terms  (of  (2) ),  which  will  represent  the  permanence 
between  the  first  two  terms  of  (1) ;  but  the  permanence  in 

(1)  can  not  introduce  any  other  permanence  into  (2) ;  indeed, 
there  may  be  a  permanence  between  the  third  and  fourth 
terms  of  (2),  which  results  from  a  permanence  between  the 
third  and  fourth  terms  of  (1),  when  D  is  greater  than  aC ; 
but  it  is  clear  that  this  permanence  does  not,  in  the  least,  de- 
pend on  the  permanence  between  the  first  two  terms  of  (1). 

If  there  is  a  permanence  between  the  tliird  and  fourth 
terms  of  (1),  and  D  —  aC  has  the  same  sign  as  —  0,  then  (as 
before)  there  will  be  a  permanence  between  the  fourth  and 
fifth  terms  of  (2),  when  the  sign  of  E  is  unlike  the  signs  of  0 
and  D ;  and  there  may  be  a  permanence  between  the  second 
and  third  tenns  of  (2),  resulting  (as  before  shown)  from  a 
permanence  between  the  first  and  second  terms  of  (1). 

Because  the  preceding  reasonings  and  conclusions  are  ap- 
plicable to  any  number  of  successive  permanences,  taken 
anywhere  in  (1),  and  to  the  corresponding  permanences  intro- 
duced by  them  into  (2),  it  follows  that  when  a  is  positive, 

(2)  must  have  at  least  one  more  variation  of  signs  than  (1) ; 
agreeably  to  what  was  to  be  proved. 

2.  When  a  is  negative,  or  when  —  ais  put  for  a. 
If  we  change  the  signs  of  the  second,  fourth,  sixth,  etc., 
terms  of  (1),  the  negative  roots  of  (1)  will  be  changed  into 
positive  roots,  and  the  positive  roots  into  negative  roots; 
consequently,  multiplying  the  result  by  a?  —  »,  it  follows 
that  the  resulting  equation  must  have  at  least  one  more 
variation   of  signs   than   the   equation   into  which  (1)  has 
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been  changed.  Now  if  we  change  the  signs  of  the  Becond, 
fourth,  sixth,  etc.,  terms  of  tlie  remlti/ng  equation^  the  signs 
of  its  roots  will  be  changed,  and  its  variations  will  be  changed 
into  permanences,  and  its  permanences  into  variations ;  con- 
sequently, since  the  equation  thus  obtained  agrees  with  (^, 
when  the  sign  of  a  in  it  is  changed,  it  follows,  if  a  is  nega- 
tive, tliat  (2)  must  at  least  have  one  more  permanence  of 
signs  than  (1);  and  at  the  same  time  (2)  will  have  the  nega- 
tive root,  which  is  expressed  by  a?  =  —  a. 

From  what  has  been  shown,  we  deduce  the  following  con- 
clusions, which  constitute  what  is  called  the  Eule  or 

THEOBEM  OF  DESQABTB8. 

A  complete  equation  can  not  have  a  greater  number  of 
positive  roots  than  there  are  variations  among  the  signs  of  its 
terms ;  nor  can  the  equation  have  a  greater  number  of  neg- 
ative roots  than  there  are  permanences  among  the  signs  of 
its  terms. 

EXAMPLES. 

1.  To  find  the  number  of  positive  and  negative  roots  that 
may  exist  in  the  equation  a^  —  3a;*  —  ISar*  +  4:9aj  —  12  =  0. 

Because  there  is  one  permanence  and  three  variations,  the 
equation  may  have  one  negative  and  three  positive  roots. 

2.  To  find  the  number  of  positive  and  negative  roots  that 
may  be  contained  in  6a^  +  35a^  -f-  25aj*  —  60a5  -f-  24  =  0.  • 

Since  the  equation  has  two  variations  and  two  permanen- 
ces, it  may  have  two  positive  and  two  negative  roots. 

3.  To  find  the  number  of  positive  and  negative  roots  that 
may  be  contained  in  aj'  —  22aj  —  24  =  0. 

Completing  the  equation  by  the  addition  of  the  infinitesi- 
mal ±  0.a?2,  it  becomes  a?*  ±  O.ar'  —  22a?  —  24  =  0. 

Since  the  equation  has  one  variation  and  two  permanences 
(whether  we  use  -f  or  —  for  ±),  it  results  that  one  of  the 
roots  may  be  positive  and  the  remaining  two  negative. 

4.  To  find  the  number  of  positive  and  negative  roots  that 
may  be  contained  in  4aj*  —  8a?  —  17  =  0. 

According  to  the  solution  of  the  last  question,  the  equa- 
tion may  have  one  positive  and  two  negative  roots ;  never- 
theless, it  has  one  positive  and  two  imaginary  roots. 
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5.  To  find  the  number  of  positive  and  negative  roots  that 
may  be  contained  in  8aj"  —  5aj^  —  8  =  0. 

Completing  the  equation  by  the  addition  of  the  infinitesi- 
mal 0.aj,  it  becomes  3aj*  —  Saj'  +  Oaj  —  8  =  0;  also  completing 
the  equation  by  the  addition  of  —  0.aj,  it  becomes  Zof  ^6a? 

-  0.aj  -  8  =  0. 

Now,  according  to  the  fibrst  of  these  complete  equations, 
the  roots  of  the  proposed  equation  may  all  be  positive; 
while,  according  to  the  second  complete  equation,  two  of 
them  must  be  negative ;  consequently,  on  account  of  the  in- 
compatibility of  the  preceding  conclusions,  two  of  the  roots 
must  be  imaginary. 

6.  To  find  how  many  positive  and  negative  roots  may  be 
in  aj*  —  7a?*  —  60  =  0. 

Because  the  equation  may  be  completed  in  the  forms  a^  — 
7a?*  +  Oaj»-0.a5>-f  0.a?-50  =  0  and  aj*  -  7a^ -  0.a?*  —  0.a? 

—  0.a;  —  50  =  0,  it  follows  that  it  must  have  four  imaginary 
roots ;  and  it  is  easy  to  perceive  that  it  has  one  real  positive 
root. 

It  is  hence  clear  thatf  any  equation  which  wants  2m  —  1 
terms  between  terms  having  like  signs,  must  have  at  least 
2m  imaginary  roots. 

7.  To  find  how  many  imaginary  roots  there  are  in  the 
equation  73^*  —  9aj*  —  80  =  0. 

Because  the  equation  wants  four  terms  between  terms 
which  have  like  signs,  it  is  evident,  as  in  the  last  question, 
that  it  has  four  imaginary  roots ;  and  it  is  easy  to  perceive 
that  the  equation  has  two  real  roots,  one  of  which  is  positive 
and  the  other  negative. 

Hence,  any  equation  which  wants  2m  terms  between 
terms  which  have  like  signs,  must  hare  at  least  2m  imagi- 
nary roots. 

8.  To  find  how  many  imaginary  roots  there  are  in  8aj*  — 
20a^  +  92  =  0. 

Writing  8a^  —  20a^  —  0.aj  +  92  for  the  equation,  then, 
since  two  terms  are  wanting  between  — ^Oa^  and  —OjXy 
terms  which  have  like  signs,  it  follows  that  the  equation  has 
(at  least)  two  imaginary  roots. 

Hence  any  equation  which  wants  2m  +  1  terms  between 

31 
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terms  having  UDlike  signs,  most  have  at  least  2m  imaginary 
roots. 

9.  To  find  hpw  many  imaginary  roots  there  are  in  lOaj*  — 
16iB*  4-  72  =  0. 

Writing  lOaf  --  15aJ^  —  0.a?  +  72  =  0  for  the  equation,  then 
according  to  what  has  been  shown,  eince  the  equation  wants 
three  terms  between  —  15a^  and  —  0.a?,  terms  which  have 
like  signs,  it  results  that  the  Equation  must  at  least  have  four 
imaginary  roots. 

Hence,  any  equation  which  wants  2m  terms  between  terms 
which  have  unlike  signs,  must  at  least  have  2m  imaginary 
roots. 

10.  To  show  that  y*  —  IV  +  13  V  —  302y  +  200  =  0  has 

a  pair  of  imaginary  roots. 

19 
Putting  y  =  x+  -^^j  we  get  an  equation  of  the  form  a^  + 

Aa?  +  etc.  =  0,  in  which  A  is  positive ;  consequently,  this 
equation  has  a  pair  of  imaginary  roots,  since  it  wants  a  term 
between  terms  having  like  signs;  and  of  course  the  proposed 
equation  must  have  a  pair  of  imaginary  roots. 

11.  To  show  that  i/^  —  ^y'-h  13y»  -  17y  +  10  =  0  has  a 
pair  of  imaginary  roots. 

Putting  y  =  a;  -f-  -,  and  proceeding  as  in  the  last  question, 

it  13  easy  to  show  that  the  proposed  equation  has  at  least  a 
pair  of  imaginary  roots. 

Indeed,  since  the  equation  is  equivalent  to  (^ y\ 

?5^  -  17y  +  12  =  0,  and  that  ?$^  -  17y  +  12  is  positive 
4  4 

for  all  real  values  of  y,  it  results  that  all  the  roots  of  the  equa- 
tion are  imaginary. 

(9.)  stern's  theorem. 

Resuming  (4),  given  in  (7),  we  shall  have  the  series  f(x), 

/(«)5/'(«)sf  («^> N,  (1),  in  which f{x)  =  0  denotes  an 

algebraic  equation, y*(aj),  f\x)y  etc.,  being  the  first,  second, 
etc.,  derived  functions  oif[x)^  and  N  is  the  last  derived  func- 
tion, which  is  evidently  independent  of  a?. 

If  m  represents  the  n/umber  of  variat/ions  of  signs  am^mg 
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tfie  terms  of  the  series  (1)  which  correspond  to  the  {real)  vcUtie 
pofxj  and  ml  the  number  ofva/na;Uons  oorrespondmg  to  the 
valtie  qqfwj  then  the  nwnJbefr  of  real  roots  of  the  equation 
f{x)=  0,  which  lie  between  p  and  y,  can  not  exceed  the  numr 
her  ofwnits  in  the  difference  of  the  numbers  m  and  m'. 

In  the  demonstration  of  the  theorem  we  shall  suppose  that 
p  is  greater  than  q^  in  such  a  sense  that  ^  =  y  -f-  r,  r  being 
positive ;  and  that  x  increases  by  very  small  increments  from 
the  value  q  to^,  and  as  it  increases  passes  through  the  real 
roots  o{f(x)  =  0,  which  lie  between  q  and^. 

According  to  what  has  heretofore  been  shown,  it  follows 
that  the  signs  oifix)  and  f{x)  will  form  a  variation  just 
before  x  passes  through  any  real  root  oif{x)=  0,  which  be- 
comes a  permanence  just  after  the  passage ;  consequently, 
a  variation  of  signs  between  the  first  two  terms  of  the  series 
(1)  will  be  lost  by  the  passage  of  x  through  any  real  root  of 

Because y^'(^)  ^^  ^^  ^^^  derived  function  off{x),  it  fol- 
lows, as  above,  that  as  x  increases  and  passes  through  a  root 
o{f{x)  =  0,  a  variation  between  the  signs  oi  f(x)  andy(») 
will  be  lost,  which  can  not  be  recovered,  unless  a  permanence 
exists  between  the  signs  oi  fx)  andf{x)  before  the  passage, 
which  is  changed  into  a  variation,  in  consequence  of  the 
change  of  the  sign  of  f{x)'y  consequently,  the  variations 
among  the  signs  of  the  terms  of  (l)  can  not  be  increased  by 
the  passage  of  x  through  a  real  root  off{x)  =  0. 

Because  a  similar  ret^oning  and  conclusion  is  applicable  to 
each  of  the  terms  of  (1)  which  lie  between  f[x)  and  the  con- 
stant IS^  it  follows  that  any  changes  of  signs  among  these 
terms,  resulting  from  the  supposed  increase  of  a?,  can  not 
increase  the  number  of  variations  in  (1). 

Because  a  variation  of  signs  between  f{x)  andf{x)  in  (X) 
is  lost  by  the  passage  of  a?,  during  its  increase^  through  each 
real  root  offx)  =  0,  it  results  thxxi  the  theoi'em  is  true;  and 
that  whether jf^{x)  =  0  J^as  or  has  not  any  equal  roots. 

To  perceive  the  use  of  the  theorem,  take  the  following 

IfiXAMPLBS. 

1.  To  find  the  number  of  real  roots  ofaj»  —  &B»-|-3a>  —  1 
=  0  which  may  lie  between  a?  =  0  and  a^  =  3. 


484  ELEMENTAKT    AKB    HIQHEB    ALGEBRA. 

Here  the  successive  terms  of  (1)  become  a^  —  3a?  +  8aj  —  1, 
So*  —  6aj  +  3,  6a?  —  6,  and  6 ;  and  y  =  0  andp  =  2. 

Putting  0  for  x  in  the  preceding  series,  we  get  the  signs 
— ,  4- ,  —,  4-,  three  variations ;  and  putting  2  for  a?,  the  signs 
become  +,+,+,  +,  no  variation;  consequent! j,  m and m' 
are  here  represented  by  0  and  3. 

Consequently,  since  m'  —  tt*  =  3,  it  follows  that  the  pro- 
posed equation  may  have  three  real  roots,  which  may  lie 
between  0  and  2. 

Indeed,  because  the  equation  is  equivalent  to  (a?  —  1) . 
(a?  —  1) .  (a?  — •  1)  =  0,  it  has  three  equal  real  roots,  expressed 
by  a?  =  1,  a?  =  1,  a?  =  1,  which  lie  between  0  and  2. 

2.  To  find  how  many  real  roots  of  aj*  —  2»  —  1  =  0  may 
lie  between  —  2  and  2. 

Here  (1)  become  a?*  —  2aj  —  1,  3aj*  —  2,  6aj,  and  6 ;  and 
putting  —  2  for  a?,  their  signs  are  —-,+,—,+,  three  varia- 
tions; also,  putting  2  for  a?,  the  signs  are  +,  +,  +,  -♦-,  uo 
variation ;  consequently,  the  roots  of  the  equation  must  all 
lie  between  —  2  and  2.  Indeed,  since  the  (proposed) 
equation  is  equivalent  to  (a?  +  1) .  (aj*  —  a?  —  1)  =  (a?  +  1) . 

(1    I.  |/5\    /         1  |/5\ 
X  —  —^ — j  .  la?  —  — • J  =  0,  it  is  easy  to  perceive  that 

—  2  and  2  are  inferior  and  superior  limits  to  the  roots. 

3.  To  find  how  many  roots  of  a?  —  4fl5*  —  9a?  +  36  =  0  lie 
between  —  4  and  5. 

Here  (1)  become  a?'  —  4a5»  —  9aj  + 36,  3»'  — 8a?  — 9,  6a?  — 8, 
and  6 ;  and  putting  ~  4  for  a;,  the  signs  are  — ,  -♦-,—,  +, 
three  variations;  also,  putting  5  for  a;,  the  signs  are  +,  +, 
+  ,  +,  no  variation;  consequently,  —4  and  5  are  inferior 
and  superior  limits  to  the  roots.  Indeed,  the  roots  are  —  3, 
3,  and  4. 

Remarks. — ^If  we  suppose  the  equation  a?*  — 4aj*  — 9a?  + 
86  =  0  has  equal  roots  with  contrary  signs,  then,  putting  a? 
and  —x  for  a  pair  of  these  roots,  it  is  clear  that  the  equa- 
tions ar*  —  43!*  —  9a?  -h  36  =  0  and  —aj*  —  4aj»  +  9a?  +  36  =  0 
must  be  coexistent ;  consequently,  we  must  have  a?"  —  9a?  =  0 
or  »•  ==  9  and  4aj'  =  36,  which  concur  in  giving  —  3  and  3 
for  a  pair  of  equal  roots  having  opposite  signs ;  and  dividing 
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the  equation  by  a^  —  9,  the  quotient  is  a?  —  4,  and  of  course 
4  is  the  remaining  root. 

Hence,  if  we  'wnite  all  the  terms  of  cm  eqtcation  which  eonr 
tain  the  odd  powers  of  the  unknown  letter^  according  to  their 
signs,  into  one  sum,  then  the- g7'e€Uest  common  divisor  of  the 
sum,  thus  obtained  and  the  remaining  terms  of  the  equation^ 
wlien  put  equal  to  0,  wiU  gi/oe  the  equal  roots,  with  opposite 
signs,  in  the  eqtiation. 

Thus,  in  the  equation  a;^  —  9aj^  +  6a?*  +  15ar^  —  12a3*  —  7a?  + 
6  =  0,  we  find  a?*  —  2ar*  +  1  =  (a?*  —  1)'  to  be  the  greatest 
common  divisor  of  a?^  —  9a?*  -h  15qc?  —  Ya?,  and  6jk*  --  12a?*  -f-  6; 
consequently,  from  a?*  —  2a?*  +  1  =  0  we  get  a;  =  1,  a?  =  —  1, 
and  a?  =  1,  a?  =  —  1,  for  the  equal  roots  having  opposite 
signs. 

4.  To  find  how  many  of  tlie  roots  of  a?*  —  a^  —  13a?*  +  16a? 
-—  48  =  0  lie  between  —  5  and  5. 

Here  (1)  become  aJ*  —  a?'  —  13a?*  +  16a?  —  48,  4a?«  —  3a?*  — 
26a?  4- 16,  12a?*  —  6a?  —  26,  24a?  —  6,  and  6 ;  and  putting  -  5 
fop  a?  in  these,  the  signs  are  +,—,+,—,+,  four  varia- 
tions; also,  putting  5  for  a?,  the  signs  are  +,+,+,+,+, 
no  variation ;  consequently,  —  5  and  5  are  inferior  and  supe- 
idor  limits  to  the  roots. 

Because  a?  —  16a?  and  a?*  —  13a?*  —  48  have  a?*  —  16  for  a 
factor,  it  follows  that  —  4  and  4  are  roots  of  the  equation ; 
and  it  is  hence  easy  to  show  that  the  remaining  roots  are 
imaginary. 

6.  Find  the  number  of  roots  of  a?*  —  4aj*  —  29aj*  +  156a?  — 
180  =  0,  which  may  lie  between  1  and  6.  Ans.  Three. 

6.  Find  the  number  of  roots  of  5aj^  —  6a?  +  2  =  0,  which 
may  lie  between  0  and  —  2.  A7is.  One. 

(to*)  stubm's  tsisobeh. 

1.  Representing  any  algebraic  equation  by  Aa?"  +  Aia?*~* 
4-  A^af  "■*  4-  . . .  •  +  A«_ia?  +  A„  =  0,  (1),  and  its  first  mem- 
ber by  V;  then  multiplying  each  term  of  (1)  by  the  coiTespond- 
ing  index  of  a?,  and  subtracting  I  from  the  index,  we  get 

nAaj^-'  +  {n  —  l)Aia?"-*  +  {n  —  2)A^-«  + -♦-  2A«»ja?  + 

An-i,  (2),  for  the  first  derived  function,  which  we  denote 
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Proceed  with  V  and  Vi  as  in  finding  their  greatest  com- 
mon divisor,  being  careful  to  change  each  sign  in  the  suc- 
cessive remainders  before  they  are  used  as  divisors,  and  to 
continue  each  division  until  the  remainder  is  of  less  dimen- 
Bions  in  x  than  the  corresponding  divisor ;  then  if  Qi,  Q„  Qa, 
etc.,  stand  for  the  successive  quotients,  and  —  V»,  —  Vj, 
— V4,  etc.,  for  the  corresponding  remainders,  the  equations 
V=  V,Q,  - V„  V,  =  V,Q,  -V„  T,  =  V,Q,  -  V„  etc.,  (3), 
will  be  obtained. 

Calling  the  remainders  in  (3),  after  their  signs  are  changed, 
the  modified  remainders^  write  V  and  Vi,  together  with  the 
modified  remainders,  in  their  proper  order,  and  the  series 
V,  Vi,  Vs,  Vs .  .  .  .  ]Sr,  (4),  will  be  obtained ;  noticing  that 
N  is  used  for  the  last  modified  remainder. 

K  the  equations  V  =  0  and  Vi  =  0  can*  be  satisfied  by  the 
same  value  of  a?,  or  if  V  =  0  has  equal  roots,  it  is  clear  tiiat 
N  must  be  a  function  of  «,  which  is  the  greatest  common 
divisor  of  V  and  Vj ;  consequently,  those  values  of  x  which 
satisfy  the  equation  N  =  0  will  evidently  reduce  each  term 
of  (4)  to  0.  Also,  those  values  of  x  which  reduce  any  two 
or  more  adjacent  terms  in  (4)  to  0,  will  reduce  all  the  terms 
to  0,  and  will  result  from  the  equal  roots  of  V  =  0.  Thus, 
let  the  equations  V,  =  0  and  V3  =  0  be  satisfied  by  the  same 
value  of  X ;  then  it  is  clear,  from  (3),  that  the  same  value  of 
X  reduces  each  term  of  (4)  to  0. 

Hence,  there  is  no  value  of  x  that  is  not  one  of  the  equal 
roots  of  V  =  0,  which  can  reduce  two  successive  terms  of 
(4)  to  0.  ' 

K  V  =  0  has  no  equal  roots,  it  follows,  from  what  has 
been  done,  that  N  is  independent  of  a?,  and  that  there  is  no 
value  of  a?  which  can  reduce  two  successive  terms  of  (4)  to  0. 

If  a  is  such  a  value  of  a?  as  reduces  one  of  the  terms  of 
(4),  between  V  and  N,  to  0 ;  then,  if  a  is  not  one  of  the  equal 
roots  of  V  =  0,  the  terms  which  are  adjacent  to  the  term 
reduced  to  0  in  (4)  shall  have  contrary  signs. 

Thus,  suppose  that  a,  when  put  for  a?,  gives  the  equation 
V4  =  0 ;  then  the  equation  V3  =  V4Q4  —  Vg  of  (3)  is  reduced 
to  Vs  =  —  Vg ;  consequently,  Vs  and  Vo  in  (4)  have  unlike 
signs. 

2.  Let  p  and  q  he  inDO  number b^  such  thatp  is  ffreat&r  than 
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y,  or  that  j?  =  j'  +  r,  r  hmig  positive  ;  then  snbstitufe  q  cmd 
p  successively  for  x  in  the  terms  of  (4),  and  represent  the 
number  of  their  variations  of  signs  which  correspond  to  q 
cmd  p  hy  m,  and  m! ;  and  the  numher  of  units  in  m  —  mf 
will  exactly  equal  the  number  of  u/neqv^  real  roots  of  (1)  or 

V  =  0,  which  lie  between  the  numbers  q  and  p. 

Jf  ^  CO  =:  —  infin.  and  oo  =  +  infin.  are  put  for  q  BJidp, 
it  is  plain  that  the  terms  in  (4)  will  be  reduced  to  their  first 
terms  nearly,  or  to  those  which  contain  the  highest  powers 
of  X  in  them ;  consequently,  the  number  of  units  mm  —  m/ 
will  exactly  equal  the  number  of  unequal  real  roots  of  V=0. 

Rema/rh, — Any  factor  that  is  suppressed  or  introduced  (as 
in  finding  the  greatest  conmion  divisor),  to  give  integral 
quotients  in  obtaining  (3),  must  be  positive,  so  that  the  signs 
of  the  terms  of  the  remainder  may  not  be  changed. 

PBOOF  OF  THE  THEOBKM. 

To  simplify  the  reasoning,  we  shall  conceive  x  to  increase 
by  very  small  increments  from  q  to  j?,  and  to  pass  through 
the  roots  of  V  =  0,  which  may  lie  between  q  and  p. 

1.  K  a?,  during  its  increase,  passes  through  one  of  the 
unequal  roots  of  V  =  0,  then  a  variation,  which  vrill  exist 
between  the  signs  of  V  and  Vi,  just  before  x  passes  through 
the  root,  will  be  changed  into  a  permanence  just  after  the 
passage ;  consequently,  a  variation  between  the  signs  of  V 
and  Vi  in  (4)  will  be  lost. 

2.  If  X  passes  through  n'  equal  roots  during  its  increase ; 
then,  if  a  denotes  one  of  these  roots,  it  is  clear  that  (a?  —  df 
must  be  a  factor  of  V ;  consequently,  if  V  stands  for  the 
remaining  factor,  we  shall  have  V  =  (a?  —  d^'  x  V^  K  we 
put  aj  +  y  for  a?  in  (a?  —  df  x  V^,  and  represent  the  coeffi- 
cient of  y  resulting  from  the  substitutioi^of  a?  -[-  y  for  a?  in 

V  by  K ;  then  we  shall  get  n'{?i  -  ay-'-N'  +  (a;  -  df'^  for 
the  coefficient  of  y  in  the  result,  which  will  be  the  first  de- 
rived function  of  V.  Hence,  V  and  Vi  will  be  represented 
by  (a?— a)"'V'  and  7i'(a^  — a)'*'-^V''+(a?— a)'*'K;  consequently, 

by  division,  we  shaU  get  \^ ^,^^_^\ll^'^^^^_^y^  = 
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— \^  —  ^)^ — ^      ^  """^  very  nearly,  wheu  a?  —  a  is  very 

^'V -h  (a?  -  (z)R         n'  -^  •''  '^ 

small. 

Because  a?  —  a  is  negative,  when  a?  is  a  very  little  less  than 
rt,  and  positive  when  a?  is  a  very  little  greater  than  a,  it  fol- 
lows, that  when  x  increases  from  a  value,  a  very  little  less  to 

V 
one,  a  very  little  greater  than  a,  the  sign  of  — -  will  be 

changed  from  —  to  4-  ;  consequently,  a  variation  between 
the  signs  of  V  and  Vi  in  (4)  will  be  lost  by  the  passage  of  x 
through  the  n'  equal  roots  of  V  =  0. 

Because  V  =  (a?  -  a)  (a?  -  a)'^-iV'  and  Y,  =  [n'Y'  4-  (a?  — 
a)K]  X  (a?  —  a)"'-^,  it  follows  that  they  have  (a?  —  af'-^  for  a 
factor,  which  is  also  a  factor  of  all  the  remaining  terms  of 
(4) ;  and  it  is  evident  that  the  loss  of  a  variation  between 
the  signs  of  V  and  Vi  is  due  to  the  change  of  the  sign  of  x 
—  a  (and  not  to  that  of  {x  —  a)"'"*)  in  V,  resulting  from  the 
passage  of  x  through  the  n^  equal  roots  of  V  =  0 ;  indeed, 
because  the  change  of  the  sign  of  {x  —•  a)"'"^  changes  the 
signs  of  all  the  terms  of  (4),  it  clearly  can  not  affect  the 
number  of  variations  of  their  signs. 

Since  all  those  values  of  x  which  reduce  N",  or  any  two  or 
more  successive  terms  of  (4)  to  0,  have  been  shown  to  result 
from  equal  roots  of  V  =  0 ;  it  plainly  follows,  from  what  has 
been  done,  that  such  values  of  x  can  not  affect  the  number 
of  variations  in  (4). 

3.  If  X  passes  through  a  value  which  is  not  one  of  the 
equal  roots  of  V  =  0,  and  reduces  one  of  the  terms  between 
T  and  N,  as  Y4  in  (4)  to  0,  then,  according  to  what  has  been 
shown,  the  terms  V3  and  Vg,  adjacent  to  V4,  will  have  con- 
trary signs;  consequently,  since  the  passage  of  x  through 
the  root  of  V4  =  0  can  not  affect  the  signs  of  Vj  and  Vg,  it 
follows  that  there  will  be  one  variation  of  signs  between  Vj 
and  V5,  when  V^  =  0,  and  that  one  variation  of  signs  be- 
tween the  signs  of  Vj,  V4,  and  Vc  will  exist  just  before  and 
after  V4  is  reduced  to  0,  and  of  course  the  passage  of  a* 
through  the  root  of  V4  =  0  can  not  affect  the  number  of 
variations  of  signs  among  the  terms  of  (4). 

Hence,  if  x  passes  through  a  value  which  is  not  one  of  the 
equal  roots  of  V  =  0,  and  reduces  two  or  more  of  tie  terms 
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in  (4)  to  0  ;  then,  since  the  terms  reduced  to  0  can  not  be  ad- 
jacent to  each  other,  and  that  the  signs  of  the  terms  adjacent 
to  the  terms  thus  reduced  are  unlike  and  not  changed  bj  the 
reduction  of  the  terms  to  0,  it  follows,  from  what  has  been 
shown,  that  the  passage  of  x  through  any  such  value  can  not 
affect  the  number  of  variations  among  the  signs  of  the  terms 
in  (4). 

4.  Neglecting  the  multiplicity  of  a  root,  or  considering 
such  roots  as  single  roots;  then,  since  a  variation  is  lost 
among  the  signs  of  (4),  wheQ  x  during  its  supposed  increase 
from  q  top  reduces  V  to  0,  or  passes  through  a  real  root  of 
'  V  =  0,  and  that  those  values  of  x  which  reduce  one  or  more 
of  the  remaining  terms  of  (4)  to  0  can  not  affect  the  number 
of  variations  of  signs  in  (4),  it  follows  that  the  number  of  vari- 
ations of  signs  lost  in  (4)  is  exactly  equal  to  the  number  of 
unequal  real  roots  of  V  =  0  which  lie  between  q  and  j>  /  con- 
sequently, t&e  theorem  is  true. 

To  perceive  the  use  of  the  theorem,  take  tlie  following 

EXAMPLES. 

1.  To  find  the  number  of  real  roots  of  aj*  —  8a  — •  1  =  0. 

Here  we  have  Sas*  —  3  for  the  first  derived  function,  and 
omitting  the  useless  factor  3  we  may  take  a?  —  1  for  it ;  and 
dividing  aj*  —  3aj  —  1  by  a?"  —  1,  we  have 

g8j.l[a?»-3a?-l|a> 
a?  —  x 


-  2aj  -  1  = 
the  remainder,  whose  signs  being  changed,  give  2x  +  1  for 
the  first  modified  remainder ;  also  multiplying  a?  —  1  by  4, 
and  dividing  the  product  by  2x  -f  1,  we  have 
&p  +  l|4a?'  — 4|2a?~l 
4a?  -f  2a? 

-2a?  — 4 
-2a?-l 


-3  = 

the  remainder,  whose  sign  being  changed,  gives  3  for  the 
second  modified  remainder ;  hence,  collecting  the  results,  we 
get  a?*  —  3aj  —  1,  a?  —  1,  2aj  +  1,  3,  for  the  representatives  of 
the  terms  in  (4). 
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Putting  —  2  for  «  in  the  preceding  functions,  their  signs 
are  —,+5—5+,  three  variations,  also  putting  2  for  x  in  the 
same  functions,  tie  signs  are  +,  +,  +5  +,  no  yariatioii; 
consequently,  since  m  =  3  and  m'  =  0,  we  have  m  —  ?»'  = 
3  =  the  number  of  real  roots  of  the  equation  which  lie  be- 
tween —  2  and  +  2.  Hence,  because  the  equation  can  hare 
only  three  roots,  it  follows  that  the  roots  are  all  real  and  have 
—  2  and  2  for  inferior  and  superior  limits. 

Again,  putting  —  1  for  a;  in  the  functions,  they  become 
1,  0,  —  1,  and  3,  whose  signs,  by  omitting  0,  become  +,  — , 
4- ,  two  variations ;  consequently,  since  a;  =  —  2  gives  three 
variations,  it  follows  that  one  of  the  roots  lies  between  —  2* 
and  —  1,  and  of  course  —  1  must  be  the  first  figure  of  one  of 
the  roots.  ^ 

Also,  because  x  =  0  gives  one  variation,  it  follows  that  one 
of  the  roots  lies  between  —  1  and  0 ;  and  since  x  =  —  0.4 
gives  two  variations  and  aj=  -— 0.3  gives  one  variation,  it 
follows  that  —  0.3  are  the  first  figures  of  this  root. 

Similarly,  because  x  =  l  gives  one  variation,  and  that  x 
=  2  gives  no  variation,  it  follows  that  1  is  the  first  figure  of 
the  remaining  root;  thus,  —  1,  —  0.3,  and  1  are  tJie  princi- 
pal parts  of  the  three  roots. 

JSeTTiarks. — ^If  we  put  x=z—  =  a?'"^,  the  proposed  equation 

is  easily  reduced  to  a/~^  —  - —  = =  y-^ ;  which,  com- 

3  3 

pared  to  (6)  of  Sec.  XV.,  gives  «r  =  —  1,  y  =  —  3,  a  =  0, 

ft  =  —  -,  c  =  0,  (?  =  0,  etc. 
o 

Hence,  from  (sitfce  y'  is  here  =y)  (o)  of  the  same  Sec,  we 

.,  Q^1^2^7^10      ,^  170027 

geta.== -3  +  ^  +  213  + 6^  +  59049  +  "^"-  = -^90^ 

very  nearly :  consequently,  we  get  a?  =  —  = _  =  — 

^  ^'  1         J'        8  ^,  170027 

0.347291  nearly,  whose  first  five  decimal  places  are  correct. 

Again,  if  we  multiply  the  terms  of  the  given  equation  by 

aj~^,  the  product  is  easily  reduced  to  the  form  a?  —  x"^  =  3 ; 

consequently,   from   {c)  we   (as  before)  get  a?  =  ±  V3  4- 

l  IF       I       +  ^  +  etc.  =  ±  1.73205  +  0.1666.  T  0.02405 
o     o  X  y  y3      Ibis 
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+  0.0061  +  etc. ;  and  taking  the  upper  and  lower  signs  in 
the  ambiguous  signs  separately,  we  have  1.880  +  and  —1.535 
for  the  first  figures  of  the  two  remaining  roots,  the  first  of 
these  being  correct  to  two  and  very  nearly  to  three  places  of 
figures,  and  the  second  being  correct  to  three  places  of 
figures.  It  is  manifest  that  the  preceding  method  in  the 
present  question  is  much  more  simple  than  to  find  the  first 
figures  by  Sturm's  theorem. 

2.  To  find  the  number  of  real  roots  contained  in  SaJ*  — 
12aj*  +  8a?  -  24  =  0. 

Here  the  first  derived  function  may  be  expressed  by  Sa^  — - 
6a?  4-  2,  and  thence  we  deduce  a?*  —  a?  +  4  for  the  first  modi- 
fied remainder ;  and  since  the  modified  remainder  is  clearly 
positive  for  all  real  values  of  a?,  it  is  evidently  unnecessary 
to  get  any  more  of  the  derived  functions.  Hence  (4)  may  be 
represented  by  3a?*  —  12a^  +  8a?  -^  24,  Sa?"  —  6a?  +  2,  a?*  —  a? 
4-  4 ;  and  if  in  these  we  put  —  oo  and  oo  for  a?,  they  may  be 
expressed  by  3(oo)*,  —  3(  oo)',  (<»)*?  two  variations,  and 
3(od)*,  3(od)',  (oo)*,  no  variation;  consequently,  the  given 
equation  has  but  two  real  roots. 

If  —3  is  put  for  a?,  the  signs  are  +,—,+,  two  variations ; 
and  if  —  2  is  put  for  Xy  the  signs  are  —-,—,+,  one  varia- 
tion ;  consequently,  one  of  the  roots  lies  between  —  2  and 
—  3,  and  —  2  is  the  principal  part  of  the  root. 

In  like  manner,  we  easily  get  2  for  the  principal  part  of 
the  remaining  root. 

3.  To  find  the  number  of  real  roots  of  a?*  —  a?*  -f-  6aj*  -h  24. 
Here  the  first  derived  function  is  (4a?  —  Sx  +  12)a?,  or, 

since  4aj*  —  3a?  +  12  is  positive  for  all  values  of  a?,  it  may  be 
rejected,  and  we  may  take  a?  for  the  first  derived  fimction. 

Dividing  a?*  —  a?*  -[-  63?"  +  24  by  a?,  we  get  24  for  the  re- 
mainder, whose  sign,  being  changed,  gives  —  24  for  the 
modified  remainder;  consequently,  (^4)  become  od^ -— ixf  +  6af 
+  24,  a?,  —  24. 

Putting  —  00  and  oo  for  a?  in  the  preceding  functions,  they 
may  be  expressed  by  ( oo)*,  —  oo,  —  24,  one  variation,  and 
( oo)*,  00,  —  24,  one  variation ;  consequently,  the  proposed 
equation  has  no  real  roots. 

4.  To  find  the  number  of  real  roots  of  a^  +  8a?'  +  lYa?  — 
6a?  — 36  =  0. 
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Here  2aj»^+  12af  +  ITo;-^  3  may  be  taken  for  the  firet 
derived  fiinction,  and  thence  we  get  7a?  +  43aj  +  66  for  the 
first  modified  remainder,  and  a;  +  3  is  the  second  and  last 
modified  remainder;  consequently,  the  given  equation  has 
equal  roots. 

Hence,  (4)  become  a^  +  Saf  +  17a?  —  6aj  —  36,  Sar*  -f-  12;b* 
+  17a,  —  3,  7a5»  +  433?  ^66^  x  +  S;  and  putting  —  od  and 
00  for  Xj  these  become  ( 00)*,  —  2(  00)^,  7(  00)*,  —  qd,  three 
variations,  and  (  00)*,  2(  oo)*,  7(  00)*,  00,  no  variation ;  conse- 
quently, the  equation  has  three  unequal  real  roots ;  indeed, 
the  equation  has  a  pair  of  equal  roots,  whose  common  value 
is  —  3,  and  two  other  roots,  one  of  which  lies  between  —3.3 
and  —  3.2,  and  the  other  between  1.2  and  1.3. 

5.  To  find  the  number  of  real  roots  of  2a^—  20x  4- 19  =  0. 
Here  the  first  derived  function  is  Qa?  —  20,  or,  rejecting 

the  useless  factor  4,  it  may  be  represented  by  2a?  —  5. 

Dividing  2a?  —  20aj  +  19  by  2a?  —  6,  we  get  —  15a?  -f  19 
for  the  remainder,  whose  signs  being  changed,  give  15»  — 
19  for  the  first  modified  remainder. 

Multiplying  2aj«  —  5  by  15  x  15,  we  get  450a?»  —  1125  for 

the  product,  which,  divided  by  15a?  —  19,  gives for 

J.0 

the  remainder,  whose  sign  being  changed,  gives  —  -  for  the 

xO 

second  modified  remainder,  which  may  clearly  be  expressed 
by  3157 ;  hence,  (4)  become  2a^  -  20aj  +  19,  2a?  -  5,  15aj 
- 19,  3157. 

Because  the  proposed  equation  (clearly)  has  no  negative 
roots,  and  that  the  signs  of  the  preceding  functions  are  the 
same  for  a?  =  0  that  they  are  when  aj  =  1,  we  put  a?  =  1,  and 
the  signs  are  +,  — ',  — ,  +>  two  variations;  and  putting  x 
=  2,  the  signs  are  +,+,+,+,  no  variation ;  ^sonsequently, 
the  given  equation  has  only  two  real  roots,  and  they  lie 
between  1  and  2. 

6.  To  find  the  number  of  real  roota  of  a?  +  Ihx?  —  102a?  + 
181  =  0. 

Here  3a?  +  22a?  — 102  is  the  first  derived  function ;  and 
dividing  9  times  the  given  equation  by  it,  we  get  864a?  — 
2751  for  the  first  modified  remainder ;  or,  rejecting  the  fac- 
tor 7,  it  may  be  expressed  by  122a?  — ; 
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Multiplying  the  first  derived  fdnction  by  (122)*,  and 
dividing  the  product  by  122a?  —  393,  we  get  —  (122)*  x  102 
+  3863  X  393  =  —  9  for  the  remainder,  whose  sign  being 
changed,  gives  9  for  the  second  modified  remainder. 

Since  the  preceding  remainder  is  so  small,  it  is  plain  that 
122jb  —  393  is  nearly  a  factor  of  the  given  equation ;  conse- 
quently, putting  it  equal  to  0,  we  get  x  =  3.221  nearly  for 
one  of  two  roots  of  the  given  equation  that  are  nearly  equal 
to  each  other. 

Collecting  the  functions,  we  shall  get  a?"  -|-  llaj*  —  102a?  + 
181,  3a'  +  22a?  —  102,  122a?  —  393,  9,  for  the  representatives 
of  (4), 

To  simplify  the  preceding  expressions,  we  put  a?  =  a?'  +  8, 
and  they  become  a/^  +  20a/*  —  93?"  +  1,  3a?'*  -♦-  403?"  —  9, 
122a/  -  27,  9. 

Putting  0 . 2  and  0.3  for  x\  the  signs  of  the  functions 
become -h,  — 5  — >  +,  two  variations,  and  4-,  +,  +,  +,  no 
variation ;  consequently,  the  equation  a?'*  +  20a?'*  —  9a?'  -f  1 
=  0  has  a  pair  of  nearly  equal  roots,  which  lie  between  0  . 2 
and  0 . 3,  whose  first  figures  are  easily  found  to  be  0.213  and 
0.229. 

Since  a?  =  a?'  +  3,  we  get  3.213  and  3.229  for  the  nearly 
equal  roots  of  the  proposed  equation ;  and  since  3.221,  be- 
fore found,  must  clearly  lie  between  these  roots,  and  diflfer 
but  little  from  them,  it  is  clear  that  they  can  readily  be 
found  without  using  Sturm's  theorem. 

Putting  the  equation  in  a?'  under  the  form  a?'  ~  9a?'~^  + 
a/"*  =  —  20,  then  developing  by  {c)  of  Sec.  XV.,  we  get 

*  ~  20       400        8000  ^  160000       3200000 

1 ^  '       -I-  etc.,  whose  first  eight  terms  give 

6400000  ^  128000000  ^        '  eg 

a?'  =  —  20.44264839,  which  is  correct  to  six  decimal  places ; 

consequently,  since  a;  =  a?'  +  3,  we  get  a?  =  —  17.442648  for 

one  of  the  roots  of  the  proposed  equation,  which  is  correct 

in  all  its  figures. 

Hemark, — This  example  was  given  by  Sturm,  in  his 
ilemoir,  to  show  the  use  of  his  theorem  in  separating  the 
nearly  equal  roots  of  an  equation  from  each  other. 
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SECTION    XIX. 

DEVELOFMENT  OF  TBDB  BEAL  AED  XMAGINAEY  BOOIS  OF 
AN  EQUATIOH  OF  THE  n(A  DEOBEE. 

(1.)  LwrAy^+A^-^'hA^-'^+A^-^  +  ....  +  A^^iy 
+  A„  =  0,  (1),  stand  for  the  equation ;  then  if  a'  represents  a 
near  value  of  one  of  the  roots  and  a'  -f  a?  its  exact  value,  by 
putting  a'  +  X  for  y,  we  change  (1)  to  A(a'  -h  xy  -f-  Ai(a'  4- 
xf''  +  A^(a'  +  »)«-'  + +  A^«i(a'  -h  »)  4-  A^  =  0,  (2). 

K  we  put  Aa'"  +  A^a"""^  -h  A^'""-^  +  etc.  =f{a')  =  a  func- 
tion of  a\  and  the  first  derived  function  of  /{a%  equal  to 
f{a%  and  that  oif(a/)  equal  toy^'(a'),  and  so  on,  to  any  re- 
quired extent;  then  by  expanding  tJie  powers  in  (2),  and 
ordering  the  result  according  to  the  ascending  powers  of  a?, 

we  shall  gety(«0  +/(a>  +4^Paj«  +-0^  +  etc.  =  0, 

1.2  1 . 2. 3 

(3).  ^  ^ 

K we  divide  the  terms  of  (3)  hjf{a'),  and  pnt  —  -^"i  = 

«,  1^  -^(*'>  =  "'  o^  "•^^^'^  =  *'  *°^  "**  **'''  **°  ^^^ 
can  easily  be  reduced  tox  +  aa?-^bnf  +  cQ^  +  etc.  =  u,  (a). 

If  we  revert  the  series  (a)  (see  On  the  Eeversion  of  Series, 
p.  435),  we  shall  get  a?  =  w  —  aw'  —  (5  —  2a^w*  —  (e?  +  5fl?  — 
5ai)w*  —  etc.,  (J) ;  which  will  enable  us  to  find  x  to  any  de- 
gree of  exactness  after  we  have  found  a  suitable  value  of  a', 
and  thence  the  value  of  the  root  a'  +  x  will  be  found  as 
required. 

To  obtain  a  suitable  value  of  a\  we  shall  put  a'  =  Oi  +  }, 
V—  1,  and  a'  will  be  expressed  in  the  proper  form  (on  the 
supposition  that  Oi  and  fti  are  not  imaginary),  for  if  a'  is  real, 
by  putting  Jj  =  0  we  shall  have  a'  =  Oj,  and  if  a'  is  imagi- 
nary, then,  as  has  (heretofore)  been  shown,  (h  +  h  4^—  1  is 
the  proper  foi-m  for  a'  /  noticing  that  Oi  may  be  0  if  required. 

Puttmg  Oi  +  h  V^i  for  a'  in  Aa"»  -f  Aja"*-*  +  A,a"--*+ 
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etc.  =  /(aO  and  — -^^  =  Uy  we  get  tlie  forms  /{oi  +  h 

i/3i)  =  p  +  Q  /=!,  (c),  and  u^^Jl^^EI,  (d). 

Let  r,  n,  rj,  r,, r„_i  stand  for  the  n  roots  of  (1),  whether 

they  are  positive  or  negative,  real  or  imaginary ;  then,  since 
(1)  is  equivalent  to  the  product  A(y  —  r) .  (y  —  n) .  (y  —  n) . 

(y  —  ^.g)  X X  (y  —  Tn^i)  =  0,  if  we  substitute  a'  +  x  for 

y  in  this,  we  shall  clearly  get f{a')  =  A(a'  —  r) .  (a'  -  n) .  (a' 
-  r,)  X  ....  X  (a'  -  r„_i),  (^),  and/(aO  =  A[((3^'  -  r,) .  ^  - 
r,).{a'-r,)  x  .  .  .  .  x  (a'-r„_i)  +  K -r).K-^=).(«'- 

r,)  X x  («'-r„_i)  +  K~r).(a'-ri).(a^-r3).K- 

7-4)  X X  K-^n-i)  +  etc.],  (/)■ 

If  no  two  of  the  roots  r,  ri,  rj,  etc.,  are  equal  to  each  other, 
and  we  assume  a'  very  nearly  equal  to  any  one  of  them,  as 
to  r,  then  since  a'  —  r  is  a  factor  of  all  the  terms  of  (/)  but 
the  first,  if  we  omit  them  on  account  of  their  comparative^ 
minuteness,  it  is  clear  that  (/)  will  give  /{a")  =  A{a'  —  n)  • 
{a'  -  rs) .  (a'  -  ^s)  X  . . . .  X  (a'  -  r„^i)  nearly ;  consequently, 

we  shall  get  u  =  -^,  =  -(«'-  r)  very  nearly,  which  is 

jr(a )  ^ 

very  small,  on  account  of  the  supposed  minuteness  of  a  —  r. 

Hence,  if  the  roots  of  (1)  are  unequal  to  each  other ^  we  can 
assume  a  real  or  im^inary  value  for  a',  such  that  it  shall 
differ  so  little  from  any  real  or  imaginary  root  of  (1)  that  the 
corresponding  value  of  u  shall  he  very  small ;  and  it  is  clear 
that fia")  will  {at  the  same  tim£)  also  he  very  small. 

If  two  or  more  of  the  roots  r,  ^i,  r,,  n,  etc.,  are  equal  to 
each  other,  it  is  clear  that/^aO  and/(a')  will  have  a^jommon 
divisor;  consequently,  if  we  divide yi^aO  and/(aO  by  their 
common  divisor,  and  represent  the  quotients  by  F(a')  and 

F  V),  ^e  ^^^^  ^a^^  ''  =  -^  =  -  F^'  ^'^^  '^^^'^'' 
we  can  find  the  unequal  roots  of  (1),  and  that  whether  they 
are  real  or  imaginaiy ;  it  may  be  added,  that  if  we  put  the 
common  divisor  equal  to  0,  the  values  of  a\  which  satisfy  the 
resulting  equation,  will  clearly  give  the  equal  roots  of  (1), 
after  the  number  of  each  kind  is  increased  by  unity. 

(a.)  If  the  root  a'  +  x  of  (1)  is  real,  we  can  always  find  a' 
to  any  required  degree  of  exactness  by  Sturm's  theorem ;  and 
it  is  clear  that  a  sufficiently  near  value  of  a'  can  often  be 
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found  with  great  facility  by  one  of  the  more  simple  methods 
of  limits  given  at  pp.  471,  472,  etc. 

Finally,  since  all  the  conditions  required  in  the  determina- 
tion of  a^  =  di-i-bi  V—  1  are  embraced  in  the  condition  that 
u,  as  given  by  (<^,  shall  be  so  small  as  to  make  the  series  (i) 
converge  with  sufficient  rapidity,  in  order  to  find  x  to  the  re- 
quired degree  of  exactness  by  using  a  few  of  the  first  terms 
of  {h)y  it  is  clear  that  if  we  assume  Oi  and  b^  such  that  P  and 

S         T 
Q  in  {g)  are  small,  and  thence  find  that  ~  and  --  are  also 

very  small,  we  shall  manifestly  have  found  suitable  values 
for  Oi  and  b^  or  such  values  as  will  enable  us  to  find  x  from 
(5)  to  the  required  degree  of  exactness. 

EXABiPLES. 

1.  To  find  all  the  roots  of  the  equation  4y*  — -  8y  —  17  =  0. 

Putting  y  =  a'  +  Xy  the  equation  is  easily  reduced  to  ^ 

+  12a'a^  +  (12a'*  -  8)a?  =  17  +  8a'  -  4a'»,  which  is  easily 

(1) ;  and  this,  compared  to  (a),  gives  u  =  — ni_ ^  ^ 

'^'    ,,b  =  ,J—,.C^O,d::^0,etC. 


3a'* -2'         3a'*-! 

After  a  few  trials,  we  find  that  by  putting  a'  =  2,  we  shall 

1  fi 

get  w  =  -—  =  0.025,  a  =  _  =  0.6,  J  =  0.1 ;  consequently,  we 

have  au"  =  0.000375,  {b  -  2a«)M»  =  -  0.0000096875,  (c  -f  So* 

-  5a5)w^=  0.00000030468,  etc. 

Ilence,  using  only  four  terms  of  (J),  we  shall  get  x  =  0.025 

-  0.000375  +  0.0000096875  -0.00000030468=  0.024634  -f , 
which  is  connect  to  six  decimal  places;  consequently,  we 
shall  have  y  =  a'  +  «  =  2.024634  +  for  the  real  root  of  the 
proposed  equation,  which  is  correct  to  six  decimal  placet*. 

Again,  if  we  put  V  =  ai  +  Ji  V—1  =  —  1  +  4^— 1,  we 
shall  get  17  +  8a'  -  4a'«  =  1   and  12a'«  -  8  =  -  8(1  +  3 

V—  1),  which  give  u=: .  = 

8(1  +  3V-1)  8(1  +  3  4^-1) 

^  (1  -.  3  j/ZTi)  =  -  1-3^-zi ;  and  we  shall  have  a  = 
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-.^(l  +  2i/=ri),j  =  _L:i|^^  0  =  0,(^  =  0,  etc.; 

also,  h^2a^  =  ^lzi^l^El^  a..=  ^ini^^^l,  (J-- 
'  100  '        32000      _ 

ax  8  _  ^9  -  57  V"^      I8~>9i^~l_62>>59l4/^ 

^^^  ""  100  ^        256000  12800000      * 

Hence,  using  on}y  three  terms  of  (J),  converting  w,  au% 

and  (&  —  2a')t^^  into  equivalent  decimals,  etc.,  we  shall  get 

a;  =  —  0.0123173  +  0.03647  /^ ;  consequently,  we  shall 

have  tr'  4-  a  =  -  1.0123173  +  1.03647  V^  for  one  of  the 
imaginary  roots,  and  changing  the  sign  of  the  imaginary 
part,  we  get  — 1.0123173  — 1.03647  f^^^  for  the  other 
imaginary  root  of  the  proposed  equation;  these  roots  being 
correct  to  about  seven  decimals  in  their  real  parts,  and  nearly 
to  six  places  in  their  imaginary  parts. 

2.  To  find  the  imaginary  roots  of  /  —  19y^  +  132y»  —  302y 
+  200  =  0. 
By  putting  a'  +  X  for  y,  the  equation  is  easily  reduced  to 
6<z^^-57a^  +  132         .^  4<]^'-19  ^ 


4a'^- 57a'' +  264a'--302      '  4a'»—57a'*-f- 264a'- 302 

+ 1 0^=:- 

^     4a'^  -  57a'*  H-  264a'  -  302 

a'^  -  19a'»  +  132a"  —  302a'  +  200  .       , .  , 

!- 1 1 z=z  u :    which,   com- 

4a'«  -  57a"  +  264a'-  302  '  ' 

,  .     /  N      .  6a"  —  57a'  +  132 

pared  to  (a),  gives  a  =  — .,         ^  .,  ■ •  h  = 

^  ^  >"  ^  4a'»  _  57a'>  +  264a'  —  302' 

4a'  -  19  1 


4^'3  _  57^/2  ^  264a'  —  302'         4a'«  —  57a'*  +  264a'  —  302' 
d  =  0,  €  =  0,  etc. 

.  Also,  if  we  put  <j'  =:ai  +  ii  V—  1,  we  have  a'*  —  19a''  + 
132a'-  -  302a'  +  200  =  aj*  -  6aiV  4-  V  -  19ai'  +  57aiV+ 
132ai*  -  132V  —  302ai  +  200  +  {^%  —  4aiV  -  ^Wh  + 
19*i'  +  264aiJi  —  302&i)  V^^,  which  will  be  found  to  give 
Oi  =  8  and  Jj  =  4  for  the  proper  values  of  Oi  and  Jj ;  which 
being  put  for  Oi  ahd  hi,  the  expression  becomes  —  104  +  8 

V^^i.    Similarly,  by  putting  a'  =  8  -f  4  V—  1,  we  shall, 
get  4a''  -  57a" .+  264a'  —  302  =  -  414  +  224  V^^. 

Hence,    we    shall    have    u  =  — 3" ^^  =   — 

414  -  224  1^—  1 

32 
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44848  +  19984  4/31  ^  _  _  ^—^ 

221572  •" 

the  first  approximation  to  the  value  of  x;  and  adding  this  to 
o'  =  8  +  4  i/^l,  we  shall  get  a'  =  7.8  +  3.9  i^^l  nearly, 
for  a  more  correct  value  of  a'. 

By  putting  a'  =  7.8  +  3.9  V—  1,  we  shall  get  u  = 
—  5.9707  +  7.6674  i^-i _  -3521.053625  +  1804.9785  i^^l 
369.158-171.756  V-i  ~  165777.7525 

=  —  0.0212396028.  +  0.0108879410.  '/^l,  a  = 
38.82-142.741/^     _  38847.16500-  46026.04500  f^OL 
369.158-171.756  i^  ~  165777.7525 

=  0.234332800  -  0.277637043  V^l,    b  =  - 
12.2  +  15.6     -  1^^  _  _  o^QjQ^Qi^Q  _  0.047378420 


869.158  -  171.756  V-  1 

^^^                 369.158  +  171.756  /^^  _      ftftftgooflaa 
♦^1'  "  =  -;_ 165777.7525 "  0.00222683  - 

0.00103606  V-1 ;  «»=0.00033257346-0.00046251108  V^, 
au*  =  -  0.0000504773  -  0.0002007162  4  "^1 ;  «•  =  — 
0.0000020280  +  0.0000134446  4^^,  a*  =  —  0.0221601  — 
0.1301157  4/^1,  J-2a*  =  0.0339187+  0.2128530  4^^,  and 
(6  -  2a»)«*  =  -  0.0000029304  +  0.0000000247  4/^1. 

Hence,  by  using  three  terms  of  (5),  we  shall  get  x  =  u  — 
an*  -  (J  -  2aV  =  -  0.02118619  +  0.01108841  V^^l,  and 
thence  a'  +  x  =  7.77881381  ±  3.91108841  4/^1  are  the  im- 
aginary roots,  using  +  for  ±  for  one  of  them,  and  —  forthe 
other;  it  may  be  noticed  that  these  roots  are  correct  to  abont 
seven  decimal  places,  both  in  their  real  and  imaginary  part& 

Bema/rha. — Since  the  sum  and  product  of  the  roots  found 
are  nearly  equal  to  15.55762762  and  75.80655683,  and  fliat 
— 19  is  Uie  negative  of  the  sum  of  all  the  roots  of  the  pro- 
posed equation,  while  200  equals  their  product ;  it  follows 
that  if  we  subtract  15.557,  etc.,  from  19,  we  shall  get 
8.44237238  for  the  sum  of  the  remaining  two  roots,  and  that 
if  we  divide  200  by  76.80665683,  we  shall  get  2.63829563 
for  the  product  of  the  same  roots. 

Hence,  since  the  sum  and  product  of  the  remaining  roots 
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are  known,  we  easily  find  them  to  be  2.2905598  and 
1.1518125,  which  are  correct  to  about  six  decimal  places.    ' 

Thus,  we  perceive  how  we  may  sometimes  find  the  real 
toots  of  an  equation  from  its  imaginary  roots ;  and  at  the  same 
time  we  have  a  verification  of  the  correctness  of  the  rules 
which  have  been  given  for  the  treatment  of  imaginary  ex- 
pressions, when  they  are  to  be  added,  subtracted,  multi- 
plied, etc. 

It  may  be  added,  that  if  we  put  2.29  and  1.15  separately, 
for  a*  in  the  values  of  u^  a,  J,  etc.,  we  shall,  from  (J),  easily 
get  the  remaining  roots  of  the  equation  to  any  degree  of  ex- 
actness that  may  be  required. 

3.  To  find  the  roots  of  jr*  —  5y*  +  8y  —  1  =  0. 

Putting  a'  4-  a?  for  y,  we  easily  reduce  the  equation  to 

3^^-  5 «  1  ,_  __ a'^-ha'^-\-%a'^\ 

*  +  3a''-10a'4-8     "^  Za'^^l^al-V^"       3a'*  -  lOa'  +  8 

3tr'-5         ,  1 

=  u;  consequendy,  a  =  g^.^^^^.^g,  J  =  g^.^io^a+S^ 

0  =  0,  d  =  0,  etc. 

Also,  putting  a'  =  ai  +_bi  V—  1,  we  get  a''  —  5a'*  -f-  8a'— 

1  =  Oi*  -  5ai*  -  3aA'  +  ^W  -  1  +  (,^(h%  ~  lOoi^i  -  ^i*  + 
8Ji)  \nr[\  and  3a'*-10a'+8=3(ai«— V)-10al-^8+(6alJl- 
10Jl)  V—  1.  From  the  forms  of  these  equations,  it  is  clear 
that  Oj  and  hi  can  not  differ  much  from  2  and  1 ;  conse- 
queutly,  putting  these  values  for  Oi  and  hi  in  the  equations, 
we  soon  find  that  2 . 4  and  1 . 2  are  more  correct  values  of  Oi 
and  hi  f  and  putting  these  values  of  Oi  and  hi  in  the  equa- 
tions, they  give  a"*  —  5a'*  +  8a'  —  1  =  0.056  -  0.192  f^, 
and  8a.'*  —  10a'  +  8  =  —  3.04  +  5.28  /^.     Hence,  we 

0.056  -  0.192  V^\        1.184  -  0.288  V^^ 


have  u  = 


3.04  -  5.28  i^^  37.12 


2  2  +  3  6  V 1 

0.03189655  -  0.00775851  iT^l,  a  =  -^- '      ,    --  = 

3,04  —  5.28  \—  1 

-12.32+22.56  '\/ -\  ^  _  q  gg^gges  +  0.6077585  </=!,  h  = 
37.12 

j_ i 3.04  +  5.28  V'^^ 


„  , =  0.081896  + 

3.04  -  5.28  \r-  1        37.12 

0.142241  V'^ ;  u*  =  0.00096719  -  0.000494946  V'^,  and 
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au^  =  -  0.00001686  +  0.00074601  f"^ ;  w»  =  0.000026706 
-  0.00002321  V^^,  6  -  2a«  =  0.600326  +  0.949092  V"^^, 
and  (J  -  2a>«  =  0.00003806  4-  0.00001141  /^=1. 

Substituting  the  preceding  values  in  (J),  and  taking  only 
three  terms  of  the  series,  we  get  x=.u  —  at?  —  (6  —  2a^*  = 

0.03187635  —  0.0085169  V"^^,  which  is  correct  to  four  deci- 
mal   places  ;    consequently,    a'  +  x   gives    2.43187635  ± 

1.1914841  V—  1  for  the  expression  of  the  imaginary  roots^ 
which  are  correct  to  four  decimal  places,  both  in  their  real 
and  imaginary  parts. 

Since  —  6  is  the  negative  of  the  sum  of  all  the  roots  of  the 
equation,  and  tliat  4.8637507  is  that  of  the  roots  found,  we 
have  5  —  4.8637607  =  0.1362493  =  the  remaining  root,  cor- 
rect to  four  decimal  places. 

4.  To  find  the  roote  of  "  j/*-  V  +  13y*—  17y  +  12  =  0.^ 
Here,  by  putting  a'  -f  »  for  y,  and  a'  =  Oj  +  Ji  4^—  1,  and 

proceeding  as  in  the  last  question,  we  find  that  it  will  answer 
our  purpose  to  put  Oi  =  1,  and  h^  =  1.4,  or  a'  =  1  +  \AV—  1 ; 
then,  from  the  substitution  of  1  -f  1.4  1^—  1  for  a\  etc.,  we 
soon  find  a'  H-  a?  =  0.9999,  etc.  ±  1.4142,  etc.  -/^^  for  two 
of  the  imaginary  roots,  which  indicate  that  1  ±  ^/ —  2  are 
two  of  the  imaginary  roots. 

Dividing  the  equation  by  (y— 1+  1^—  2)  x  (y— 1—  i^— -2) 
=  (y  -  1/  +  2  =  y*-  2y  H-  3,  we  get  y»  -  3y  -f  4  for  the 
quotient ;  consequently,  the  given  equation  is  equivalent  to 
(y*  -  2y  -f  3)  X  (y«  -  3y  +  4)  =  0.  Hence,  if  we  put  the 
factor  y*  —  3y  -h  4  equal  to  0,  and  solve  the  reeulting  quad* 

ratic,  we  shall  get  —= for  the  two  remaining  roots  of 

2 

the  equation. 

5.  To  find  the  integral  roots  of  a?*  —  a?*  —  41a?  +  105  =  0. 
If  a  stands  for  an  integral  root,  we  know  (from  principles 

heretofore  given)  that  105  must  be  exactly  divisible  by  a, 
and  that  the  first  member  of  the  equation  must  be  exactly 
divisible  by  a?  —  a.  Hence,  if  we  put  1,  0,  and  —  1,  succes- 
sively, for  X  in  the  given  equation,  the  results  must  be  seve- 
rally divisible  by  1  —  a,  —  a,  and  —  1  —  a.    If  a  is  positive, 
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1  —  a,  ?—  a,  —  1  —  a  is  an  arithmetical  progression,  whose 
terms  increase  (numerically)  by  the  addition  of  —  1 ;  while 
if  a  is  negative,  the  progression   becomes  1  +  a^  a,  and 

—  1  -f  a,  whose  terms  decrease  by  the  addition  of  -—  1. 

To  find  the  positive  roots,  we  put  1,  0,  and  —  1,  succes- 
sively, for  X,  and  get  64,  105,  and  14:t  for  the  corresponding 
results  ;  then  taking  —  3  (the  least  required  divisor  of  105) 
for  —  T,  we  have  —  2,  —  3,  —  4  for  the  representatives  of 
1  —  a,  —  tf,  and  —  1  —  a/  and  dividing  64,  105,  and  144, 
severally,  by  —  2,  —  3,  and  —  4,  we  get  —  32,  —  35,  —  36 
for  the  quotients,  which  we  shall  use  to  find  the  remaining 
roots.    Taking  —  5,  the  least  divisor  of  —  35  (as  before),  for 

—  a  J  we  get  —  4,  —  5,  and  —  6  for  the  corresponding  values 
of  1  —  a,  —  a,  and  —  1  —  a.     Dividing  —  32,  —  35,  and 

—  36,  severally,  by  —  4,  —  6,  and  —  6,  we  get  8,  7,  and  6 
for  the  quotients,  which  may  be  taken  for  the  series  1  +  ^7 
O)  and  —  1  -h  a. 

Hence,  putting  3,  5,  —  7,  separately,  for  x  in  the  equation, 
it  will  be  found  to  be  satisfied,  and  of  course  3,  5,  and  —  7 
are  its  roots. 

Remark. — ^The  elegant  process  used  in  the  solution  of  this 
example  is  called  the  Method  of  Divisors^  and  is  due  to 
Newton.  (See  p.  88  of  his  Universal  Arithmetic,  second 
edition,  published  in  1728.) 

6.  To  find  the  integral  roots  of  a»  -h  9a?  +  14flj  —  24  =  0. 

Here*  we  shall  have  V^  +  1  for  a  superior  limit  to  the 
positive  roots,  and  —  (9  +  1)  =  —  10  for  an  inferior  limit  to 
the  negative  roots ;  and  it  is  easy  to  perceive  that  1  is  a  posi- 
tive root,  and  the  only  positive  root. 

To  find  the  negative  roots,  we  shall  suppose  that  —  a  is  a 
negative  root ;  tlien,  since  the  first  member  of  the  equation 
must  be  exactly  divisible  by  a?  +  a,  if  we  put  2,  0,  and  —  2 
for  X  in  the  equation,  the  results,  48,  —  24,  and  —  24,  must 
severally  have  2  +  tf ,  a^  and  —  2  +  a  for  corresponding 
divisors. 

•  Hence,  we  get  8,  6,  and  4  for  one  set  of  corresponding  divi- 
sors, amd  dividing  48,  —  24,  and  —  24  severally  by  8,  6,  and 
4,  we  get  6,  —  4,  and  —  6,  which  give  6,  4,  and  2  for  the 
remaining  set  of  corresponding  divisors. 


502  ELEMENTABT    AND    HIGHEB    ALGEBBA. 

Substituting  1,  —  4,  aud  —  6  for  x  in  the  equation,  we  find 
that  it  is  satisfied,  and  of  course  1,  —  4,  —  6  are  its  roots. 

JiemarL — ^If  we  had  found  6  of  the  first  set  of  divisors 
not  to  be  a  root  of  the  equation,  we  should  have  used  48, 
—  24,  and  —  24  to  get  the  remaining  divisors ;  and  we  mu&t 
proceed  in  like  manner  in  every  case,  since  such  divisors  do 
not  correspond  to  a  root  of  the  proposed  equation. 

7.  To  find  the  rational  roots  of  the  equation  6aj"  — 6a?  — 
22a?  -f  24  =  0. 

If  the  equation  has  rational  roots,  it  is  clear  that  it  must 
have  rational  factors,  which  may  be  represented  by  oa?  —  5, 
such  that  a  and  h  are  integers,  a  being  a  divisor  of  6,  and  b 
of  24 ;  consequently,  either  a  or  J,  or  each  of  them  (neglect- 
ing the  sign  of  J),  may  be  1,  if  required. 

Since  the  first  member  of  the  equation  must  be  exactly 
divisible  by  oa?  —  5,  if  we  put  1,  0,  —  1  successively  for  a?, 
the  results  must  have  a—  J,  —  5,  and  —a  —  b  for  correspond- 
ing divisors  when  the  root  is  positive,  and  a  +  5,  J,  and  —  a 
-h  b  will  be  the  corresponding  divisors  when  the  root  is 
negative. 

Hence,  putting  1,  0,  and  —  1,  successively,  for  x  in  the 
equation,  we  get  3,  24,  and  35  for  the  corresponding  results, 
which  have  3,  2,  and  1  for  divisors,  and  putting  a  +  J  =  3, 
J  =  2,  —  a  4-  J  =  1,  we  get  a  =  1,  and  we  find  that  —  2  is 
a  root  of  the  equation. 

Dividing  3,  24,  and  35  by  3,  2,  and  1,  we  get  1,*12,  and 
35,  from  which  we  are  to  find  the  remaining  roots ;  and  it  is 
clear  that  they  can  not  give  any  negative  root. 

To  get  the  positive  roots,  we  take  2  (a  factor  of  6)  for  a; 
and  adding  —  J  to  it,  we  have  2  —  &  for  a  divisor  of  1^  con- 
sequently, if  we  put  3  (a  factor  of  12)  for  J,  the  divisor  2— & 
becomes  —  1,  and  thence  we  have  —  1,  —  3,  —  5  for  corre- 
sponding divisors  of  1, 12,  and  35. 

Hence,  since  the  equation  is  exactly  divisible  by  2aj  —  3, 

we  shall  have  a?  =  ^  for  one  of  the  positive  roots  of  the 

equation. 

Dividing  1,  12,  and:  35  by  —  1,  —  3,  —  5,  we  get  —  1,  — 
4,  and  —7 ;  consequently,  we  have  a— 5  =  —  1,  — J=  —4, 
and  —  a  —  J  =  —  7,  which  give  a  =  3 ;  consequently,  3a5  —  4 
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is  an  6iact  divisor  of  the  equation,  and  »=  _  is  its  remaimng 

3 
root 

Hence,  the  equation  is  reduced  to  (a?  +  2){2x  —  3)  (3a?  —  4) 
=  0,  which  is  satisfied  by  putting  either  of  its  factors  equal 
too. 

Remarks, — Ist.  If  we  multiply  the  terms  of  the  equation 
by  6',  and  put  y  for  6aj,  then  it  will  be  reduced  to  (pxf  — 
6(6a?)*  -  132(6a?)  +  864  =  0,  or  y»- 5y»  — 132y  +  864=  0; 
consequently,  if  we  find  the  rational  roots  of  this  equation, 
as  in  the  5th  and  6th  examples,  and  divide  each  of  them  by 
6,  we  shall  get  the  rational  roots  of  the  proposed  equation ; 
and  iji^s  plain  that  we  may  proceed  in  the  same  way  in  all 
amUogous  cases. 

2d.  When  an  equation  is  reduced  to  the  form  ^  +  Aiy~"* 

+  Aay""*  + -f  A„_iy  +  A^  =  0,  such  that  /^  is  a  positive 

integer,  and  Ai,  A^,  A« , . . .  A^  positive  or  negative  integers, 
according  to  the  nature  of  the  case,  then  the  rational  roots 
of  the  equation  shall  be  integers. 

For  since  the  rational  roots  must  clearly  be  either  integers 

or  rational  fractions,  if  possible,  let  a;  =  -  stand  for  a  rational 

a 

root ;  then  it  is  clear  that  we  may  suppose  h  and  a  to  be 

'prime  to  each  other,  or  to  have  1  for  their  greatest  common 

divisor. 

Because  -  is  a  root  of  the  equation,  it  must  be  exactly 

divisible  by  y =  ^^ ""    /  consequently,  since  ay-~b 

a  a 

and  a  are  prime  to  each  other,  the  equation  must  be  exactly 

divisible  by  ay  —  h. 

Since  in  this  division  y  is  arbitrary,  and  the  term  ^  differ- 
ent from  any  other  term,  of  the  equation,  it  is  clear  that  ay 
—J  can  not  exactly  divide  the  equation,  unless  ay  is  an  exact 
divisor  of  y". 

Hence,  since  it  is  clear  that  y^  is  not  exactly  divisible  by 
ay,  when  {»is  an  integer  different  from  1,  it  follows  that  we 
must  have  a  =  1 ;  consequently,  the  rational  roots  of  the 
equation  must  be  of  the  form  y  =  J  =  an  integer. 
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8.  To  find  the  rational  roots  of  "  6Jla^  -  328»»  +  574iB^  — 
893flj  +  90  =  0." 

Becaaso  the  equation  is  complete,  and  has  no  permaneoce 
of  signs,  it  follows  from  the  role  of  Descartes  that  it  can  not 
have  any  negative  roots. 

Let,  then,  ax—b  (as  in  the  preceding  example)  stand  for  any 
simple  rational  divisor  of  the  first  member  of  the  equation, 
such  that  a  is  a  factor  of  64,  while  i  is  a  factor  of  90. 

Putting  1,  0,  and  —  1  successively  for  x  in  the  equation 
and  in  the  divisor,  we  have  the  results  7,  90,  and  1449, 
whose  corresponding  divisors  are  a  —  J,  —  J,  and  —  a—  ft, 
which  increase  numerically  by  the  addition  of  —  a. 

Putting  —  1,  —  2,  and  —  3  for  the  corresponding  divisors 
(which  are  the  simplest),  we  have  a  —  ft  =  —  1,  —  ft^  —  2, 
and  —  a  — ft  = —3,  which  give  a  =  l  and  ft  =  2;  conse- 
quently, the  divisor  oa?  —  ft  becomes  »  —  2 ;  and  since  this 
is  an  exact  divisor  of  the  first  member  of  the  equation,  we 
have  a?  =  2  =  one  of  the  roots. 

Dividing  7,  90,  and  1449  by  —  1,  —  2,  and  —  3,  we  have 
the  quotients  —  7,  --  45,  —  483,  from  which  we  are  to  find 
the  remaining  ^oots. 

Putting  2  (the  simplest  divisor  of  64,  excepting  1,  already 
used)  for  a,  and  taking  1,  the  simplest  divisor  of  45,  for  ft, 
we  have  a  —  ft  =  1,  —  ft  =  —  1,  and  —  a  —  ft  =  —  3  for  cor- 
responding divisors  of  — -  7,  —  46,  and  —  483,  and  the  divi- 
sor aa?  —  ft  becomes  2iP  —  1. 

fiecause  2a;  —  1  exactly  divides  the  first  member  of  the 
equation,  it  follows  that,  by  putting  2aj  —  1  =  0,  we  shall 

have  a;  =  -  for  another  root  of  the  equation ;  consequently, 

dividing  —7,  —46,  and  —488  by  1,  —1,  and  —3,  we  have 

—  7,  45,  and  161  for  the  quotients,  which  will  eiiable  us  to 
find  the  remaining  roots. 

Putting  a  =  4  and  ft  =  3,  we  have  a  —  ft  =  l,  — ft=  —  3, 

—  a  —  ft  z=  —  7  for  the  divisors  of  —  7,  45,  and  161 ;  conse* 
quently,  since  the  equation  is  divisible  by  4»  — 3,  we  have  x 

Q 

=  -  for  another  root  of  the  equation. 

4 

Dividing  —  7,  46,  and  161  by  1,  —  3,  and  —  7,  we  get  the 
quotients  —  7,  —  15,  and  —  23  ;  consequently,  since  all  the 
roots  but  one  have  been  found,  we  must  have  a— ft=  —  7,  — 
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J  r=  —  15,  —  a  —  J  =  — ■  23,  which  give  «  =  8,  J  =  15,  and 
8a;  —  15  must  be  a  divisor  of  the  equation,  and  thenoe  x  = 

IK 

—  =  the  remaining  root. 

Remark. — K  we  multiply  the  equation  by  64  =  8',  and 

put  8fl?  =  y,  or  »  =  ?^,  we  have  (8aj)*  — 41(8aj/  +  574(8a?)*  — 
o 

3144(8a:)  -f  6760  =  0,  or  j^  -  41j^  -f  574y*  -  3144y  +  5760 
=  0. 

Solving  the  equation  in  y  (aa  in  the  5th  and  6th  exam- 
ples), we  get  4,  6, 16,  and  16  for  the  roots ;  and  dividing  each 
of  these  by  8,  we  get  the  roots  of  the  proposed  equation,  as 
before. 

9.  To  resolve  («*  —  17a3^  —  20»  —  6  =  0  into  rational  fac- 
tors, and  thence  to  find  its  roots. 

Since  it  is  clear  that  the  equation  has  no  rational  factors 
of  the  fir^t  degree,  we  shall  try  to  resolve  it  into  rational 
factoi*s  of  the  second  degree ;  and  it  is  clear,  since  the  coeffi- 
cient of  aj*  is  1,  that  a?^  +  aaj  +  J  is  the  propei*  form  for  a  fac- 
tor of  the  second  degree. 

If  we  put  1,  0,  and  —  1  successively  for  x  in  the  equation 
and  in  the  factor,  we  shall  get  the  results  —  42,  —  6,  and  — 
2,  which  have  1  +  a  -h  J,  i,  and  1  —  a  4-  J  for  corresponding 
divisora,  noticing  that  a  +  J,  5,  and  —  a-\-h  are  in  arithmet- 
ical progression,  being  formed  by  the  successive  additions  of 

—  a  to  the  fiist  and  second  terms. 

After  a  few  trials,  we  find  that  it  will  answer  our  purpose 
tQputl+a  +  i  =  --6,  J  =  —  3,  andl  —  a  +  J  =  2,  which 
give  a  =  —  4 ;  consequently,  putting  —  4  and  —  8  for  a 
and  6,  we  have  a5^-|-aaj4-J  =  a^  —  4flj  —  3. 

Because  tte  division  of  the  equation  by  a*  —•  4®  —  3  gives 
the  quotient  a?*  +  4a?  +  2,  it  is  reduced  to  (aj*  —  4qj  —  3)  (a?  + 
4a?  4-  2)  =  0 ;  consequently,  since  the  equation  is  satisfied  by 
putting  either  of  its  factors  equal  to  0,  we  get,  from  a;^  —  4a; 

—  3  =  0anda»-|-4»  +  2=0,  2  +  4^,  2—  1^,  — 2-fi^, 
and  —  2  —  V2  for  the  roots  of  the  proposed  equation. 

10.  To  resolve  6a?*  -  5aj»  -  2a»  —  29aj  -|- 10  =  0  (if  possible) 
into  two  rational  quadratic  factors. 

It  is  clear  that  we  may  represent  either  of  the  quadratic 
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factors  by  wa?  +  oa?  +  J,  on  the  supposition  that  m  is  a  fac- 
tor of  6,  and  h  a  factor  of  10. 

Putting  m  =  2,  and  proceeding  as  in  the  last  question,  we 
get  the  results  —  20, 10,  and  48,  having  2  +  a  +  J,  J,  and 
2  —  a  +  S  for  their  divisora. 

After  a  few  trials,  we  find  2  +  a  +  &  =  10,  J=  5,  and  2  — 
a  +  J  =  4,  which  give  a  =  8 ;  consequently,  ma?  -\-  clx  -\-  h 
becomes  2£c?  4-  3aj  +  5,  which  divides  the  given  equation,  and 
gives  the  quotient  3a?  —  7a?  +  2 ;  consequently,  the  equation 
is  reduced  to  (2a?«  +  3a?  -f  5)  x  (3a?  —  7aj  +  2)  =  0. 

Putting  the  factors  equal  to  0,  we  easily  get — , 


,  2,  and  -  for  the  roots  of  the  given  equation. 

liemarka, — Ist  The  preceding  methods  for  finding  the 
quadratic  factors  are  essentially  the  same  as  those  given  by 
Newton,  at  p.  40,  etc.,  of  his  Universal  Arithmetic 

2d.  It  is  clear  that  the  preceding  question  can  be  solved 
by  first  finding  the  simple  factors ;  but  we  have  found  the 
quadratic  factor,  for  the  purpose  of  showing  that  the  quad- 
ratic factors  may  be  found  without  a  knowledge  of  the  simple 
factors. 

11.  Given,  the  first  term  of  an  increasing  geometrical 
progression  equal  to  2,  and  the  sum  of  its  first  four  terms 
equal  to  80,  to  find  the  progression. 

Let  X  stand  for  the  ratio,  then  the  conditions  give  the 
equation  a?*  +  aj^  4-  a?  =  39,  whose  solution  gives  a?  =  3 ;  con- 
sequently, the  progression  is  2,  6,  18,  64,  etc. 

12.  Divide  $1000  between  A  and  B,  so  that  the  cube  of 
A's  share  shall  equal  the  square  of  B's  share. 

Let  a^  and  u?  stand  for  the  shares  of  A  and  B,  and  one  of 
the  conditions  is  satisfied ;  and  to  satisfy  the  other,  we  must 
solve  the  equation  aj*  -f  a?^  =  1000. 

Developing  the  root  of  this  equation,  by  (J)  of  Sec- 
tion   XV.,  we    get   aj  =  10  — i  +  JL L_+       ^ 


3      90      4050  '  8645000 
etc.  =  10  -  0.383.  +  0.0111.  —  0.0002469  +  0.00000027  - 
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etc.,  which,  by  taking  five  terms,  gives  x  =  9.677531,  very 
nearly. 

Hence,  the  shares  of  A  and  B  are  easily  found  to  be 
$93.6546  and  $906.3466,  very  nearly. 

13.  To  find  a  number,  such  that  the  sum  of  its  square, 
cube,  and  fourth  roots  shall  equal  88,  supposing  the  square 
and  fourth  roots  (each)  to  be  taken  with  the  positive  sign. 

Let  a?**  stand  for  the  number,  then  the  conditions  give  the 
equation  a?*  +  aJ*  +  a^  =  88,  or  aj*  +  i»*  +  a?"  —  88  =  0. 

Let  a  stand  for  the  root,  then  the  first  member  of  the  last 
equation  is  exactly  divisible  by  x—a;  consequently,  putting 
1,  0,  and  —  1  successively  for  x  in  the  equation  and  divisor, 
the  results  —  85,  —  88,  —  87  have  1  —  aj,  —  a,  and  —  1  —  a 
for  corresponding  divisors. 

By  putting  1  —  a=—  1,  — «=—  2,  — 1  —  a=—  8,  we 
get  a  =  2,  and  the  divisor  becomes  a?  —  2 ;  consequently, 
since  the  first  member  of  the  equation  is  divisible  by  a?  —  2, 
we  have  a?  =  2'  for  its  root,  and  af^  =  2^*  =  4096  is  the  re- 
quired number.^ 

14.  To  find  X  from  the  equation  i^af  —  5  —  VS-^a?  =  2, 
without  freeing  the  equation  from  radicals. 

Let  a  stand  for  a  near  value  of  a?,  and  put  a?  =  a  +  y  /  then 
we  shall  approximately  have  a?*  =  a'  +  2ay,  a^  =  er*  4?  3a*y, 

and    VS^^=VS^^' -^=,   f^"I^=:  i^^^^^s  + 

^^  K>.a  5  consequently,  the  given  equation  is  reduced  to 
^W^ri  _  VSZT^  +(^(/l5)«  +  7(8^))y  =  2  nearly, 
which  gives  y  =  (2  +  i/g^T^'  -  ^(a?  -  5))  ^  {^^f_^y  + 


rr^J- 


4/(8 -a')/ 

After  a  few  trials,  we  find  that  it  will  answer  otir  purpose 
to  put  a  =  2.8  ;  which  gives  VS  —  c^  =  0.4,  ^o*  — 6  = 
2.668859,  and  2  +  VW^^  —  ■^'^^^  =  —  0.168859 ;   we 

also  have  ,^'f  ^^,  +  -—^ — ^  =  8.1880. 

Hence,  we  shaU  have  y  =  -  ^^  =  ~  ^'^^ »  *^*>"*®" 
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quently,  «  =  a  +  y  =  2.8  —  0.020  =  2.78  very  nearly.  By 
putting  2. 78  for  a,  and  repeating  the  process,  we  shall  get  » 
more  nearly,  and  so  on,  to  any  desired  degree  of  exactness. 

Remark. — ^It  is  easy  to  perceive,  from  what  is  said  at  p. 
494,  how  we  may  apply  (J)  (see  p.  494)  to  find  y,  by  a  con- 
verging series,  and  thence  to  get »  =  a  +  y  to  any  degree  of 
exactness. 

15.  To  find  X  and  y  from  the  equations  4^  —  2  V^y  =  5  and 
^  +  3  i^  =  17,  without  removing  the  surds. 

Let  a  and  h  stand  for  near  values  of  x  and  y,  and  put  x  = 
tf  +  ^,  y  =  J  +  y  for  their  exact  values ;  then  we  shall,  ap- 
proximately, have  Vx^^+  JL^^  Vy  =  4^  +  -X-,  ^» 

2Va  2f^ 

Hence,  the  proposed  equations  are  reduced  to  VS  -h 
-^-2iJ'6— %  =  5,  and  ^  +  ^  +  3^  +  -^  = 

17,  wHch   give    -^  — -^  =  5  -  i^  +  2v^=  A,  and 

Solving  these  equations  (regarding^  and  q  as  the  unknown 

letters),  we  get j?  =  (9AvT«  +  4B  VJ)  -j-  (^  +  iij),  and 

^2  |/a      3Vd?' 

y  =  (3B^-.3AVS)-(?^  +  14^y 

After  a  few  trials,  we  find  that  it  will  answer  our  purpose 
to  put  a  =  105  and  J  =  18,  which  give  5  —  4^a  +  2  V^J  =  A 
=  -  0.005  very  nearly,  and  17  -  f^a  —  3  l^=  B  t=  —0.446 
nearly. 

Hence  we  deduce  7?  =  —  2.403  and  y  =  — 1.117 ;  and 
thence  we  have  x  =  a+^  =  102.697,  and  y  =  J  +  y  =  16.883, 
for  nearer  values  of  x  and  y. 

Substituting  these  values  of  x  and  y  in  tlie  given  equa- 
tions, we  have  f^i  —  3  ^  =  4.997,  and  ^  +  8  Vy  =  17.004 
T017  nearly. 
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K  w©  put  103.697  and  16.883  for  a  and  ft  in  »  =  a  -f  i?  and 
y  =  ft  +  ^,  and  repeat  the  process,  we  shall  get  more  correct 
values  of  x  and  y^  and  so  on,  to  any  required  degree  of 
exactness. 

Hemarks, — 1st.  We  have  given  this  and  the  preceding 
question  for  the  purpose  of  showing  how,  from  the  proposed 
equations,  we  may  proceed  to  find  the  unknown  letters,  with- 
out any  previous  reduction  of  the  equations. 

2d.  It  is  clear  that  a  similar  process  can  be  applied  to  any 
number  x>f  equations  which  contain  as  many  unknown  letters 
a»  there  are  equations,  provided  the  unknown  letters  are 
real. 

For  if,  by  trial,  we  find  values  of  the  unknown  letters 
which  neariy  satisfy  the  equations,  then  we  can,  as  in  the 
present  question,  find  the  corrections  of  tlie  assumed  values 
of  the  unknown  letters  to  any  degree  of  exactness  that  may 
be  required. 

Sd.  Thus,  it  is  evident  (after  we  have  assumed  suitable 
values  for  the  unknown  letters)  that  we  may  regard  the  solu- 
tion of  equations  as  being  reduced  to  the  solution  of  equar 
Hods  of  the  first  degree. 

16.  To  find  the  approximate  values  of  x,  y,  and  s,  from  the 
equations  ar  +  ys  =  16,  ^  +  aj^  =  17,  s*  -f  ajy  =  18. 

1.  Since  the  right  members  of  the  equations  do  not  differ 
much  from  equality,  it  is  clear  that  we  may  solve  them  on 
the  supposition  that  a?,  y,  and  z  are  nearly  equal  to  each  other ; 
consequently,  by  adding  them,  and  putting  6f  for  the  sum 
of  the  terms  in  the  first  member  of  the  resulting  equation, 
we  shall  get  6^  =  51  or  ^  =  8.5,  whose  positive  square  root 
gives  t  =  1^9  for  the  first  approximation  to  the  values  of  a?, 
y,  and  z. 

Putting  a?  =  2.9  +i>,  y  =  2.9  4-  J,  2  =  2.9  +  r,  and  rejects 
^?JP^  T^  ^"^j  jP?9  i^5  ^^^  2^  (P^  account  of  their  supposed 
minuteness),  we  get  a?  =  8.41  +  5.8/?,  y*  =  8.41  +  5.Sq^  ^-^ 
8.41  +  5.8/',  xy  =  8.41  -f  2.90  +  ?),  a^  =  8.41  +  2.90  +  ^)i 
and  yz  =  8.41  -^  2.9(g'  -f  r) ;  consequently  (by  substituting 
from  these  equations),  the  given  equations  are  easily  reduced 
to  5.8p  +  2.9(y  +  r)  =  —  0.82,  S.Sq  -f  2.90  +  ^)  =  0.18,  and 
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6.8r  +  2.9(/>  4-  ?)  =  1.18,  or  2p  +  y  +  r=—  0.382,  2q  +p 
-^r^  0.062,  and  2r  +;?  +  ?  =  0.406. 

By  adding  these  equations,  we  get  j>  +  j  -f  r  =  0.046, 
which  being  subtracted  from  the  successive  equations  gives 
jE?  =  —  0.328,  q  =  0.016,  and  r  =  0.360 ;  consequently,  we 
have  x  =  2.9  -^p=z  2.572,  y  =  2.9  +  q  =  2.916,  and  z  =  2.9 
4-  r  =  3.260,  which  are  correct  to  one  decimal  place  in  each. 

If  we  now  put  x  =  2.5  +^,  y  =  2.9  +  y,  and  ;?  =  3.2  +  r, 
and  proceed  as  before,  we  shall  get  more  correct  values  of  a?, 
y,  and  2y  and  so  on,  to  any  degree  of  exactness  required. 

It  may  be  added  that  the  values  of  Xj  y,  and  2,  to  six 
decimal  places,  are  a;  =  2.525513,  y  =  2.969152,  and  z  = 
3.240580. 

2.  Tlie  given  equations  also  admit  of  three  more  answers, 
as  is  manifest  from  the  following  considerations. 

Thus,  if  we  at  first  reject  a^j  on  the  supposition  that  x  is 
very  small  (so  that  a?  may  at  first  be  omitted),  the  equations 
will  become  ys  =  16,  y*  -f  ass  =  17,  and  s*  +  »y  =  18.  Be- 
cause these  equations  are  nearly  satisfied  by  putting  y  =  4 
and  «  =  4,  we  shall  assume  y  =  4  -f  j  and  £5  =  4  +  ^/  then, 
rejecting  j*,  r*,  qx,  ra?,  and  qr  (on  account  of  their  supposed 
minuteness),  we  shall  have  y*  =  16  +  8y,  2*  =  16  4-  8r,  a»  = 
4aj,  xy  =  4a?,  and  ys  =  16  +  4(y  +  r), 

Heiice,  by  substitution,  the  equations  will  be  reduced  to 
16  +  4(2^  +  /•)  =  16,  16  +  Sq  +  4aj.=  17,  and  16  -f  8r  -f  4fl? 
=  18,  or  J  =  —  r,  8y  +  4aj  =  1,  8r  +  4«  =  2 ;  consequently, 
by  adding  the  last  two  of  these  (since  j  +  r  =  0),  we  shall 

Q 

get  8a?  =  3,  or  a?  =     =  0.375  nearly,  for  which  we  may 

o 

clearly  put  x  =  0.4. 

Substituting  0.4  for  x  in  the  equations  Sy  +  4aj  =  1  and  8r 
+  4a?  =  2,  they  become  8^  +  1.6  =  1    and    8r  +  1.6  =  2, 

which  give  q  =  ^^=z-  0.075  and  r  =  2:1=  0.05  ;  and 

8  8 

thence  y  =  4  -f  y  and  s=4+r  become  y=3.925  and  3=4.06. 

Hence,  we  have  x  =  0.4,  y  =  3.925,  z  =  4.05,  which  are 
(each)  correct  to  one  decimal  place. 

If  we  put  aj  =  0.4  -f  i?,  y  =  3.9  -f  y,  and  J3  =  4.0  +  r,  in 
the  given  equations,  we  can  find  a?,  y,  and  z^  to  any  required 
degree  of  exactness ;  and  by  continuing  the  approximationi 
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we  easily  get  a?  =  0.418919,  y  =  3.912226,  z  =  4.044884,  cor- 
rect to  six  decimal  places. 

Similarly,  if  we  reject  y',  and  then  z\  on  account  of  their 
supposed  minuteness,  as  before,  we  shall  get  two  other  sets 
of  answers,  expressed  by  a?  =  4.003766,  y=  — 0.007099, 
;2=4.246989,  and  a?=4.173264,  y=4.28T022,  «=  -0.330331. 

Since  the  equations  are  not  affected  by  changing  the  signs 
of  x^  y,  and  3,  it  follows  that,  if  the  signs  of  the  values  of  (v, 
y,  and  z  in  the  preceding  answers  are  changed,  the  results 
will  satisfy  the  equations. 

Remarks. — Ist.  This  example,  under  the  form  aj^  +  ys  = 
a  =  16,  y*  4-  ass  =  5  =  17,  s'  +  ajy  =  c  =  18,  was  proposed 
by  Dr.  Pell,  near  the  close  of  the  17th  century,  and  solved 
in  a  general  manner  by  Dr.  Wallis,  who  reduced  its  solution 
to  that  of  an  equation  of  the  fourth  degree,  by  eliminating 
y  and  i  from  the  equations. 

2d.  When  16,  17,  and  18  are  put  for  a,  J,  a.nd  e,  it  is  clear 
that  6ur  solution  must  be  equivalent  to  that  of  Wallis,  ob- 
tained from  the  solution  of  his  equation  of  the  fourth  degree. 

Hence,  if  an  equation  containing  on6  unknown  letter  is 
reduced  to  equations  of  lower  degrees,  containing  more  than 
one  unknown  letter,  it  is  manifest  that  their  solution  will  be 
equivalent  to  that  of  the  reduced  equation. 

17.  To  find  the  roots  of  aj«  —  7a;  +  7  =  0. 

By  putting  ar^  —  7  =  y  or  a?*  =  7  +  y,  the  equation  becomes 
ajy  H-  7  =  0,  which  shows  that  x  and  y  must  have  unlike 
signs ;  consequently,  the  solution  of  the  proposed  equation 
is  reduced  to  that  of  the  equations  aj*  =  7  +  y  and  a5y+ 7=0, 
such  that  X  and  y  must  have  contrary  signs. 

1.  After  a  few  trials,  we  find  that,  by  putting  y  =  2.29, 
we  shall  get  a?*  =  9.29,  whose  negative  square  root  gives  aj= 
—  3.047,  and  thence  xy  +  7  becomes  —  6.97763  -f  7,  a  posi- 
tive result ;  and  in  like  manner,  y  =  2.30  gives  a?=  —  3.049, 
and  thence  a^  H-  7  becomes  —  7.0127  +  7,  a  negative  result ; 
consequently,  2.29  and  2.30  are  limits  to  y,  and  —  3.047,  — 
3.049  are  the  corresponding  limits  of  x. 

Putting  aj  =  —  3.048  +p  and  y  =  2.296  +  y,  and  proceed- 
ing as  in  the  preceding  examples,  we  get  y  =  —  0.004696  — 
6.096p  and  2.295p  —  3.0482^  +  0.004840  =  0. 


512  ELEMENTARY    AND    HIGHER    ALGEBRA. 

Solving  these  equations,  we  have  j?  =  —  0.000917  and  q 
=  0.000894,  and  thence  a?=  -  3.048917  and  y  =  2.2958*4. 

K  we  pnt  a?  =  —  3.048917  +^  and  jr  =  2.296894  +  y,  and 
proceed  as  before,  and  so  on,  then  x  can  be  found  to  any 
required  degree  of  exactness. 

2.  Because  y  =  —  4,1  gives  x  =  1.70,  and  ay  +  7  =  — 
6.97  +  7,  and  that  y  =  —  4.2  gives  x  =  1.67  and  scy  -i-  7  = 
—  7.014  -f  7,  it  follows  that  the  equation  has  another  root, 
which  lies  between  1.70  and  1.67 ;  and  proceeding  as  before, 
this  root  will  be  found  to  be  1.692021  +. 

In  like  manner,  since  y  =  —  5.1  gives  x  =  1.378  and  xy 
+  7  =  —  7.0278  4-  7,  and  that  y  =  —  5.2  gives  x  =  1.341 
and  jry  -f  7  =  —  6.9732  +  7,  it  follows  that  the  equation  has 
another  root,  which  lies  between  1.37  and  1.34 ;  and  proceed- 
ing as  above,  this  root  will  be  found  to  be  1.856895  -}-. 

18.  To  find  the  real  roots  of  a?*  —  5aj*  -f  Sa?  —  1  =  0. 

By  putting  ar*  —  5aj  +  8  ==  y,  we  have  a?y  —  1  =  0,  •r  xy 
=  1 ;  consequently,  we  have  to  satisfy  the  equations  a?—  5x 
-j-  8  =  y  and  a?y  •=  1,  noticing  that,  by  the  rule  of  Descartes, 
the  equation  has  no  negative  roots. 

After  a  few  trials,  it  will  be  found  that  y  =  7.4  in  the  first 
equation  gives  x  =  0.123  nearly,  and  the  second  equation 
gives  xy  =  0.9102  instead  of  1. 

In  like  manner,  y  =  7.3  gives  x  =  0.145,  and  xy  becomes 
a?y  =  1.0585 ;  consequently,  0.123  and  0.145  are  limits  to  the 
value  of  X.  Hence,  the  root  is  easily  found;  and  since  x 
and  y  must  (each)  be  positive,  it  is  easy  to  perceive  that  the 
remaining  roots  of  the  equation  are  imaginary. 


ANOTHER  GENERAL  METHOD  OF  DEVELOPING  THE  ROOTS  OF 

EQUATIONS. 

(1.)  Let  Aa?"  +  Aia:""^  -h  A,»"-'  +....+  A„-iaj  +  A^  = 
0,  (1),  stand  for  any  equation ;  then,  if  r,  n,  r„  rj .  .  . .  r,-.i 

represent  its  roots,  and  ^  is  put  for  a?,  (1)  is  easily  reduced  to 

Ay"  +  Aiy"-^s  +  A^^V  + -h  A^^iy^"'*  +  A^  = 

A(y  —  sr),{y  —  zr^ . (y  —  ^r,)  x  (y  —  stj)  .  (y  —  5rr4)  x  . . . . 
x(y-srn^i)  =  0,(2). 
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(a.)  Supposing  any  one  of  the  factors  in  (2),  as  y  —  ^,  ia 
either  0,  or  very  nearly  equal  to  0,  then  we  shall  have  (either 

exactly  or  very  nearly)  y  =  sr  or  a?  =  ^^  =  r.     Hence,  if  y  -f  ^ 

z 

and  2  +  V  are  (separately)  put  for  y  and  z  in  (2),  we  shall 

easily  get  nKy^"^  +  (ti  —  l)Aiy""'s  +  (^  —  2)Aay**'~V  + 

+  A„_is"-^  =  A(y  —  sri) .  (y  —  sra)  x  {y  —  zr^  x x 

(y  —  ^/'n-i)  nearly  (by  omitting  the  terms  whick  involve  the 
factor  y  —  zr,  on  account  of  its  supposed  minuteness),  for  the 
coetficient  of  the  simple  power  of  t;  and  in  like  manner  we 

have  Aiy"-^  +  'iK^-'^z  +  ZK^"^^  +  ^K^f-^^  + + 

.  /^A^"-^  =  —  Ar(y  —  zr^  .  (y  —  ^rr j)  .  (y  —  zr^  x  (y  —  zr^  . 
(y  —  zr^)  X  ....  X  (y  —  sr^-i),  for  the  coefficient  of  the  sim- 
ple power  of  V,  wliere  it  is  clear  that,  in  these  coefficients,  we 
may  put  3  =  1  and  y  =  a?. 

(8«)  Since  the  coefficient  of  v  divided  by  that  of  t  gives 
—  r  for  the  quotient,  it  follows,  if  we  know  the  value  of  a?, 
which  gives^  x  =  r  (either  exactly  or  very  nearly),  that  the 
quotient  resulting  fi^om  the  division  of  the  coefficient  of  v  by 
that  of  t,  will  (exactly  or  very  nearly)  equal  the  negative  of 
the  root  r,  which  corresponds  to  «=  r,  and  that  whether  r  is 
positive  or  negative,  real  or  imaginary. 

Hence,  if  r  is  real  and  positive,  the  coefficients  of  t  and  v 
must  have  unlike  signs ;  and  if  r  is  real  and  negative,  the 
coefficients  of  t  and  v  must  have  like  signs. 

(41.)  If  we  put  z  =  l  and  y  =  a?  in  the  coefficients  of  t  and 
V,  and  then  midtiply  the  coefficient  of  t  by  a?,  and  add  that 
of  V  to  the  product,  and  divide  the  sum  by  n^  it  is  clear  that 
the  result  will  agree  with  the  first  member  of  (1). 

Hence,  if  x  differs  but  little  from  r,  and  we  divide  the 
first  member  of  (1)  by  the  coefficient  of  t,  the  quotient  will 
evidently  equal  x  —  r  very  nearly ;  consequently,  if  we 
asssiime  a?,  and  find  that  the  quotient  resulting  from  the 
division  of  the  coefficient  of  v  by  that  of  t  is  numerically  less 
than  the  assumed  value  of  a?,  it  follows  that  too  great  a 
numerical  value  has  been  assumed  for  a?,  and  vice  versa, 

(5.)  Regarding  r  as  being  the  least  root  of  (1),  ri  as  the 
next  greater  root,  and  so  on  (considering  the  numerically 
greatest  negative  root  as  being  the  least,  and  so  on) ;  then. 


514  ELEMENTART    AND    HIGHER    ALGEBRA. 

supposing  X  to  increase  from  being  less  than  r,  and  to  pass 
through  the  roots,  it  is  clear,  from  an  inspection  of  the  coeffi- 
cients of  t  and  V,  that  their  signs  will  not  be  changed  by  the 
passage  of  x  through  r,  and  that  their  signs  will  be  changed 
by  the  passage  of  x  through  t-j,  since  r  and  r^  will  be  inter- 
changed, and  so  on. 

Hence,  if  the  signs  of  the  coefficients  of  t  and  v  do  not 
change,  it  fdUows,  if  (1)  is  of  an  even  degree,  that  it  has  no 
real  root,  and  if  (1)  is  of  an  odd  degree,  that  it  has  only  one 
real  root. 

Hence,  too,  if  x  (during  its  increase)  introduces  one  change 
of  the  signs  of  the  coefficients  of  t  and  v,  it  is  clear  that  (1) 
will  (generally)  have  two  real  roots,  one  of  which  will  be  less 
than  the  greater  value  of  x;  and  if  x  (during  its  increase) 
produces  another  change  of  the  signs  of  the  coefficients  of  t 
and  V,  it  is  also  clear  that  (1)  has  (generally)  three  real  roots, 
two  of  which  will  be  less  than  the  greater  value  of  «,  and  so 
on ;  noticing  that,  in  what  has  been  said,  the  roots  of  (1)  are 
supposed  to  be  unequal. 

(6.)  If  (1)  has  equal  roots,  it  is  clear  that  if  we  put  the 
greatest  common  divisor  of  the  coefficients  of  t  and  v  equal 
to  0,  and  solve  the  resulting  equation,  and  then  increase  the 
number  of  equal  roots  of  each  kind  thus  found  by  unity,  that 
we  shall  get  the  number  of  equal  roots  of  each  kind  con- 
tained in  (1). 

EXAMPLES. 

1.  To  find  the  roots  of  aj*  —  5aj  +  6  =  0. 

Here  2a?  —  6  and  —  Sa?  4- 12  are  the  coefficients  of  t  and  «, 
which  are  suitable  for  finding  the  positive  roots  ;  and  if  we 
put  —  X  for  a?,  they  will  become  —  2a?  —  5  and  5x  -f- 12, 
which  are  adapted  to  the  negative  roots;  noticing  that  x 
must  be  positive. 

Since  —  2a;  —  6  and  5a?  -f  12  have  unlike  signs  when  x  is 
positive,  it  follows  that  the  equation  has  no  negative  roots, 
which  is  in  accordance  with  the  rule  of  Descaftes,  since  the 
given  equation  is  complete  and  has  no  permanence  of  signs. 

To  find  the  positive  roots  from  2a?  —  5  and  —  6a?  +  12,  we 
suppose  X  to  increase  from  a?  =  0,  and  to  pass  through  them ; 
then,  as  they  become  —  5  and  12  when  a?  =  0,  it  follows  that 
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one  root  must  be  found  from  2a;  —  6  and  —  Sa?  4- 12,  when 
the  value  of  the  first  has  the  sign  — ,  and  the  second  the  sign 
+  .  Consequently,  putting  1  and  2  successively  for  a?,  we 
find  that  by  putting  2  for  x  they  become  —  1  and  2,  which 

give  2-5 1  =  —  2,  and  of  course  2  is  a  positive  root  of 

the  given  equation. 

Because  ^—5  and  —  Sar +12  must  change  their  signs  be- 
fore the  remaining  root  can  be  found,  we  put  3  for  »,  and 
thence  get  2a?  —  6  =  1  and  —  6a?  +  12  =  —  3,  which  give 

—  3  -f- 1  =  —  3,  and  of  course  3  is  the  remaining  positive 
root 

Hence,  the  given  equation  is  reduced  to  a?  —  6a?  -f-  6  =  (a? 

—  2) .  (a?  —  3)  =  0,  which  is  clearly  as  it  ought  to  be. 

2.  To  find  the  real  roots  of  a?*  —  2a?  -f  3  =  0. 

Here  the  coefficients  of  t  and  v  are  2a?  —  2  and  —  2a?  4-  6, 
which  clearly  show  that  the  equation  has  no  negative  roots. 
Also,  since  the  coefficients  show  that  the  positive  roots  (if 
there  are  any)  must  be  greater  than  1,  it  follows  that  there 
can  be  no  positive  roots ;  for  if  there  can  be  any  positive  roots 
greater  than  1,  then  such  a  positive  value  .can  be  assigned  to 
X  as  will  change  the  signs  of  both  coefficients ;  which  is  clearly 
impossible  when  a?  is  greater  than  1. 

3.  "  To  find  the  real  roots  of  aj»  -  5a?*  -  18a?  +  72  =  0." 
Here  the  coefficients  of  t  and  v  become  3a?*  —  lOa?  —  18 

and  —  eaj*  —  36a?  +  216,  which  will  enable  us  to  find  the  pos- 
itive roots ;  and  changing  a?  into  —  a?,  they  become  3a^  +  lOa? 

—  18  and  —  5aj"  4-  36a?  +  216,  which,  by  assigning  positive 
values  to  a?,  will  enable  us  to  find  the  negative  roots. 

After  a  few  trials,  we  find  that  by  putting  4  for  a?  in  3aJ*  -f 
10a?  —  18  and  —  6aj*  +  36a?  -f  216,  they  become  70  and  280, 
which  give  280  -j-  70  =  4 ;  consequently,  —  4  is  a  negative 
root  of  the  given  equation,  and  it  is  clear  that  it  is  the  only 
negative  root. 

To  find  the  positive  roots  from  3aj^  —  10a?  —  18  and  —  6a^ 

—  36a?  +  216,  we  observe  that  when  a?  =  0  they  become  — 18 
and  216,  and  that  when  »  =  7,  they  become  69  and  —  281 ; 
consequently,  since  the  coefficients  change  their  signs  be- 
tween a?=  0  and  a?  =  7,  it  is  clear  that  the  positive  roots  must 
lie  between  a?  =  0  and  a?  =  7. 

After  a  few  trials,  we  find  that  by  putting  a?  =  8,  the  coef 
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ficients  become  —  21  and  68,  which  give  63-5 —  21  =  —  8 ; 
consequently,  3  is  a  positive  root. 

In  like  manner,  by  putting  a?  =  6,  we  get  30  and  —  180 
for  the  coefficients  of  t  and  v^  which  give  — 180  -£-  80 =—  6, 
consequently  6  is  the  remaining  positive  root. 

4.  To  find  the  roots  of  aj»  —  9aj"  +  27aj  —  27  =  0. 

Since  3a?*  —  18aj  +  27  and  —  9aj*  -f  54aj  —  81  are  the  coef- 
ficients of  t  and  v^  and  that  the  coefficient  of  v,  divided  by 
that  of  ty  gives  —  3  for  the  quotient,  it  follows  that  the  equa- 
tion is  equivalent  to  {x  —  3)'  =  0. 

5.  To  find  the  roots  of  af  -  naf'-^a  +  ?^^  T  ^ Wv  — 

^1.2 

n(n-l)(n-~2)      ,^  ^  Q 

1.2.3 

Here  we  have  naj«-^-n(^-l)aj»-»a  +  ^n-l)(n  -  2)^^^^^ 

1*2 

-  etc.,  and  -  na^-'a  +  n(n-l>B"-V  -  !fclfc^)af-*a» 

1.2 

+  etc.,  for  the  coefficients  of  t  and  v.    Hence,  by  dividing 

the  coefficient  of  v  by  that  of  ^,  we  get  —  a  for  the  quotient ; 

consequently,   the'  equation  is  equivalent  to  (a?  —  a)"  =  0, 

without  regard  to  the  nature  of  n. 

Remark, — ^It  is  hence  clear  that,  whether  n  is  positive  or 
negative,  rational  or  irrational,  real  or  imaginary,  we  shall 

always  have  (a?  '-  df  =z  q^  —  Tixd^-^a  +  p!LJZ — .*af*-V  — 

1  .    2 

''^^  —  1)  (^  —  ^)af»-V  4-  etc.,  for  the  correct  expansion  of 
1.2.3  '  ^ 

(«  —  a)**,  according  to  the  descending  powers  of  x  and  the 
ascending  powers  of  a. 

6.  To  find  the  roots  of  a?*  —  63?*  —  8aj  —  3  =  0. 

Since  the  coefficients  of  t  and  v  are  4a?"  —  12aj  —  8  and 
— 12»=  —  24a?  —  12,  which  have  ar^  +  2aj  +  1  =  («  +  1)*  for 
a  divisor,  it  follows  that  the  given  equation  has  three  equal 
roots,  having  —  1  for  their  common  value.  And  dividing 
the  equation  by  (a?  4- 1)*  =  «*  +  3a?*  +  3a?  4- 1,  we  get  a?  —  3 
for  the  quotient,  consequently  we  shall  have  a?  =  3  for  the 
remaining  root  of  the  equation. 

7.  To  find  the  number  of  real  roots  of  a^  —  4fl?  +  8»  — 
15=0. 


DEVELOPMENT  OF  ROOTS  OP  BQUATIOKS.   617 

Since  the  coefficients  of  t  and  v  are  40*—  8j?  -f  8  and  —  Saj^ 
+  24a;  —  60,  by  rejecting  their  common  fcctor  4,  they  may 
clearly  be  reduced  to  a?'  —  2a5  +  2  anct  —  2aj*  4-  6aj  — 16 ;  and 
putting  —  X  for  aj,  these  become  —  «•  +  2a?  4-  2  and  —  2a:*— 
6x  —  15,  which  will  enable  us  to  find  the  number  of  nega- 
tive roots. 

From  a?"  —  2aj  +  2  and  —  2aj*  +  6aj  — 16,  it  is  easy  to  per- 
ceive that  the  equation  has  one  positive  root,  which  lies 
between  1  and  2,  whose  first  figures  are  easily  found  to  be 
1.9 ;  and  since  a*  —  2a?  +  2  and  —  2a?  +  6a?  —  15  do  not 
(both)  change  their  signs  for  values  of  a?  that  are  greater  than 
1.9,  it  is  clear  that  the  equation  has  no  other  j^ositive  root. 

In  like  manner,  from  —  ar*  -f-  2a?  4-  2  and  —  2aj*  —  6a?  — 15, 
it  is  easy  to  perceive  that  the  equation  has  one  negative  root, 
which  lies  between  —2  and  —3 ;  and  that  the  equation  has 
no  other  (real)  negative  root 

Hence,  the  given  equation  has  two  real  and  two  imagi- 
nary roots. 

8.  To  find  the  number  of  real  roots  of  Sa?"  —  7aj*  4-  2fl?  — 
20  =  0. 

The  coefficients  of  t  and  v  being  9a?  —  14a?  4-  2  and  —  7a? 
4-  4a?  —  60,  it  is  easy  to  show  that  the  equation  has  only  one 
real  root,  which  lies  between  2  and  3,  the  other  roots  being 
imaginary,  since  the  coefficients  do  not  change  their  signs 
when  a?  is  greater  than  2. 

9.  To  find  the  first  figures  of  the  roots  of  ^  a?*  -  12a?  4-  8 
=  0." 

Here  the  coefficients  of  t  and  v  are  3a?  —  12  and  —  24a?  4- 
24,  which  will  enable  us  to  find  the  positive  roots;  and 
putting  —  a?  for  a?^  they  become  3a?  —  12  and  24a!  +  24,  which 
will  serve  to  find  the  negative  roots. 

Putting  3  for  a?  in  3a?—  12  and  24a?  4-  24,  they  become  13 

and  96,  and  give  96  ^  13  =  7 — ;  which,  being  greater  than 

8,  it  follows  that  a?  is  greater  than  3. 
Again,  putting  4  for  a?,  the  preceding  coefficients  become 

36  and  120,  and  give  120  4-  36  =  3-,  which,  being  less  than 

o 

4,  it  follows  that  a?  is  less  than  4. 
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Hence,  it  resalts  that  —  3  is  the  principal  part  of  the 
negative  root ;  an^  since  3a?  —  12  and  24flj  4-  24  do  not  both 
change  their  signs  when  x  is  greater  than  3,  it  is  clear  that 
the  given  equation  has  no  other  negative  root. 

To  find  the  first  figures  of  the  positive  roots,  from  3aj*— 12 
and  —  24aj  +  24,  we  remark  that  when  a?  =  0,  they  become 
—  12  and  24,  which  have  contrary  signs,  and  it  is  clear  that 
the  least  positive  root  must  be  found  from  3aj^  —  12  and  — 
24a?  +  24,  when  they  have  the  same  signs  as  —  12  and  24 ; 
and  since  a;  =  1  reduces  —  24a;  +  24  to  0,  it  is  clear  that  the 
least  positive  root  must  be  less  than  1. 

Hence,  after  a  few  trials,  we  find  that  the  least  positive 
root  lies  between  0.6  and  0.7;  consequently,  its  principal 
part  is  0.6. 

Because  the  remaining  root  must  be  found  from  3a?  —  12 
and  —  24a?  +  24,  after  they  have  changed  their  signs,  we 
soon  find  that  3  is  its  first  figure. 

10.  To  find  the  first  figures  of  the  roots  of  a?—  2aj  —  6  =0. 
Here  we  have  3a?  —  2  and  —  4aj  —  15  for  the  coefficients 

of  t  and  V,  from  which  to  find  the  positive  roots ;  and  3a?  — 
2,  4a?  —  15  are  the  coefficients  from  which  to  find  the  nega- 
tive roots. 

It  is  easy  to  show,  from  3a?—  2  and  4aj— 15,  that  the  equa- 
tion has  no  negative  root ;  and  from  3a?  —  2  and  —  4a?  —  15, 
that  it  has  only  one  positive  root,  whose  first  figure  is  2. 

11.  To  find  the  number  of  real  roots  of  "  a?  —  2a?  +  6a?  + 
10  =  0." 

Since  4a?  —  4flJ  +  6  and  —  4a?  -f  18aj  +  40  are  the  coeffi- 
cients of  i  and  v  for  the  positive  roots,  and  —  4a?  +  4fl?  +  6 
and  —  4a?  —  18a?  +  40  those  for  the  negative  roots,  it  is  easy 
to  show  that  the  equation  has  no  real  roots. 

12.  To  find  the  first  figures  of  the  roots  of  "a?  +  11a?  — 
102a?  4- 181  =  0." 

Here  the  coefficients  of  t  and  v  for  the  positive  roots  are 
3a?  +  22a?  — 102  and  11a?  —  204a?  +  543 ;  and  those  for  the 
negative  roots  are  3a?  —  22a?  —  102  and  11a?  +  204a?  +  543. 

Because  the  coefficients  for  the  negative  roots  must  clearly 
both  be  positive,  it  is  easy  to  show  that  —17  is  the  principal 
part  of  the  only  negative  root  which  the  equation  can  have. 
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Also,  becauBe  the  coefficients  for  the  positive  roots  become 

—  102  and  543,  when  0  is  put  for  a?,  it  is  clear  that  one  posi- 
tive root  must  be  found  from  the  coefficients,  when  the  first 
is  negative  and  the  second  positive,  and  that  the  second 
positive  root  must  be  found  from  the  coefficients  after  they 
have  changed  their  signs. 

Hence,  we  easily  find  that  the  equation  has  two  positive 
roots  which  lie  between  3  and  4,  whose  principal  parts  aie 
3.213  and  3.229. 

13.  To  find  the  first  figures,  of  the  real  roots  of  «  ^  —  6ie* 
+  ar^  -  a?»  -  1  =  0." 

Here  6a?"  —  20ix?  +  3a?  —  2a?  and  —  10^  +  3aj»  —  4ar^ -^  6, 
being  the  coefficients  of  t  and  v  for  the  positive  roots,  and 

—  6a?*  -I-  203?"  +  3aj*  +  2»  and  —  lOa?*  —  3ar»  —  4aj*  —  6  those 
for  the  negative  roots,  it  is  evident  that  the  equation  can 
have  only  one  positive  and  one  negative  root,  since  the  co- 
efficients of  V  can  not  change  their  signs  when  a?  is  positive. 

Because  the  substitution  of  2  and  3  for  x  in  the  coefficients 
for  the  negative  roots  gives  —  16,  —  206,  and  —  885,  —  933 
for  the  corresponding  coefficients  of  t  and  -y,  it  clearly  follows 
that  —  2  is  the  first  figure  of  the  negative  root.  And  in  a 
similar  way  we  get  2.2  for  the  first  figures  of  the  positive 
root. 

14.  To  find  the  number  of  real  roots  of  "  a?*<^  —  lOas^  —  a?* 
-f  a?  -  11  =  0." 

Because  lOaj^  —  80aj^  -  4aj»  +  1  and  —  20aj^  —  6aJ*  +  9a?  ~ 
110  are  the  coefficients  of  t  and  v  for  the  positive  roots,  and 

—  10a;»  +  80a?'  +  4a?»  +  1  and  —  20aj»—  6a^—  9a?  — 110  those 
for  the  negative  roots  (a?  being  positive),  it  is  easy  to  per- 
ceive that  the  coefficients  of  t)  can  not  change  their  signs, 
and  of  course  the  equation  can  not  have  more  than  one  posi- 
tive and  negative  root ;  and  it  is  easy  to  show  that  3  and  —3 
are  the  first  figures  of  these  roots. 

15.  To  find  the  first  figures  of  the  roots  of  "  Sa?^  —  6aj  — 
1  =  0." 

Because  24aj^  —  6  and  —  12a?  —  3  are  the  coefficients  of  t 
and  V  for  the  positive  roots,  it  is  easy  to  perceive  that  the 
equation  can  have  only  one  positive  root,  whose  first  figures 
are  0.9.  And  because  243?"  —  6  and  12a?  —  8  are  the  coeffi- 
cients for  the  negative  roots,  and  that  12a?  —  3  changes  its 
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etign  when  x  is  greater  than  -,  it  is  easy  to  perceive  that  one 

of  the  roots  must  be  found  by  making  x  less  than  - ;  conse- 

4 

quently,  we  easily  find  that  —  0.1  is  the  principal  part  of 

the  root. 

Similarly,  sauce  24^^^— 6  changes  its  sign  when  x  is  greater 

than  -,  we  must  evidently  find  the  remaining  negative  root, 

by  making  x  greater  than  ^i  indeed,  its  principal  part  is 

foimd  to  be  —  0.7. 

16.  To  find  the  roots  of  "aj^  -  9aj»  +  6i»*  +  Iha?  —  12aj»  — 
.  7a5  -h  6  =  0." 

Here  we  have  laf  —  4:6aj*  +  24aj*  -I-  4:5a?  —  24a?  —  7,  and 
—  18a^  +  18a^  +  60aj^  —  eOa?*  —  42aj  +  42,  for  the  coefficients 
of  t  and  V ;  and  since  the  coefficient  of  ^  is  reducible  to 
(a?  —  l)^  (a?  +  1)  X  (—  ISaj*  +  42),  it  is  easy  to  perceive  that 
the  coefficient  of  t  is  also  reducible  to  {x  — 1)^  (a?  +  1). (7a:'4- 
7a^  -  31aj  -  7). 

From  the  coefficients  of  t  and  v,  it  follows  that  the  equa- 
tion has  (a?  —  1)'.  (aj  +  1)*  for  a  factor,  and  of  course  it  has 
three  roots  whose  common  value  is  1,  and  two  roots  whose 
common  value  is  —  1. 

To  find  the  unequal  roots  of  the  equation,  it  is  clear  that 
we  may  take  7ar^  +  73?*  —  31aj  —  7  and  —  ISa?*  +  42  for  the 
coefficients  of  t  and  v  for  the  positive  roots ;  and  putting  —  x 
for  aj,  we  may  take  —  73?^  +  7ar^  +  31a?  —  7  and  —  18a?  +  42 
for  the  coefficients  for  the  negative  roots. 

After  a  few  trials,  we  find  that  by  putting  3  for  x  in  the 
coefficients  for  the  negative  roots,  they  become  -^  40  and 

— 120,  which  give  — 120  -= 40  =  3 ;  consequently,  —  3 

is  a  root  of  the  equation. 

Similarly,  by  putting  2  for  x  in  the  coefficients  for  the 
positive  roots,  they  become  15  and  —30,  which  give  —30-5- 
15  =  —  2 ;  consequently,  2  is  a  root  of  the  equation. 

Hence,  the  proposed  equation  is  reduced  to  a:^  —  9a?  -f- 
6a?  +  15a?  -  12a?  -  7a  +  6  =  (a?  -  Vf.  (a?  +  1)K  (a?  -  2). 
(a?  +  3)  =  0. 
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17.  To  find  limits  to  the  roots  of." a^  —  20*  —  7a?  +  lOa?  + 
10  =  0." 

It  is  easy  to  perceive  that  the  coefficients  of  t  and  v  for 
the  positive  and  negative  roots  may  be  represented  by 
2a?— 3aj»-7aj+5,  -a?— 7a?  + 15»  +  20;  and  —2a?— 3a? 
+  7a5  +  5,  a?  -  7a?  -  15i»  +  20. 

Putting  a;  =  0  and  a;  =  1,  separately,  in  the  coefficients  for 
the  negative  roots,  they  become  5  and  20, 7  and  —1 ;  conse- 
quently, since  the  signs  of  the  coefficients  do  not  both  change 
between  aj  =  0  and  a?  =  1,  and  that  20  -r-  5  =  4  is  greater  than 
0,  while  —  1  -5-  7  is  less  than  1,  it  follows  that  —  1  and  0  are 
limits  to  one  of  the  negative  roots ;  and  in  a  similar  way  the 
remaining  negative  root  will  be  found  to  have  —  3  and  —  2 
for  limits. 

In  like  manner,  from  the  coefficients  for  the  positive  roots, 
we  get  2,  2 . 3,  and  2 . 3,  3  for  their  limits. 

Concluding  Hemarh, — Because  we  may  find  the  imaginary 
roots  of  an  equation  in  much  the  same  way  that  we  find  the 
real  roots,  it  follows  that  we  can  by  our  nfiethod  find  all  the 
roots  of  any  rivmerical  (dgehrodc  equation  with  great  facility. 


SECTION    XX. 
SOLUTIOH   OF   EXPONENTIAL   EQUATIONS. 

(!•)  An  exponential  equation  is  one  in  which  the  unknown 
letter  enters  as  an  exponent. 

Thus,  2*  =  9,  3>'  =  60,  a*  =  ft,  aj*=  <j,  aj»=  <i,  are  exponen- 
tial equations. 

If  we  take  the  exponential  equation  A*  =  B,  (1) ;  then, 
since  A  =  l  +  A  —  1,  B  =  l  +  B  —  1,  ifwe  put  A  —  1  =  a 
and  B  —  1  =  J,  (1)  will  be  reduced  to  (1  +  »)*  =  l  +  J,  (2), 
in  which  a  and  h  may  be  positive  or  negative,  according  to 
the  natui*e  of  the  case. 

(a.)  Putting  »  =  ^  (3),  (2)  by  substituting  ?^  for  aj,  is  easily 
z  z 
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reduced  to  (1  -f  ay  =  (1  4-  i)',  or  (expanding  the  memberB 
by  the  binomial  .theorem)  we  have  1  +  ya  +  V-^^ZlDc^  -f- 

y(y -l)(y-2)^  +  ^tc  - 1  +  '^^  +  ^(^-y  +  ^(^-i)(^-2) 

1.2.3  1.2  1.2.3 

V  +  etc.,  which,  by  arranging  the  terms  according  to  the 
ascending  powers  of  y  and  s,  is  easily  reduced  to  the  form 

~  +  ~-^  +  |'-etc.)3  +  B,3«  +  B^  +  etc.,(4). 

Now,sincea-?'  +  ?!^?*  +  ^^etc.,todJ-?  +  ?- 
'  2^34^5  '  2^3 

^ etc.,  are  called  the  hyperbolic  logarithms  of  1  +  a 

4      5 

and  1  +  J,  if  we  denote  them  by  writing  I'  before  (1  +  a) 

and(l  +  J),.weshaU  have  Z'(l  +  a)  =  a-^V?- ?  +  ^ 

2       3       4        5 

—  etc.,  and  l^l  +  J)=:J  —  -4-_  —  etc.,  (5) ;  consequently 

^      3 

(by  substitution  from  (5)  in  (4)),  we  shall  have  l\l+a)xy'{' 

Ai3^  +  Aaj^  +  etc.  =  Z'(1  -i-b)  x  z -{-B^z* +  B^  +  etc. ;  and 

if  we  divide  the  terms  of  this  by  z  [since  by  (3)  x  =  ^u  it 

win  become  r{l  +  a)  x  a?  +  Aiory  +  A^  +  etc.  =  V{1  +  b) 
+  BiS  +  Bjs'  +  etc.,  (6). 

Because  (6)  ought  clearly  to  be  satisfied  without  limiting 
the  values  of  y  and  z^  it  is  manifest  (from  the  method  of  un- 
determined coefficients,  see  Sec.  XV.)  that  we  must  have 

y(l  -f  a)  X  x=zl\l  +  b\  or  a?  =  f,ii  "^  %  (?);  consequently, 

l\l  -]-  a) 

X  eqiuds  the  hyperbolic  logarithm  of  1  +  b  dwid^d  by  that 

of  1  -^  ay  or  {which  is  the  same)  x  is  found  from  (1)  by 

dividing  the  hyperbolic  logarithm  of  Bby  that  of  A. 

Since  r{l  +  a)  X  a?  =  Z'(l  +  J)  =  J  -  |V  ^  -  -*  +  etc., 
if  we  (for  brevity)  represent  l^l  +  a)  x  a?  by  <y,  we  bhall  have 

V  =^b h- -  +  ^^c. ;  consequently,  if  we  revert  this 

series  (see  (5)  of  the  Eeversion  of  Series,  p.  436),  we  shall  get 
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J  =  -w  +  --f-— -  +  ,    ,    .  +  etc.,  which  being  put  for  h  in 
2        2.  t>       2.  t>.4 

(2),  gives  (1  +  a)'  =  1  +  V  +  —  +  -— -  -f  etc.,  or  restoring  the 

2      2.3 

value  of  Vy  we  shall  have  (1  +  a)*  =  1  +  r{l  -^  a)x  -\- 

iI(Lt^     (ZXl+M^  ^  etc.,  (8),  which  is  called  the 

1.2  1.2.3  ^^' 

Exponential  Theorem  ;  and  it  is  clear  that  it  is  only  another 
form  of  the  Binomial  Theorem. 

Hence,  if  we  represent  the  hyperbolic  logarithm  of  A  by 

A',  we  shall  have  A*  =  1  +  k!x  +  \ — ?L  +  etc. ;  conse- 

quently,  (1)  is  reduced  to  1  +  A'a?  a ~  +  +  etc.  = 

1.2       1.2.8 
B,  (9),  which  (after  having  found  a  near  value  of  x  by  trial) 
will  clearly  enable  us  (as  in  the  solution  of  Algebraic  Equa- 
tions) to  find  m  to  any  required  degree  of  exactness. 

(3.)  If  we  multiply  1  +  fl&  by  1  +  J,  we  shall  have  (1  +  a). 
(1  +  J)  =  1  +  a  -f  J  +  a5,  or  putting  a  +  J  +  aJ  =  cwe  shall 
have  (1  +  a).  (1  +  J)  =  1  +  c/  consequently,  if  we  raise  the 
members  of  this  equation  to  the  power  whose  exponent  is 
any  arbitrary  number,  as  ^,  we  shall  have  (1  +  a)'.  (1  +  Vf 
=  (1  +  c)S  which  by  (8)  is  reduced  to  (1  +  Vi^  +  (i)t  +  etc.).  • 
(1  +  ^'(1  +  ^)^  +  ®tc.)  =  (1  +  Z'(l  +  c)t  +  etc.),  or  we  shall 
have  1  +  \V{^  4-  «)  +  V^  +  l)\t  +  etc.  =  1  +  Z'(l  +  c)t  + 
etc.,  or  Z^l  +  a)  +  ^'(1  +  J)  =  Z'(l  +  <^\  (10),  because  t  is  ar- 
bitrary. 

.  It  foUowa^fram  (10),  that  the  hyperbolic  logarithm  of  a 
pi'odtLCt  equals  the  sum  of  the  hyperbolic  logarithms  of  its 
factors;  and  reciprocally^  t/ie  hyperbolic  logarithm  of  a 
quotient  equals  the  hyperbolic  logarithm  of  the  dividend^ 
minvs  that  of  the  divisor, 

Ilence^  tooy  the  hyperbolic  logarithm  of  a  power  equals  thai' 
of  the  root^  mnltiplied  by  the  index  of  the  power  ;  and  recip- 
rocally y  if  the  hyperbolic  logarithm  of  a  power  is  divided  by 
the  indeXj  the  quotient  equals  the  hyperbolic  logarithm  of  the 
root. 

(4.)  Supposing  A  in  (1)  to  be  invariable,  while  B  and  x 
are  variable,  or  receive  diflferent  values,  then  clearly  the 
values  B  may  be  regai^ded  as  being  derived  from  A,  consid- 
ered as  the  root  or  base. 
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If  we  put  m  =  -— ,  and  call  m  the  modtUaia,  then  we  shall 

(according  to  what  has  been  shown)  have  x  =  -—  =  mZ'B, 

C  A. 

(11) ;  consequently,  the  eocponerU  of  A  eguaU  the  hyperbdie 
logarithm  of  the  corresponding  power  divided  ly  the  hyper- 
hoUc  logarithm  of  A  {t/ie  root\  or  {which  is  the  same)  muUi- 
plied  hy  the  modiUus. 

Because  A  and  (of  course)  Z'A  are  invariable,  it  is  clear 
that  the  exponents  of  A  may  be  taken  to  represent  the  hyper- 
bolic logarithms  of  the  corresponding  powers  B;  conse- 
quently, if  we  call  x  the  logarithm  of  B,  taken  to  the  base 
A,  and  represent  the  logarithm  by  writing  I  before  B,  we 

shall  have  a?  =  JB,  and  (11)  will  be  reduced  to  ZB  =  -j—  = 

ml'B,  (12). 

If  for  B  in  (12)  we  put  A,  we  shaU  get  ZA  =  ?J:^  =  l; 

consequently,  the  logaritlim  of  the  root  or  base  is  always  1, 
or  unity. 
Hence,  if  e  denotes  the  base  of  hyperbolic  logarithms,  since 

.Ve  =  l,  weshaUfrom  (8)  get  6^=  1  +  a?  +  j^  +  ^^ 

^ +  etc.,  (13) ;  consequently,  if  in  this  we  put 

1.2.0.4 

a?  =  1,  we  shall  have  <?  =  1  -f- 1  +  ^-—  -f- 


1.2  '  1.2.8  '  1.2.3.4 
+  etc.  =  2.7182818.  =  the  root  or  base  of  hyperbolic  log- 
arithms. 
If  for  B  in  (12)  we  put  1,  then  since  1  =  1  +  (1  —  1),  we 

I'd) 

shall,  from  (5),  have  1{1)  =  -A^  =  0 ;  consequently,  any  log 

0  A 

arithm  of  1  equals  0. 

If  for  A  we  put  1  —  a,  and  suppose  a  to  be  positive  and 

less  than  1,  A  will  be  positive  and  less  than  1,  and  from  (5) 

we  shall  have  I'A  =  r{l  —  a)  =  —(a  +  ^  ^ h  etc.),  a 

negative  result ;  consequently,  it  is  clear  from  (12),  that  if 
the  base  is  less  than  1,  the  logarithms  of  all  positive  numbers 
less  than  1  will  be  positive,  while  the  logarithms  of  all  num- 
bers greater  than  1  will  be  negative ;  and  reciprocally,  if  the 
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base  18  greater  than  1,  the  logarithms  of  all  numbers  greater 
than  1  will  be  positive,  while  the  logarithms  of  all  positive 
numbers  less  than  1  will  be  negative. 

If  we  put  B  =  1  -  J,  we  shall  have  I'B  =  l'(l  -  J)  =  — 

I J  +       -I-      -j.  etc.) ;  consequently,  if  for  b  we  put  1  —  c, 

and  suppose  c  to  be  an  infinitesimal,  so  that  for  i  we  may 
put  1,  we  shall  get  VB  =  r[l  -  (1  -  c)]  =  I'c  =  Z'o  =  - 

( 1  +  -  +  "  +  etc.lj  a  negative  result,  which  we  will  now 

show  to  be  the  negative  of  an  unlimitedly  great  number. 

Thus,  supposing  a  to  stand  for  any  positive  number,  we 
shall  have  1= 1 =  1  +  _ill^_  =1  +  1  -  ^  ■ 


a      l-(l;-a)  ^  2  — (2-ti)         ^      2 

4- 


3-(3-a)~''"      2      +  3 

(i-4-l)('-i)  ,  i-^.'^-K'-D 

.  +  etc.,  (14);  which  is  a  series  that 

may  be  taken  as  a  representative  of  -.    K  a  is  an  infinites- 

a 

imal,  since  -  =  -  =  oo  =  an  imlimitedly  great  number,  it 
a      0 

follows  that  the  series  in  the  right  member  of  (14)  represents 

an  unlimitedly  great  number ;  consequently,  since  the  series 

in  the  right  member  of  (14)  (when  a  is  an  infinitesimal)  can 

not  exceed  the  series  In i-i^--}-  etc.,  it  follows  that  the 

2      3      4 

series  1  +  -  +  -  +  etc.,  represents  an  unlimitedly  great  mim- 
2      3 

ber ;  hence  Vo  =  the  negative  of  an  unlimitedly  great  posi- 
tive number. 

Hence,  when  the  base  is  greater  than  1  and  finite,  we  shall 

have  fo  =  -^  =:  the  negative  of  an  unlimitedly  great  posi- 
tive  number. 
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(«.)  If  for  A  in  (1)  and  (12)  we  put  10,  tibey  will  become 
10'  =  B,  (16),  and  »  =  i!B  =  ?J?  (16) ;  and  a?  =  IB  becomes 

what  is  called  the  Brigga  or  Common  Logarithm  of  6. 

Thus,  since  10^  =  1, 10^  =  10,  W  =  100, 10»  =  1000,  etc., 
0,  1, 2,  3,  etc.,  are  the  common  logarithms  of  1, 10, 100, 1000, 

etc.,  and  because  10-^  =  i-  =  0.1, 10-«  =  JL  =  0.01, 10-«= 
'  10  '  100 

0.001,  etc.,  —1,  —2,  —3,  etc.,  are  the  common  logarithms  of 

0.1,  0.01,  0.001,  etc. 

If  we  represent  any  positive  whole  number  (including  0) 
by  n,  it  is  clear,  from  what  has  been  done,  that  the  common 
logarithm  of  any  number  which  lies  between  10**  and  lO"**, 
must  lie  between  n  and  n  -f  1 ;  consequently,  the  logarithm 
evidently  equals  n  4-  an  interminable  decimal;  noticing  that 
the  integer  n  is  called  the  characteristic  of  the  logarithm. 
Similarly  any  number  which  lies  between  10"""""*  and  10~* 
has  for  its  logarithm  a  number  which  lies  between  —  (n  +  1) 
and  —-71/  consequently,  the  logarithm  equals  —  (ti  +  1)  -f 
an  interminable  decimal ;  noticing  that  the  characteristic  — 
{n  +  1)  is  negative. 

Thus  2,  which  lies  between  10^  and  10^  has  0.3010300  for 
its  (approximate)  logarithm,  its  characteristic  being  0;  89, 
which  lies  between  10^  and  10^  has  1.9493900  for  its  loga- 
rithm ;  626.43,  which  lies  between  10*  and  10«,  has  2.7961787 
for  its  logarithm ;  and  0.843,  which  lies  between  10~*  and 
10^  has  -  1  +  0.9268276  =  -  1.9268276  for  its  logarithm, 
0.08934,  which  lies  ^etween  10-*  and  10-S  has  —  2.9510459 
for  its  logarithm,  and  so  on ;  noticing,  that  when  the  charac^ 
teristic  is  negative,  the  sign  — -  is  sometimes  written  over 
instead  of  before  it ;  thus,  for  —  2.9510459,  we  may  write 
2 .  9510459,  and  so  on. 

Hence,  it  f allows  that  the  characteristic  of  the  logarithm 
of  a/ny  member  grea^ter  thun  unity  is  one  less  than  the  mumber 
of  places  of  integers  in  the  number ;  a/nd  the  charaoteristio 
of  the  logarithm  of  any  decimal  fraction  is  negative^  and 
egtuxl  to  unity  added  to  the  number  of  naughts  which  imms- 
diately  follow  the  decimM point;  noticing,  that  the  charac- 
teristic is  sometimes  called  the  index  of  the  logarithm. 

Again,  if  N  stands  for  any  wliole  number,  then  we  shall 
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have  I —  =  ZN  —  nO"  =  ZN  —  71/  consequently,  the  deci- 

mal  part  of  the  logarithm  of  —  is  the  same  aa  that  of  N , 

(since  n  is  supposed  to  be  an  integer),  while  the  characteris- 
tic of  the  logarithm  of  N  is  diminished  by  the  number  of 
units  in  n. 

Thus,   mA2  =  l^^  =  Z3742  -  2  =  3.5731038  -  2  = 
10' 

1.6731038,  and  log.  0.0956  =  log.  ?^  =  log.  966  -  4  = 

10* 

2.9804579  -  4  =  2.9804579. 

Hence,  cdl  numbers  which  consist  of  the  same  figures 

jpilaced  in  the  same  order  (whether  they  are  wholly  integral 

or  partly  or  wholly  decimal),  are  such  that  the  decimal 

parts  of  their  logarithms  are  the  same. 

(«•)  For  the  method  of  finding  the  logarithms  of  numbere 
from  the  tables,  we  shall  refer  the  reader  to  the  directions 
which  generally  precede  the  tables. 

We  will  now  proceed  to  illustrate  what  has  been  done  by 
the  following 

EXAMPLES. 

1,  To  find  the  value  of  a?  in  10*  =  2,  in  which  x  =  the 
common  logarithm  of  2. 

From  the  equation  we  get  10  =  2*,  and  since  8  =  2*,  we 

get  ™  =  2*  -T-  2^  or  1  +  i  =  2*""    =  2"^,   which  gives 

(l\i::ii  1  1 

1  +  -)       =  2  =  — 1  =  /    _n/    _n  '    consequently, 

putting  y  = — ,  we  have,  by  taking  the  hyperbolic  log- 

1  —  ox 

»ithm.0)y(6)),!,!'(l  +  l)  =  y^ i ^  =  -r(i_l) 


528  ELEMENTARY    AKD    HIGHER    ALGEBRA. 

Because  i  =  0.25,  (j)  =  0.0626,  Q)'  =  0.015625,  Q)*  = 
0.00390625,  and  so  on,  we  soon  find  1  -  i/lV  4.  -(-V  — 

etc.  =  0.25  —  0.03125  +  0.00520833333.  -  0.0009765625  -h 
etc.  =  0.22314355134,  which  is  correct  to  ten  decimal  places ; 

also,  J  +  IQV  +  U^  +  etc.  =  0.2876820724,  correct  to  ten 

decimal  places  ;    similarly,  |  +  ^^^  +  ^^^J  4.  etc.  = 
0.4054651081. 
Hence,  y  =  ?:|||^1^|?|,  which,  by  restoring  the  yalne  of 

y,  gives  x  =  ^i^^l^'^^  =  0.3010299956,  =  the  common 
^    ^  2.3025850929  ' 

logarithm  of  2,  correct  to  ten  decimal  places. 

Because  Z'2  =  0.6931471805,  it  is  manifest  that  I'lO  = 
2.3025850929,  and  of  course  m  =  -—  =  0.4342944819,  = 

'  no  ' 

the  modulus  of  common  logarithms;  it  heing  the  numherhy 
which  any  hyperholiG  logarithm  being  multiplied^  the  result 
will  he  the  correepoiiding  common  logarithm,  and  vice  versa. 

Because  -  li\  -  -)  =  Z'f  =  0.4054651081,  and  ^'2  4-  Z  - 
=  I'Z,  we  get  VZ  =  1.0986122886,  and  thence  ^3  =  £L  = 

'      ^  '  no 

0.4771212547  =  the  common  logarithm  of  3;  also,  Z'4  = 
2^2  =  1.3862943611,  and  ^4  =  2Z2  =  0.6020599913,  Z'5  = 
no  -  1'2  =  1.6094379124,  15  =  110  -  12  =  1  —  12  = 
0.6989700043,  I'G  =  Z'3  +  Z'2  =  1.7917594692,  16  =  13  +  12 
=  0.7781512503,  I'S  =  1'2'  =  Zl'2  =  2.0794416416,  Z8  =  3^2 
=  0.9030899869,  ^9  =  i'3»  =  2.1972245773,  i9  =  2Z3  = 
0.9542425094;  similarly,  since  12  =  4  X  3,  16  =  5  x  3,  16 
=  2*,  18  =  9  X  2,  20  =  10  X  2,  etc.,  it  will  be  easy  to  find 
the  hyperbolic  and  common  logariihmB  of  12, 15, 16,  etc., 
from  the  preceding  logarithms. 
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Bema/rhs. — let.  It  is  clear,  from  what  has  been  done,  that 
the  calculation  of  the  common  logarithm  of  2  enables  ns  to 
find  the  hyperbolic  and  common  logarithms  of  an  unlimited 
number  of  other  numbers. 

2d.  It  is  also  clear  that  if  we  calculate  the  logarithms  of 
the  prime  numbers,  we  can  thence  get  the  logarithms  of  all 
the  composite  numbers  resulting  from  the  products  of  the 
primes  or  their  powers,  by  adding  their  logarithms. 

Thus,  since  ^14  =  ?2  +  i7  and  Z22  =Z2  4-  fll,  etc.,  it  ap- 
pears that  we  get  the  logarithm  of  14  by  adding  the  logs,  of 
2  and  7,  etc. 

3d.  The  method  of  calculating  the  logarithms  of  the 
primes  7,  11,  13,  17,  etc.,  may  be  given  as  follows:  thus, 

since  7  =  8  — 1  =  8^1  -  1),  XI  =  I2I1  -  IV  etc,  if  we  take 
their  common  logarithms,  we  shall  get  Z7  =  Z8  +  wZYl— -), 

Zll  =  12  +  mzYl  -  1),  etc. 

It  may  be  well  to  notice  that  there  are  other  methods, 
which  are  often  more  expeditious  than  the  preceding.    Thus, 

since  7*  =  2401  =  240o(l  +  J_  V  we  have  4Z7  =  ?2400  + 

\    ^  2400/  12400      2V2400/  ^  3V2400/ 

-  etc.l  =  2  +  Z6  +  ?4  +  0.4342944819r-J 1/ JL  V  + 

J  L24OO      2\2400/  ^ 

etc."!  =  2  +  ?6  +  Z4  +  0.00018095603  -  0.000000(^37699  4- 
0.00000000001  —  etc.  =  3.38039216002 ;  consequently,  17  = 

3.38039216002  _  0.8450980400  (=  the  common  logarithm  . 

4  "" 

of  7),  correct  to  ten  decimal  places.     Similarly,  the  loga- 
rithms of  11,  13,  17,  19,  etc.,  can  easily  be  found  from  2Z11 

=  n20  +  mr(l  +  A,),  2Z13  =  a68  +  nU{l  +  ^),  2^7 

=  mS  +  mV(l  +  43).  2^19  =  /360  +  ml(l  +  ~V  2128 
\        ^bo/  \        360/ 

=  Z628  +  mVll  +  -— J,  and  so  on. 
\         528/ 

34 
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4th.  We  will  terminate  these  remarks  by  showing  how  to 
find  the  number  corresponding  to  any  given  common  loga- 
rithm, without  using  the  tables. 

Thus,  to  find  the  numt)er  whose  common  logaiithm  is 
3.4449Q655 ;  since  the  characteristic  is  3,  it  follows  that  1000 
is  a  factor  of  the  sought  number ;  consequently,  subtracting 
3  tVom  the  logarithm,  we  reduce  it  to  0,4M96555,  from 
which  we  have  to  find  the  remaining  factors. 

Since  0.44496555  x  2  =:=  0.88993110,  we  get  0.44496555  = 

1  ^  0J1006890  ^  1  _  0  05503445 .  consequently,  since  the 
2  2 

number  corresponding  to  the  logarithm  ^  is  VTO,  we  have 

2 

V\^  for  another  factor  of  the  sought  number ;  and  subtract- 
ing   -    from    the    preceding  logarithm,  it    is  reduced  to 

—  0.05503445,  which,  being  negative,  it  results  if  N  stands 
for    the    number    whose    logarithm    is    0.05503445,    that 

=^ —  will  be  the  sought  number. 

Dividing  0.05603445  by  the  modulus  0.43429448,  we  get 
the  quotient  0,1267215  for  the  hyperbolic  logarithm  of  N.* 

To  find  N  from  its  hyperbolic  logarithm,  we  shall  take  the 
exponential  theorem  (8),  given  at  p.  623,  which,  by  putting 
a?  =  1  and  N  for  A,  and  r.sing  0.1267215  for  Z'A,  gives  N  = 
1  -h  0.1267215  +  0.0080291  +  0.0003391  +  0.0000107  + 
0.0000002  +  etc.  =  1.1351006. 

Hence,  since  t^=3.162277, 122^  becomes  ^^^^.^^^ 

N  1.13510U6 

=  2785.9002  for  the  number  corresponding  to  the  given 

logarithm,  which  is  correct  to  four  decimals. 

For  another  example,  we  shall  find  the  number  having 
4.7892346  for  its  common  logarithm. 

Here  10000  i^lO  has  4.5  for  its  logarithm;  and  by  subtract- 
ing 4.5  from  the  given  logarithm,  it  is  reduced  to  0.2892346 ; 
consequently,  if  we  find  the  number  having  0.2892346  for 
its  logarithm,  and  multiply  it  by  10000  4^,  the  product 
will  be  the  sought  number.  Because  ^10  has  0.25  for  its 
logarithm,  if  from  0.2892346  we  subtract  0.25,  the  given 
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logarithm  is  reduced  to  0.0392346 ;  conseqaently,  if  we  rep* 
resent  the  number  corresponding  to  this  logarithm  hy  N",  the 
required  number  will  be  expressed  by  lOOQO  flo  x  t^lO  x 
N  =  10000l!'IuOO  X  N. 

Because  ^'^f^^f^^^  =  0.09084106  =  ZTff,  we  get,  from  the 
0.434^944o 

exponential  theorem,  If  pp  1  +  0.09034105  +  0.00408075  4. 

0.00012289  +  0.00000277  4-  0.00000005  4-  etc.  =  1.09454761. 

Since  lOOOOflOOO  =  56284.1266  nearly,  we  get  61550.92 
for  the  sought  number,  correct  to  two  decimals. 

2.  To  find  X  and  y  from  7*  =  342  and  23«'  =  0.243. 
Taking  the  logarithms  of  the  members  of  the  equations, 
we  get  the  more  simple  forms  xll  =  Z342  and  yl2S  =  Z0.243, 

Hence,  from  the  tables  of  logarithms,  we  set  x  =    ^     ^*  -"^ 
-  ^  ^  0.8450980 

^  8.9984996    and   y  =  ^'^^^^^^^  ^  ^  ^'61^3937  ^  _^ 

^        1.3617976  1.8617278  " 

0.4611868. 

8.  Let  P  represent  any  principal  at  compound  interest  for 
t  years,  a  the  amount  of  a  unit  of  P  in  one  year ;  then,  if  A 
is  the  amount  of  P,  it  is  proposed  to  find  the  equation  which 
connects  a,  P,  A,  and  t 

Because  the  amounts  of  dififerent  principals  in  the  same 
time  are  clearly  as  the  principalsi  it  is  manifest  that  we  shall 
have  1  ;  a  : :  a  :  a?  ==  the  amount  of  a  unit  of  P  in  two 
years,  and  in  tlie  same  way  we  have  1  :  a  : :  a*  :  a'  =  the 
amount  of  a  unit  of  P  in  three  years,  and  so  on;  C(yn8&' 
^ruentty^  a*  =  the  amount  of  a  unit  of  V  in  t  years. 

We  also  have  the  proportion  1  :  a* ::  P  :  A,  which  gives 

A 

the  equivalent  equation  a?  =  — ,  which,  by  taking  the  loga- 
rithms, gives  the  required  equation  tla*^=  lA  —  tP;  co7ise- 
quenti/y^  if  any  three  of  the  foitr  quantities  a^  P,  A,  and  t 
are  inown^  this  equoMon  vnU  enable  us  to  find  the  fourth. 

I^TdS,  if  a  =  $1.06,  P  =  $235.62,  and  A  =  $1925.32, 
tihe  equation    gives    ^1.06  =  ;i926.32  —  2235.62,  or  t  s 
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?1925.82  -  Z235.62 .  eonBequently,  from  the  tables,  we  have  t 

^  0,9122907  ^3eOSQg 
0.0253059  -^ 

4.  Given,  af  =  82,  to  find  x. 

By  taking  the  logarithms  of  the  members  of  the  equation, 
we  get  xlx  =  Z32,  which  clearly  gives  x  a  very  little  greater 
than  3.08. 

Putting  X  =  3.08  +  y  =  a  4-  y,  we  have  xlx  =z{a  +  y)l 
{a  +  y)=z  al{a  +  y)  -{-  yl{a-\-y)=  IS2  =  h ;  and  since  Z(a  +  y) 

=  Za  4-  mnl  -h  y j  =  to  +  ^  -f  etc.,  we  get  (by  omitting 

m  -{-  Ca 
Since  J  =  Z32  =  1.5051500,  ala  =  3.08Z3.08  =  1.6047361, 
and  m  (the  modulus)  =  0.4342944,  we  get  y  =  ^-^004137  _ 


0.9228451 

0.000448 ;  consequently,  we  shall  have  «  =  a  +  y  =  3.080448 
very  nearly ;  and  it  is  manifest,  if  we  put  3.080448  for  a,  and 
repeat  the  process,  and  so  on,  that  we  shall  get  x  to  any 
required  degree  of  exactness. 

5.  Given,  af  =  17,  to  find  x. 

By  taking  the  logarithms  of  the  members  (since  af  is  the 
exponent  of  x)  of  the  equation,  we  have  afto  =  117^  and 
taking  the  logarithms  (of  the  members  of  this)  we  have  asto 
-I-  l(lx)  =  1{117)  or  xlx  =  l{in)  —  l{lx) ;  and  taking  the  log- 
arithms (of  the  members  of  this)  we  finally  get  Ix  +  l{lx)  = 
lll{in)  -  l{kc)]. 

Since  it  is  easy  to  perceive  that  a?  =  3  very  nearly,  we 
shall  put  aj  =  2  +  y  =  a  +  y/  consequently,  we  shall  have 

to  =  Z(a  +  y)  =  to  +  ^  +  etc.,  and  l{lx)  =  l{la  +  ?^  +  etc.) 
a  a 

=  l{la)  +  !^  +  etc. 
ala 

Hence,  Ix  +  U]a)  =  1\1{],1T)  —  l{lx)]  is  easily  reduced  to 

la  +  Kla)  +  ('!l  +  !!^)y+  etc.  =  1[1{117)  -  l{la)  -  ^_ 
\a      ala/  ala 

etc.],  or  (by  putting  1{]X7)  —  l{la)  =  J,  and  rejecting  y*,  y*, 
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etc.,)  we  Bhall  get  Za  +  i(to)  +  f-  -h  -^W  =  Z^  -  ,^, 
which  gives  y  =  [»-(/a  +  «]-^g  +  ^  +  ^^),  or 

LalaA      a\        la      hla/ 
Since  a  =  2  and  &  =  1{117)  -  l{la)  =  z(^)  =  ^(4.0874627) 

=  0.6114538,  and  A  =1.0156027,  ?(*)=  0.0067233,  ??^  = 

0.2171472,  1  +  ^  +  ,^"  =  1  +  1.4426947  +  1.0246976  = 
la      bla 

3.4673923,  and   ^(i  +  ^  +  ^\  =  0.75293453,  it  is  clear 

that  y  =  O'QO^'^^^  =  0.00893  nearly,  and  of  course  ar=  2 
^      0.75293453  -^^ 

+  y  =  2.00893  nearly,  which  (on  trial)  will  be  found  to  sat- 
isfy the  proposed  equation  to  a  great  degree  of  exactness. 

6.  Supposing  equal  principals  P  and  P  to  be  put  at  inter- 
est at  the  same  time,  the  one  at  6  per  cent,  compound  inter- 
est, and  the  other  at  7  per  cent,  simple  interest;  then  it 
is  required  to  jGind  the  time,  tj  when  the  amounts  will  be 
equal. 

Since  P(1.06)'  is  the  amount  at  compound  interest,  and 
P  4-  0.07P^  that  at  simple  interest,  we  get  (1.06)*=  1  +  0.07^ 
or  tf(1.06)  =  Z(l  + 0.070. 

K  a  =  a  near  value  of  ^,  we  have  (by  putting  ^  =  «  -|-  y) 
aZ(1.06)  +  yZ(1.06)  =  Z(l  -h  0.07a  +  0.07y) ;  and  by  putting 
1  -H  0.07a  =  h,  and  retaining  only  the  simple  power  of  y,  we 

have  aZ(1.06)  +  yZ(1.06)  =  »  +  ^i^y. 

0 

Hence,  we  easfly  get  y  [z(1.06)  -  ^]  =  ^(^-j^) ; 
and  putting  2(1.06)  -  *^I^  =  c,  we  finally  have  y  = 
I 


(1.06)"  ' 
Aftw  a  few  trials,  we  find  that  it  will  answer  our  pnipose 
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to  put  a  =  6.12,  which  gives  I  =  1.4284,   c  =  0.0038129, 

i_*_  =  -  0.0000223. 
{IMf 

Hence,  we  easily  get  y  =  —  0.00585  very  nearly,  and 

thence  a:  =  a  +  y  =  6.12  —  0.00586  =  6.11416  years,  very 

nearly. 

7.  Find  x  from  the  equation  "  a^~  =i  100,  or  from  m  = 
(10)°«." 

Since  0.02  equald  the  conomon  logarithm  of  x^  if  we  divide 
this  by  the  modulus  0.43429448,  we  get  0.04605170  for  the 
hyperbolic  logarithm  of  a?/  consequently,  from  the  exponen- 
tial theorem,  we  get  x  =  1.0471286,  which  is  correct  to 
seven  decimal  places. 

8.  To  find  the  53d  root  of  5843  =  1.1686  x  5000. 

Since  3  and  0.6989700043  are  the  common  logarithms  of 

1000  and  5,  we  shall  have  3-6989700043  ^  0.0697918868  for 

53 

the  common  logarithm  of  (5000)^^.  Dividing  this  logarithm 
by  0.4342944819,  we  get  0.1607017681  for  the  corresponding 
hyperbolic  logarithm ;  consequently,  from  the  exponential 

theorem,  we  have  (5000)^'»  =^  1.174384877. 
If  we  calculate  the  hyperbolic  logarithm  of  1.1686,  we 

may  in  like  manner  find  the  value  of  (1.1686)^^;  but 
it  will  be   more   simple   to  use   the   binomial    theorem, 

which  gives  (1.1686)^'^  =  1.002944063.    Hence,  we  shall 

have  (5848)''^  =  1.174384677  x  1.002944063  =  1.177791992, 
which  is  correct  to  eight  decimal  places. 

Rema/rh — ^We  have  given  this  and  the  preceding  example 
for  the,  purpose  of  showing  the  use  of  the  exponential  and 
binomial  theorems  in  the  extractions  of  the  higher  roots  of 
numbers. 
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SECTION    XXI. 

SESQLiniQH  01*  WEOIE  HUKBSRS  IHTO  THEI&  FACTOBS. 

(!•)  If  N"  etandft  fof  any  proposed  integer,  then  if  N  is 
even,  it  will  be  exactly  divisible  by  2 ;  consequently,  if  2**- 
is  the  greatest  integral  power  of  2  which  exactly  divides  N, 

it  is  clear  tJiat  zL  must  be  an  odd  integer.    Hence,  the  reso- 

lution  of  any  proposed  integer  into  factors  may  be  considered 
as  being  reduced  to  the  resolution  of  an  odd  integer  into 
factors. 

(••)  If  N  stands  for  an  odd  integer,  and  we  divide  it  by  4, 
the  remainder  must  clearly  be  either  1  or  S,  since  1  and  8 
are  the  only  odd  integers  which  are  less  than  4.  Conse^ 
quently,  if  n  stands  for  tlie  quotient  of  the  diyision  of  N  by 
4,  it  follows  from  the  nature  of  division  that  N  will  equal 
4n  -1-  1  or  4^  -+-  3 ;  and  N  is  said  to  he  of  the  form  An  +  1 
or  4w,  +  3. 

(8.)  If  we  multiply  two  integers  of  the  forms  4^  +  1, 
4n'  4- 1,  or  472.  -+-  3  and  4n'  +  3,  by  each  other,  the  product 
will  be  of  the  form  47i.''  +  1. 

For  (4cn  +  1)  .  {M  -h  1)  =  IQnnf  +  A:{n  +  n")  +  1,  and 
(4?i  +  3) .  (4n'  +  3)  =  IQnnf  +  l^(n  +  nf)  +  9,  products, 
which  are  manifestly  of  the  form  4/i"  +  1. 

(4.)  The  product  of  an  integer  of  the  form  4ri  +  1,  and  of 
an  integer  of  the  form  4m!  -f  3,  will  be  an  integer  of  the  form 
4w,"  +  3. 

For  (4n  +  1)  •  (4n'  +  8)  =  16^7^'  +  4(3n  +  n')  +  3  is  evi- 
dently of  the  form  4/^''  +  3. 

(<l.)  If  the  odd  integer  N  is  of  the  form  4n  +  1,  and  hns 
factors,  then  n  must  be  the  product  of  two  factors  which  are 
either  both  of  the  form  4n'  + 1,  ^"  + 1,  or  of  the  form 
4n'  +  8  and  4/i"  +  8. 
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For,  otherwise,  N  must  be  the  product  of  two  integere, 
one  of  which  has  the  form  M  +  1,  and  the  other  the  form 
4n"  +  3 ;  consequently,  since  the  product  of  these  forms  is 
of  the  form  4;j,'"  +  3,  it  follows  that  N  has  the  form  \n!''  + 
8,  contrary  to  the  supposition. 

(6.)  K  K  is  of  the  form  47i  +  3,  then  if  it  has  factors,  it 
may  be  shown,  in  a  similar  way,  that  it  may  be  resolved  into 
two  factors,  one  of  the  form  ^"  -H  1,  and  the  other  of  the 
•  form  4n'"  4- 3. 

(•y.)  If  N  is  of  the  form  4^  +  1,  and  has  factors,  then  it  is 
clear  that  a  -H  »  and  a  —  a?  may  represent  two  factors  into 
which  it  can  be  resolved,  such  that  i!i[xffj  must  both  be  of  the 
471  -1- 1  or  471  +  3 ;  consequently,  by  addition,  we  shall  have 
a-\-x-[-a  —  x  =  2a  of  the  form  4?^  +  2  or  4/1.  4-  6,  and  of 
course  a  must  be  an  odd  number.  Hence,  we  shall  have 
(a  -h  ») .  (a  —  a?)  =  a'  —  a?  =  N,  or  aj*  =  a'  —  N,  (1),  in  which 
a  must  be  an  odd  number ;  and  since  a*  =  N  -|-  a^,  we  have 
a  =  VN  -f  a? ;  consequently,  if  N  is  not  an  exact  square,  it 
is  clear  that  a  must  be  greater  than  the  greatest  integer  in 
VN.  And  since  a  and  N  are  odd  numbers,  it  follows  from 
(1)  that  X  must  be  an  even  number. 

In  like  manner,  if  N  is  of  the  form  4n  +  3,  we  shall  have 
(;f  =  a^--Nj  (2),  in  which  a  must  be  an  even  number  greater 

than  VN  (if  N  is  not  an  exact  square),  and  x  must  be  an  odd 
number. 

(8.)  Because  the  squares  of  whole  numbers  terminate  with 
an  even  number  of  naughts,  25, 1,  4,  6,  or  9,  it  follows  that 
those  whole  numbere  which  terminate  with  an  odd  number 
of  naughts,  2,  8,  7,  8,  and  5,  without  terminating  with  25, 
can  not  be  exact  squares. 

(9.)  Supposing  n  to  stand  for  0  or  a  positive  integer,  then 
it  is  plain  that  any  whole  number  will  be  of  one  of  the  fonna 
3n,  3n  + 1,  Sn  +2,  or  (which  is  the  same)  of  one  of  the  forms 
371,  3n  ±  1 ;  consequently  (by  squaring)  any  integral  square 
must  be  of  one  of  the  forms  972.',  9n^  ±  671-  +  1. 

Hence,  it  is  clear  that  if  we  divide  any  integral  square  by 
3,  the  remainder  must  be  0  or  1 ;  consequently,  any  integer 
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which,  diyided  by  8,  gives  2  for  the  remainder,  can  not  be 
an  exact  square. 

It  may  be  shown,  in  like  manner,  that  any  integral  sqnare, 
when  divided  by  4,  must  give  0  or  1  for  the  remainder; 
consequently,  any  integer  whose  division  by  4  gives  2  or  3 
for  the  remainder,  can  not  be  an  exact  square. 

It  is  clear  that  we  may  in  the  same  way  find  the  forms  of 
the  squares  which  correspond  to  the  divisors  5,  6,  7,  etc. 

(lO.)  To  perceive  the  use  of  what  has  been  done,  take  the 
following 

EXAMPLES. 

1.  To  resolve  15229,  which  is  of  the  form  4^  +  1,  into  its 
factors. 

By  extracting  the  square  root  of  the  number,  we  get  123 
for  tiie  root  of  the  greatest  integral  square  contained  in  it ; 
consequently,  since  the  proposed  number  is  of  the  form  4^ 
+  1,  we  must  use  an  odd  number  for  a  in  (1),  which  is 
greater  than  123,  so  that  we  assume  a  =  125  +  2n,  on  the 
supposition  that  n  is  either  0  or  a  positive  integer. 

Hence,  since  N  =  15229,  (I)  gives  aj»  =  (125  +  271/ — 
15229  =  396  +  oOOn  +  4n*  =  4(99  +  125n  +  n'),  which,  by 
putting  1  for  n,  gives  2.^=900=30',  or  a?  =  30;  consequently, 
from  a  =  125  H-  2^1  =  127  and  x  =  30,  we  get  a  -h  a?  =  157 
and  a  —  a?  =  97,  which  give  15229  =  157  x  97,  and  the 
number  has  been  resolved,  as  required,  since  157  and  97  are 
prime  numbers. 

2.  To  resolve  16891,  which  is  of  the  form  4/1  -H  3,  into  its 
factors. 

Because  the  root  of  the  greatest  square  contained  in  the 
number  is  129,  and  that  the  number  is  of  the  form  4n  +  3 
(since  a  in  (2)  must  be  an  even  number,  and  greater  than 
129),  we  put  a  =  130  -f  2;i;  and  since  N  =  16891,  (2)  gives 
a?  =  (130  +  2ny  —  16891  =  9  +  5207J.  +  4/i»,  which,  by  put- 
ting ri  =  0,  gives  aj^  =  9,  or  a?  =  3. 

Hence,  we  have  a  =  130  and  a?=  3,  which  give  a  +  x=i 
133  and  a  —  a?  =  127  for  factors  of  tlie  proposed  number. 
Hence,  smce  133  =  19  x  7,  and  that  127,  19,  and  7  are 
prime  numbers,  it  follows  that  16891  =  127  x  19  x  7,  as 
required. 
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8.  To  resolve  11051^  which  ig  of  the  form  4n+Bj  into  its 
factors. 

Since  105  is  the  root  of  the  greatest  sqnare  contained  in 
the  nnmber,  and  that  the  number  is  of  the  form  4/i  +  3,  we 
put  a  =  106  +  2n^  and  thence,  from  (2),  get  »*  =  (106  +  2n)' 
-  11051  =  185  +  424n  +  4n». 

Smco  186,  divided  by  3,  gives  2  for  the  remainder,  and 
that  424  and  4,  divided  by  8,  each  give  1  for  the  remainder, 
it  19  easy  to  see  that  n  must  be  of  the  form  3wi  +  1,  since  it 
can  not  be  of  either  of  the  forms  Sm,  Sm  +  2. 

Hence,  by  putting  Bm  +  1  for  n  in  the  preceding  equar 
tion,  we  get  a?  =  613  +  1286m  +  36m*,  in  which  m  must  be 
a  positive  integer. 

Putting  1,  2,  3,  4,  etc.,  successively  for  m,  we  find  that  f» 
=  7  gives  a?  =  107*,  which  gives  x  =  107-  Because  a  =  106 
+  2n  =  106  +  (3m  +  1)  x  2  =  150,  and  x  =  107,  we  have 
a  +  a?  =  257  and  a  —  a?  =  48 ;  consequendy,  we  have  11051 
=  257  X  43,  as  required. 

Hemarka. — Ist.  It  will  be  perceived  that  the  reason  why 
this  is  more  difficult  than  the  preceding  questions,  ia  that  the 
factors  are  much  farther  from  a  ratio  of  equality. 

2d.  We  have  extracted  the  question  from  p.  207  of  Bar- 
low's Theory  of  Numbers.  Barlow  has  shown  that  the 
number  is  not  a  prime,  but  has  not  given  its  factors. 

4.  To  resolve  1082401,  which  is  of  the  form  4?^  +  1,  into 
its  factors. 

If  we  multiply  the  number  by  3,  it  becomes  3247203,  of  - 
the  form  471+3-;  consequently,  if  we  can  resolve  this  number 
into  two  factors  which  are  different  from  the  proposed  num- 
ber and  3,  we  shall  of  course  resolve  the  given  number  into 
factors,  as  required. 

Because  8247203  is  of  the  form  4ri  -h  3,  and  that  1801  is 
the  root  of  the  greatest  square  contained  in  it,  we  put  a  s= 

1802  -H  2n,  and  thence,  from  (2),  we  get  a?  :i=  1  +  7208n  + 
4cn^ ;  consequently,  by  putting  ti  =  0,  we  get  a?  ^  1. 

Hence,  because  a  =  1802  and  aj  =  1,  we  have  a  +  »  = 

1803  =  601  X  3  and  a  —  a?  =  1801 ;  consequently,  we  have 
1082401  =  1801  X  601,  as  required. 

Bemarks. — Ist.  If  we  multiply  11051  by  5,  and  proceed 
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in  like  manner,  we  immediately  get  llOSl  c=  267  x  48,  as  in 
the  preceding  example. 

2d.  The  reason  of  the  preceding  process  clearly  consists  in 
bringing  the  sought  factors  to  as  near  a  ratio  of  equality  as 
possible. 

3d.  We  have  taken  the  example  from  p.  286  of  the 
Uieorie  Des  Kombres,  of  Legendre,  who  has  found  the  fac- 
tors by  a  much  more  operose  process. 

6.  To  resolve  997331,  of  the  form  4/1  +  3,  into  its  factors. 

Since  997331  =  998^  +  1327,  and  is  of  the  form  4n  +  3, 
we  put  a  =  1000  +  2n,  and  thence  (from  (2)),  get  o?  =  (1000 
+  2n)»  -  997331  =  2669  +  400071  +  4^*. 

Because  2669,  4000,  and  4,  when  divided  by  3,  severally 
give  2, 1,  and  1  for  the  remainders,  it  is  easy  to  perceive 
that  n  must  be  of  the  form  3m  +  1 ;  consequently,  putting 
71  =  3m  +  1,  we  shall  get  a?  =  6678  +  12024m  +  36m*. 

Also,  because  6673,  12024^  and  36,  when  divided  by  6^ 
severally  give  3,  4,  and  1  for  the  remainders,  it  is  easy  to 
perceive  that  m  must  be  of  one  of  the  forms  5m'  -H  2,  5m' + 
3,  5m'  +  4. 

Hence,  puttltig  0, 1,  3,  8,  4,  6,  etc^  sudcesslvely,  for  rn!  in 
the  preceding  forms,  we  soon  find  that  m'  t£=  99  gives  m  ±t: 
5m'  +  3  t=  498,  whicli,  being  put  for  m,  gives  o?  =  6673  -f 
12024m  +  36m»  =  14922769  =  3863',  or  a?  =  3863.  Hence, 
a  -f  a?  =  1000  +  2n  +  »  =  1000  +  2(3m  +  !)  +  »=  3990  + 
3863  =  7853.  and  a  —  a?  =  3990  —  3863  =  127 ;  consequently, 
we  shall  have  997331 »  7853  x  127^  as  i^quired^ 

6.  To  resolve  5428681,  of  the  form  4;i  + 1,  into  its  factors. 

Multiplying  the  number  by  41,  it  becomes  222575921  = 
14918*  +  29197 ;  consequently,  from  (1)  we  get  a?*  =  (14919 
+  2w.)«-  222575921  =  640  +  69676/1  +  4?^'^=  4(160 +149197* 
+71*).  Because  160  +  14919n  +  n*  must  be  an  exact  squarei 
and  that  160,  14919,  and  1,  divided  by  3,  give  1,  0,  and  1 
for  the  remainders^  it  follows  that  n  must  be  of  the  form  8m  y 
consequently,  putting  3m  for  n^  we  get  a?  :s=  4(160  +  44757wt 
+  9m') ;  and  in  much  the  same  way,  it  appears  that  m  must 
be  of  one  of  the  forms  5m',  5m'  +  1,  5m'  +  2. 

Henod,  patting  0^  1,  2,  8,  4,  etc.>  for  m',  sucoessively)  in 
these  forms,  we  soon  get  m'  =  7,  which  gives  m  t=i  6m'  +  1 
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=  36,  such  that  ^  =  4(160  +  1611252  +  11664)  ==  2648*,  op 
X  =  2548.  Hence,  from  a  =  14919  +  2^  =  14919  -f  6m  = 
15135  and  x  =  2548,  we  get  a  +  a?  =  17683  and  a  —  a?  = 
12587  =  307  X  41 ;  consequently,  17683  and  307  are  the 
fectors  of  the  proposed  number. 

Remarks, — Ist  Multiplying  the  number  given  in  the  pre- 
ceding example  by  61,  and  that  in  this  by  57,  and  then  pro- 
ceeding as  in  Ex.  4,  we  inmiediately  get  their  factors. 

2d.  This  and  the  preceding  example  have  been  taken  from 
p.  417  of  Gauss'  Becherches  Arithmetiques. 

(ll,)  Supposing  the  odd  integer  N  to  have  A  and  B  for 
its  factors,  and  that  A  is  much  less  than  B,  and  that  1S-=.K& 
is  multiplied  by  the  odd  integer  m,  then  we  shall  clearly 

have  ("^^  +  ^j- ("^^ -  ^y=  mAB,  (3);   consequently, 

«rj  A     _J_    "R 

a  and  x  in  (1)  and  (2)  may  be  expressed  by Z —  and 

mA-B 
2 
If  we  divide  B  by  A,  it  is  easy  to  perceive  that  such  an 
integer  may  be  found  for  m,  that  the  corresponding  value  of 

972* A  —  B  A 

shall  be  less  than  ±  =,  and  numerically  less  than 

^  2 

any  other  value  of . 

^  2 

Hence,  we  may  suppose  the  deienmnatian  of  the  faxstom 
A  <md  B  of  N  to  he  reduced  to  that  of  jimding  m,  such  that 

eliaU  he  a  minimumj  when  the  sign  is  neglected. 

Supposing  2772.'  to  be  an  integer  less  than  m,  and  that  m  is 

changed  to  m±2m',  (3)  becomes    h^'^^  ±m'A\\ 

/mA  -  B  _^  ^,^y  ^  ^^^  _^  2m') AB,  (4),  in  which  the  differ 

ence  of  the  successive  values  of  ^^  +  ^  ±  m'K  and  ^^^^ 

2  2 

db  m'h.  that  result  from  ml  =  1, 2, 3,  etc.,  succefisively^  is  nu- 
merically equal  to  A. 
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And  if  ^  is  the  root  of  the  greatest  iategral  square  con- 
tained in  mAB,  and  q  the  integer  to  be  added  to  j>  (accord- 
ing to  the  directions  given  for  nsing  (1)  and  (2)),  so  as  to 

give  a=p  +  q  =  ^       — ,  and  representing  ^  by  c, 

■^  2 

then  from  (1)  and  (2)  we  shall  get  (^^  +  ^J^  (^^^^/ 
=  Cp  +  ?)*  —  ^  =  m AB,  (6).    Hence,  putting  ^  +  r  =  mAB, 

(5)  gives  r  =  2pq  +  ^—(?or-  =  2q+  2_L_,  (6);  and  from 

P  P 

r  =  2^2^  +  2*  —  c*  we  get  c  =  ±  4^2py  -H  /  —  r,  (7),  which 
gives  0  when  p^  y,  and  r  are  known. 

If  1  or  2  is  put  for  q^  it  is  clear  from  (6)  that  when  -.  has 

P 

its  least  valne,  -  mnst  have  nearly  its  greatest  valae  ;  conse- 

P 
quently,  in  finding  the  facftovB  A  and  B  <?/*  N,  it  vsiU  be 
necessary  to  pay  particular  attention  to  those  valices  of  m 

which  give  t?te  greatest  values  of  — 

P 
Supposing  (by  approximation)  that  the  least  value  of 

A    T>  A 

is  expressed  by  T  — ,  then  w  e  shall  get  B  =  wA  ± 


A  and  mAB  =  m*A*  ±  mA*,  or  V^AB  =  KVn^^m;  and 
since  p  is  not  much  less  than  VmAM^  we  shall  (approxi- 
mately) have  p  =  A  Vm^  ±  m,  which  (if  m  is  much  greater 
than  unity)  may  be  reduced  to  jp  =  mA  nearly. 

Dividing  ^pAsZ^J  z=^hjp  =  mA,  we  shall  get  t  = 
r—  nearly ;  consequently,  (6)  becomes  -  =  2y  +  -^  —  r— 


r 


nearly,  which,  if  q  equals  1  or  2,  may  be  reduced  to  -  =  2 j' 

P 

-^nearly,  (8). 


If  A  is  very  small  in  comparison  to  B,  and  1  or  2  is  put 


for  qj  then,  since  m  must  be  a  large  number,  and  that  —  is 
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lees  than  — ,  it  ii  clear  from  (8)  that  the  greatest  yalnes  of  ~ 

will  generally  be  greater  than  unity, 

Beciprocally,  if,  in  finding  the  factors  A  and  B  of  N,  m  is 
a  large  number,  and  the  values  of  ^  that  correspond  to 

m  —  2j  my  and  m  +  2  ai-e  greater  than  unity,  or  if  two  of 
them  that  are  sacceBsive  are  greater  than  unity,  while  th<ft 
remaining  value  does  not  differ  much  from  it,  then  it  is  clear 
that  A  is  small  in  comparison  to  B,  and  since  the  value  of  c 
th;^t  corresp'onds  to  the  greatest  of  the  values  of  r  will  gene- 

A 

rally  be  less  than  ^  neglecting  the  sign,  it  is  also  numifoBt 

2 

that  A  and  B  can  (generally)  be  found  immediately  from  (1) 
and  (2). 
To  illustrate  what  has  been  done,  take  the  following 

EXAMPLES, 

1.  To  resolve  997381,  of  the  form  4n  +  3,  into  its  factors. 
After  a  few  trials,  we  find  that  by  representing  w  —  2,  m, 

and  m  4-  2  by  69,  61,  and  68,  we  sbaU  get  ^^,  ^^, 

10377  T 

and  for  the  corresponding  values  of  -;   and  since 

7926  r  o  ^7 

7799  -  7670  =  129  and  7926  -  7799  =  127,  it  follows  from 

(4)  (if  59,  61,  and  68  are  the  correct  values  of  m  —  2,  w, 

and  f»4-2)  that  A  ought  not  to  differ  much  from  129  or  127. 

Indeed,  since  997331  x  61  is  of  the  form  4^  +  3,  we  shall 

get  a  =^  +  y  =  7799  +  1 ;   consequently,  from  p  =  7799, 

jr  =;  1,  r  =  12790,  and  ^  =  ±  ^^p(i  +  J*  —  /',  we  get  <?  =  ± 

53 ;  hence,  from  a  ±  <?  we  have  7853  and  774:7  =  127  x  61 

for  the  factors  of  997381  x  61,  and  of  course  127  and  7863 

are  the  factors  of  997331. 

%.  To  resolve  5428681,  of  the  form  4?i  + 1,  into  its  factors. 
Putting  55,  57,  and  59  for  m  —  2,  m,  and  m  +  2,  we  get 

13614  26717   ^^  25363  ^     ^^  corresponding  values  of  t; 
17279' X7690  17896  i-         6  ^) 

consequently,  if  55,  57,  and  59  are  the  correct  values  of 
m  —  2,  OT,  and  m  +  2,  since  17590  — 17279  =  311  and  17896 
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— 17590  =  306,  we  ought  to  have  A  nearly  eqnal  to  311 
or  306. 

Because  5428681  x  57  is  of  the  form  4n  +  1,  we  put  a  = 
p-\-  q=z  17590  +  1,  and  thence  from  p  =  17590,  y  =  1, 
r  =  26717,  and  c  =  ±  V2pq  +  £*  —  r,  we  get  c  =  ±  92. 

Hence,  from  a  ±  c  we  get  17683  and  17499  =  307  x  67 
for  the  factors  of  5428681  x  57,  and  of  course  307  and  17683 
are  the  factors  of  5428681. 

3.  To  resolve  262657,  of  the  form  4n  +  1,  into  its  factors. 
Multiplying  the  number  by  1,  3,  5,  7,  9,  11,  etc.,  succes- 

400    4194  2693  4262  2581  ^.  _  _   .     ,,  ^  , 

, , ,  — --, •  and  so  on,  tor  the  correspond* 

2113' 2233' 2348  2457  2562'  '  ^ 

ing  values  of  -. 
P 

Because  so  many  of  the^ret  values  of  ~  are  greater  than 

P 
unity,  it  clearly  follows  from  what  has  been  done,  that  the 
factor  A  must  be  extremely  small  in  comparison  to  the  re- 
maining factor,  B,  of  the  given  number ;  indeed,  it  is  easily 
shown  from  what  has  been  done,  that  the  given  number  is  a 
prime,  or  has  no  other  factors  than  imity  and  itself. 

4.  To  resolve  333667,  of  the  form  47i  +  3,  into  its  factors. 
Multiplying  by  1,  3,  5,  7,  etc.,  successively,  we  get  if-, 

1001  1654    885    3179  3012       j  ..     ^i. 

,         ,  ---^,  z±lz^  rr^,  and  so  on,  for  the  correspond- 
1000'  1291'  1528'  1732'  1915'  '  ^ 

ing  values  of  -.    Hence,  it  is  easy  to  infer  (as  in  the  last 

P 
question)  that  the  given  number  is  a  prime. 

JSemarks. — ^This  and  the  preceding  example  have  been 
taken  from  p.  288  and  p.  287  of  Legendre's  Tbdorie  Des 
Nombres,  where  the  numbers  are  shown  to  be  primes. 
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SECTION    XXII. 

PEEMUTATIONS  AND  COMBINATIONS. 

(1.)  The  different  arrangements  that  may  be  made  of  quan- 
tities or  tilings,  wlien  any  number  of  them  are  taken  at  a 
time,  as  to  tlieir  order,  are  called  tlieir  Permutations.  Thus, 
if  we  tf\ke  the  letters  «,  J,  c,  etc.,  singly ;  since  each  letter 
can  have  one  position,  there  will  of  coui-se  be  as  many 
positions  or  permutations  as  there  are  letters;  and  if  we  take 
the  lettei-s  a  and  h  together,  since  they  can  be  written  in  the 
orders  ah  and  ha^  there  will  hd  two  permutations. 

Supposing,  the  lettei's  a,  h^  c^  d^  e^  ,  .  ,  ,  t^  to  represent  n 
quantities  or  things ;  then  if  in  is  n  whole  number  no^  grea*er 
than  7?,  we  propose  to  find  the  number  of  permutations  that 
can  be  made  of  the  7i  letters,  by  taking  m  of  them  at  a  timo. 

If  we  find  the  permutations  that  may  be  made  of  the  n— 1 
letters  J,  (?,  ^,  ^,  .  .  .  .  ^,  when  rii  —  1  of  them  are  taken  at  a 
time,  and  write  a  before  eacli  of  them,  we  shall  have  all  the 
permutations  tliat  can  be  made  when  a  stands  first  Simi- 
larly, the  n  —  1  letters  «,  c,  rf,  6,  .  .  .  .  ^,  when  7/i  —  1  of  them 
are  taken  at  a  time,  and  h  written  before  each  of  them  will 
give  the  same  number  of  permutations  (as  before)  in  which  h 
stands  first ;  and  so  on,  for  the  lettei-s  c,  d,  e,  .  ,  .  .  t.- 

Hence,  adding  the  number  of  permutations  in  which  a,  b, 
c^  .  ,  .  .  ty  severally  staruifirstfii  is  clear  that  the  sum  equals 
n  times  tlie  number  of  permutations  that  may  be  made  of 
the  n  —  1  letters  a,  J,  c,  .  .  .  .  «,  when  taken  m  —  1  at  a 
time. 

If  we  take  n  —  land  m  —  1  for  w  and  m,  it  follows,  from 
what  has  been  shown,  that  the  number  of  permutations  of 
the  71  —  1  letters  a,  J,  c, .  . . .  «,  when  taken  m  —  1  at  a  time, 
equals  w  —  1  times  the  number  of  permutations  that  may  be 
made  of  the  n  —  2  letters  a^  h^  c^  d^  e^ , ,  , ,  r,  taken  vi  —  2  at 
a  time,  and  the  number  of  permutations  of  the  n  —  2  letters 
taken  vi  —  2  at  a  time,  equals  ti  —  2  times  the  number  of 
permutations  of  the  n  —  Z  lettera  a,  J,  c,  d^,  ^,  .  .  .  .  j,  taken 
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m  —  3  at  a  time,  and  so  on,  to  the  number  of  permntations 
that  may.be  made  ofn--(m  —  l)=:w»  —  m  +  1  letters  a,  J, 
c,  etc.,  taken  m  —  (w  —  1)  =  1  at  a  time,  which  clearly  make 
n  —  m  +  l  permutations. 

Hence,  it  follows  that  the  number  of  permutations  that  can 
be  made  of  the  n  letters  a,  J,  (?,  ei,  (?,...  .  ty  when  taken  m 
at  a  time,  is  truly  expressed  by  the  product  n{n  —  l)(7i  —  2) 
(fi  —  3)  X  .  .  .  .  X  (n  —  m  +  1),  (1) ;  consequently,  i{  m  =  n 
or  if  all  the  letters  are  taken  at  a  time,  the  number  of  permu- 
tations is  expressed  by  the  product  1.2.3.4.5  x  . .  .  .  x 
(n-lK(2). 

EXAMPLES. 

L  To  find  the  number  of  permutations  of  the  5  letters  a,  ft, 
Cj  dj  Cj  taken  3  at  a  time,  and  when  they  are  all  taken  at  a 
time. 

Because  n  =  6,  m  =  3,  and  n  —  t/i  +  1  =  3,  (1)  gives 
5 . 4. 3  =  60  =  the  number  of  permutations  when  3  letters 
are  taken  at  a  time ;  and  (2)  gives  1.2.8.4.6  =  120  =  the 
number  of  permutations  when  the  letters  are  all  taken  at 
a  time. 

2.  To  find  the  number  of  permutations  that  may  be  made 
of  7  different  things  taken  5  at  a  time,  and  when  liiey  are  all 
taken  at  a  time. 

Ana.  7.6.6  =  210,  and  1.2. 3. 4. 9.  6. 7  =5040. 

8.  To  find  the  number  of  different  permutations  that  may 
be  made  of  the  letters  in  the  word  good,  when  the  letters  are 
all  taken  together. 

If  the  letters  were  all  different!  from  each  other,  x^e  should 
have  1 . 2 . 3 . 4  =  24  for  the  answer ;  but  since  the  letter  o  is 
repeated,  and  that  interchanging  o  and  o  in  any  permutation 
does  not  affect  it,  it  is  clear  that  we  must  divide  the  preced- 
ing residt  by  1,2  =  the  number  of  permutations  between 
two  different  things,  when  both  are  taken  together ;  conse- 
quently, =  12  =   the  required  number  of  per- 

mutations. 

4.  To  find  the  number  of  different  permutations  among- 
the  letters  in  aaabbcdj  when  the  letters  are  all  taken  togethci. 

85 
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From  the  reasoning  in  the  last  question,  it  is  plain  fihat  the 

answer  is  Lllill^lil-7=  420. 
1.2.3  X  1.2 

Remark. — If  we  take  dFl/^if^  etc.,  in  which  j?,  y,  r,  etc.,  are 
positive  integers,  and  represent^  +  J  +  ^5  etc.,  by  N,  and  the 
products  1.2.3.4X....  x^,  1.2.3.4x....X5',  ^"^^ 
so  on,  severally,  by  P,  Q,  etc. ;  then  it  is  easy  to  perceive 
from  what  has  been  done,  that  the  diflTerent  permutations  of 
the  letters  in  the  given  expression  (when  the  letters  are  all 
taken  together)  will  be  expressed  by 

1.2.3.4  X X  (N^-lffl' 

P  X  Q  X  E  ^  etc. 

•  5.  To  find  the  different  permutations  that  can  be  made  of 
the  letters  in  aaahhcd,  when  three  of  the  letters  are  taken 
together.  ^ 

The  different  groups  that  can  be  made  of  every  three  let- 
ters of  the  given  expression  are  <ma^  aah^  aac^  aad^  abh^  abcy 
ahd^  acd^  hhc^  hhd^  hcd ;  consequently,  the  sum  of  the  differ- 
ent permutations  among  the  three  letters  of  each  of  these 
groups  will  clearly  equal  the  required  number  of  permuta- 
tions. Hence,  by  adding  the  permutations  of  the  letters  of 
each  of  the  groups,  in  the  order  in  which  they  are  given,  we 
get  1-1-3  +  3-1-3  +  3  +  6-1-64-6-1-3  +  3  +  6  =  43  =  die 

required  number  of  permutations. 

f 

(2.)  The  different  collections  of  quantities  or  things,  when 
any  number  of  them  are  taken  at  a  time,  without  regarding 
their  order,  are  called  their  coiribinations. 

Tims,  the  lettere  «,  J,  <?,  etc.,  taken  singly,  give  as  many 
combinations  as  there  are  fetters,  and  a,  J,  taken  together, 
give  one  combination,  since  ah  and  ha  are  equivalent. 

Universally,  since  (2)  gives  1 .  2 .  3  . . . .  m  permutations 
among  m  different  things  taken  together,  or  one  combination 
of  them  (when  they  are  taken  together),  it  follows  that  if  the 
expression  for  the  permutations  in  (1)  is  divided  by  1.2.8 
....  m,  the  quotient-  n{n-l){ri-2)  x  . . . .  x  {n- m  +  1)^ 

1.2.3 m 

(3),  is  the  correct  expression  for  the  number  of  combi- 
nations that  may  be  made  of  n  different  things  taken  m  at  a 
time. 
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EXAMPLES. 

1.  To  find  the  number  of  combinations  of  5  different  things, 
taken  3  at  a  time. 

K      A       Q 

Since  ti  =  5,  m  =  3,  and  n  —  m  -h  1  =  3,  (3)  gives     '    ' 
=  10  =  the  required  number. 

2.  To  find  the  number  of  combinations  of  12  different 
things,  taken  7  at  a  time. 

^^12.11.10.9.8.7.6^^1   3  3^^3g 

1.2.3  .4.5.6.7 

8.  To  find  the  number  of  combinations  of  20  different 
things,  taken  10  at  a  time.  Ans.  184756. 

(»•)  Again,  if  several  things  of  one  sort  are  to  be  combined 
with  several  things  of  another  sort,  etc  ,  by  taking  a  certain 
number  of  them  at  a  time,  then  we  may  proceed  to  find  the 
combinations  as  in  the  following  simple 

EXAMPLES. 

1.  To  find  the  different  combinations  that  can  be  made  of 
the  letters  in  c^l^Oj  by  taking  3  letters  at  a  time. 

Ans,  a',  a%  a^c^  ai^j  ahc^  h%  which  make  6  different  com- 
binations. 

2.  To  find  the  different  combinations  that  can  be  made  of 
the  letters  in  a*6Vc?,  taken  5  at  a  time. 

Ans.  a%  a%  a^d^  a^b\  a^bc^  a^bd^  aV,  cfodj  a^5*,  a'J'c?,  a'J'rf, 
a'Jo*,  a^bcdy  (j?<?d^  dt^c^  aVd^  ab^&^  ah^cd^  db&dy  JV,  Ifcd^  JV<?, 
which  make  22  combinations. 

8.  >  Representing  n  different  quantities  or  things  by  a,  5,  c, 
rf,  a, . . .  .  ^/  then  supposing  each  letter  may  be  repeated,  it 
is  required  to  find  the  number  of  different  combinations  that 
can  be  made  by  taking  m  letters  at  a  time. 

Combining  a  with  each  of  the  letters,  we  get  the  n  differ- 
ent combinations  a',  oJ,  ac^  ad^  (le^  .  ,  ,  .  at^  and  combining 
h  with  J,  and  each  of  the  following  letters,  we  have  the  n— 1 
different  combinations  5^,  bc^  bd,  6^,  .  .  .  .  bi,  and  so  on,  to  the 
single  combination  t^ ;  consequently,  when  7n  =  2,  we  have 

7i  4-  (n  -  1)  -h  (7^  -  2)  +  (71  -  3)  4-  ....  4-1  =  a^J) 

1  .  J 

=  the  required  number  of  combinations. 
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Again,  combinibg  a  with  each  of  the  preceding  combina* 

tions.  we  have  ^^^  "^    ^  combinations,  in  which  three  letters 
1  .  ii 

are  taken  at  a  time ;  and  by  putting  71  —  1  for  n^  we  have 
Xji-—    yri  (jQinijinatiQug^  ^j^  which   combining  h  we  have 

^71—    yn  combinations,  in  which  three  letters  are  taken  at  a 
1.2  ' 

time ;    and  putting    n  —  1    for   ti    in   v^""    r*^  -^q  have 

(n—    ){ri—    )  combinations,  which,  combined  with  c,  give 
1      •     2 

(n  —  ^){n  —  1)  combinations,  each  consisting  of  three  letters; 

1      .     2 
and  we  may  proceed  in  a  similar  way  to  the  last  combina- 
tion Ll?. 
1.2 

Hence,  when  3  is  put  for  m,  we  shall  have  ^ — it — I  + 
r  y  1.2 

(n  -  1)71      {n  -  2)(7i  -  1)  ,  .  1  •  2  _  71(71  +  l)(7i  +  2) 

T~r2  "^       1      .      2      ■^••"+172""  1.2.3 
combinations,  each  containing  3  letters. 

Similarly,  combining  a  with  each  of  the  preceding  com- 
binations, and  b  with  the  combinations  whose  number  is 

(7.  ^  l)(n)(7^ ■+  1)    ^^d  3,  ^,  7^(7.4-l)(7.-f2)(7.-f3) 

1.2.3'  '        ^1.2.3.4 

for  the  number  of  different  combinations  when  7/1  =  4. 

It  is  hence  easy  to  perceive  that,  when  each  combinatioii 

consists  of  m  letters,  tlie  number  of  different  combinations  is 

truly  expressed  by  ^^^ +  l){n-^2)  x  . ...  x{n  +  m^l)  ^^, 

^      ^  -^1.2.3      X....  X         m         '^  ^ 

JSemark, — It  is  easy  to  perceive,  from  what  has  been 
done,  that  (4)  gives  the  number  of  different  terms  in  the  ex- 
pansion of  the  positive  integral  power  {a-hh+o-j- +  i)^; 

thus,  if  71  =  3  and  772.  =  2,  (4)  gives  — ^  =  6  for  the  number 

1 . 2 

of  different  terms  in  the  expansion  (a  +  J  +  c?)'  =  6?  +  2ab 

-h  2a<?  +  J*  +  2hc  +  c*. 

(4,)  Supposing  that  a  and  h  are  to  be  combined  with  c  and 
d^  so  that  each  combination  shall  consist  of  two  different  let- 
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ters,  and  that  the  resulting  combinations  are  to  be  combined 
with  e  andy,  so  that  each  combination  shall  consist  of  three 
different  letters,  and  so  on ;  then  it  is  clear  that  the  products 
in  the  expansions  {a  +  b){c  +  (l)  =  ac  +  ho+ad  +  bd,  {a-h 
h){c  +  ^  X  («  +/)  =^aGe  +  'bc6'\'ad6'\-lde'\-  acf  •]-  hcf  + 
adf  +  hdf^  and  so  on,  (5)  will  represent  the  required  com- 
binations. 

If  a  and  h  are  put  for  c  and  d^  for  e  and  f^  and  so  on,  (5) 
gives  (a  +  J)(flt  4-  J)(«  +  &)  x  . .  .  .  X  (a  +  i)  to  n  factors  = 

i",  (6) ;  which  shows  that  the  combination  a"  occurs  once, 
the  combination  a""^  occurs  n  times,  the  combination  a**"^W 

occurs  ^^^"~  ^  times,  and  so  on,  for  the  remaining  combina- 
tions. If  71  is  an  even  number,  the  middle  combination  in 
(6)  will  occur  a  greater  number  of  times  than  any  other ;  and 
if  n  is  an  odd  number,  the  two  middle  combinations  will 
occur  an  equal  number  of  times,  each  of  these  combinations 
occurring  a  greater  number  of  times  than  any  other  combi- 
nation in  (6). 

(5.)  If  all  the  different  combinations  that  can  be  made 
with  the  n  letters  a^h^  c^  d^. . , ,  t^  when  taken  one  at  a  time, 
two  at  a  time,  three  at  a  time,  and  so  on,  and  such  that  the 
letters  in  each  combination  shall  be  different  from  each 
other,  are  to  be  found ;  then  it  is  clear  that  the  products  in 

the  expansion  (1  +  a)(l  -I-  *)(1  +  c)  x x  (l-j-  ^)  =  1  + 

a'\'h-k-  e+ +  ^4-(«J4-«c  +  ^  +  .-»-+fl^  +  5<?-firf 

-h  J^  4-  - . . .  +  Ji5  -f  etc.)  +  {abe  -f  abd  ■{•  ahe  +  . .  .  .  -^  abt 
4-  acd  -^  ace-\- .  .  .  .  +  act+  etc.)  4-  etc.,  (7),  after  1  the  first 
term  is  rejected)  will  represent  the  required  combinations. 

By  putting  1, 1,  1,  etc.,  for  a,  J,  c,  etc.,  in  (7),  and  sub- 
tracting 1  from  the  product,  it  is  clear  that  2"  —  1  :^  the 
number  of  all  the  combinations  in  (7). 

If  —  a,  —  J,  —  Cj  etc.,  are  put  for  a,  J,  Cy  etc.,  in  (7),  it 

becomes  (1  —  a)(l  —  J)(l  —  <?)  x x  (1  —  ^)  =  1  —  (fl^  4- ft 

■i-c+ +  t)  +  {ab  +  ac-{-ad+  etc.)  —  {abe  +  abd  +  dbe 

4-  etc.)  4-  etc.;  consequently,  adding  this  to  (7),  and  dividing 
the  sum  by  2,  the  result  gives  [(1  4-  a)(l  4-  J)  x  (1  4-  c) 
X....  X  (l-|-^4-(l-a)(l-J)a--(?)x....(l-^)]-r-2 
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=  l  +  {ab  +  aC'h(id  +  etc.)  +  {abed  -f  cAce  +  etc.)  +  etc., 
(8),  which  gives  all  the  combinations  that  consist  of  an  even 
number  of  letters. 

Putting  1,  1, 1,  etc.,  for  a,  J,  o,  etc.,  in  (8),  it  reduces  to 
2*""*  —  1  =  the  number  of  all  llie  combinations  that  consist 
of  an  even  number  of  letters. 

Because  2"  —  1  equals  all  the  combinations  in  (7),  it  fol- 
lows that  2"  —  1  —  (2**"^  —  1)  =  2**""^  equals  the  number  of 
all  the  combinations  in  (7)  that  consist  of  an  odd  number  of 
letters ;  consequently,  since  2""^  —  (2**-^  —  1)  =  1,  it  follows 
that  the  number  of  combinations  which  consist  of  an  odd 
number  of  letters  exceeds  the  number  of  combinations  that 
consist  of  an  even  number  of  letters  by  1,  or  unity. 

Hemark, — ^If  a^h,  c. . ,  .t  represent  prime  numbers,  it  is 
manifest  that  the  combinations  in  (7)  (including  1)  will  give 

all  the  imequal  divisors  of  the  number  abc  X x  ^  =  N", 

when  1  and  N  are  considered  as  divisors. 

Thus,  if  «  =  3,  5  =  5,  c  =  7,  d^  =  0,  ^  =  0,  etc.,  we  have 
aJc  =  N  =  105 ;  and  from  (7),  (1  -f  3)(1  +  5)(1  +  7)  =  H- 
3  +  5  +  7  +  3x5-1-3x7  +  5x7  +  3x5x7  =  1  +  3  + 
5  +  7  +  15  +  21  +  35  +  105,  which  are  all  the  separate 
divisors  of  105,  noticing  that  the  number  of  the  divisors  3, 
5,  7,  3  X  5  X  7  exceeds  that  of  the  divisors  3  x  5,  3  x  7, 
5  X  7,  by  unity. 

(a.)  Supposing  the  terms  of  any  number  of  geometrical 

progressions,  as  a,  a^  a® a*^,  J,  b\¥ h%  c,  <?^  <?^,  c^, 

and  so  on  to.  any  extent,  are  to  be  combined  with  each  other ; 
then  it  is  evident  that' the  development  of  the  product  (1  + 

a  +  (j^'  +  a»  +  . . . .  +  a*^j  X  (1  +  S  +  i^  +  J*  + +  i*).  X 

(l  +  c  +  c*  +  c*  + +  eP)x  etc.,  (9)  (after  1  is  rejected) 

will  give  all  the  different  combinations,  as  required.  If  a, 
J,  c,  etc.,  are  prime  numbers,  it  is  clear,  from  the  nature  of 
whole*  numbers  (as  heretofore  shown),  that  the  combinations 
in  (9)  (when  1  is  included  among  them)  will  give  all  the 
integral  divisors  of  the  whole  number,  which  is  expressed 
by  a*"  X  J**  X  c^  X  etc.  =  N,  (10). 

Thus,  if  a  =  2,  J  =  3,  c  =  5,  <Z  =  7,  e  =  11,  /=  13,  and 
7?i  =  3,  fi  =  2,  j?  =  l,  ^  =  1,  r  =  l,  «  =  1;  then,  from  (10), 
we  get  afVcdef=:  N  =  360360,  which  has  192  divisore,  as  is 
clear  from  (9),  since  the  number  of  different  combinations  is 
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clearly  expressed  by  the  product  (1  +  m)  x  (1  +  ^)  x  (1  -f- 
p)  X  etc.,  (11),  where  it  is  plain  that  all  the  natural  numbers 
1,  2,  3,  4,  5 ....  to  16  inclusive,  are  divisors. 

K  the  terms  of  the  progressions  are  supposed  to  be  con- 
tinued to  infinity,  it  results  that , -, ,  etc.,  are 

1  — al— 61  — <3 

their  generating  functions,  because  , -,  etc.,  when 

1  —  a  1  —  0 

expanded  according  to  the  ascending  powers  of  a,  J,  (?,  etc., 

give  the  progressions. 

If  (1  —  ax){X  —  &c)(l  —  ca?)  X  etc.,  is  represented  by  f(^^ 

it  is  easy  to  perceive  that  the  expansion  of  -— -,  according 

to  the  ascending  powers  of  aj,  may  be  expressed  hj  1  -{■  {a+ 
ft  +  c  -f-  etc.>»  +  (a  +  J  -f  c  -f  etc.)V  4-  (a  +  J  +  c  -f-  etc)V 
4-  etc.,  provided  that  unity  is  put  for  each  coefiicient  in  the 
expansions  of  the  powers  (a  +  J  +  c  4-  etc.)*,  (^  -h  ft  4-  c  4- 
etc.)^,  etc. 

Hence,  we  get  —  =  l4-(a4-ft4-^4-  etc)aj  4-  {d^  4-  «ft  4- 

ac  -h  ad  -h  etc.  4-  ft'  4-  ftc  4-  ft<;?  4-  etc.)ar'  4-  («'  4-  cri  4-  a^c  4- 
a^d  +  etc.  -^  abc  -^  ahd  +  abe -i-  etc.  4-  ft'  4-  b'c  +  Vd  4-  etc.)a?' 
4-  etc.,  (12),  whose  law  of  continuation  is  evident. 

If  1  is  put  for  X  in  (12),  the  resulting  terms  will  express 
the  corresponding  combinations  in  (9) ;  and  if  in  these  com- 
binations the  successive  prime  numbers  2,  3,  5,  7,  11,  13, 
etc.,  are  put  for  a,  ft,  c,  rf,  etc.,  we  shall  get  the  series  of 
natural  numbers  1,  2,  3,  4,  5,  6,  7,  8,  9,  10,  11,  12,  and  so 
on,  to  infinity. 
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